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摘要：通过挖掘Petri网的内在的结构特性，获得了一种新的解决禁止状态避免问题的控制器设计方法．这种 

设计方法适用于一类具有特殊结构的受控 Petri网(即所有前向路径子网是状态机)的状态反馈控制器设计．在非并 

发的假设条件下 ，所综合的控制器是最大允许 ． 

关键词：离散事件动态系统；Petri网；控制器综合 

1 Introduction 

The controller synthesis problem is to design a con— 

troller that restricts the behavior of controlled Petri net 

fCtlr'N)tO some control specifications【̈ ．The algo— 

rithms proposed by Holloway et al[ 
． ．
Krogh et al[3]and 

Boel et alL引 ale typically path-based methods．The main 

drawback ofthe path-based methods is that they ale only 

applicable to a small class of CtlPN’S ．The approach 

proposed by Li and W onhamLoJ is a kind oftypical linear 

integer programming approach．It can be applied for 

CtlPN’S in which the uncontrollable subnets are loop- 

free．The S—decreases method proposed by Chen is based 

on dual LIP approach．The method can be used for 

CtlPN’S in which all influentially uncontrolled subnets 

aI℃ )1ward and baclcward conflict-free[5]
．  

Through exploiting the slxuctural properties of Petri 

nets，for a special class of CtlPN’S in which all prece— 

dence path subnets ale state machines，the control policy 

can be obtained via determining whether or not a nlark- 

iI喀 satisfies a collection ofinequalities in this paper．W e 

claim that the Ct】PI consider here cannot be addressed 

bv n1e reported methods[ 61
． Furthermore， n1e de— 

signed controller is maximally permissive under no con— 

currency assumption． 

2 Controlled lPetri nets 

2．1 Ordinm'y l~etri nets 

An ordinary Petri net is a triple G：=(P，T，E)with 

the set of places P，the set of transitions T，the set of 

directed arcs E C (P×T)U (T×P)，and the inci— 

dence matrix E：P×T一 {0，1，一1}defined as[7]： 
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f1， if(t，P)∈ E， 

E(p，￡)={一1，if(P，￡)∈E， (1) 
to

。 0therwl‘se． 

The set of all input and output places of a transition 

t∈ T is defined as‘t= {P∈ P I(P，t)∈ Ef and 

t ={P∈P I(t，P)∈ E}，respectively．Similarly， 

the set of all input and output transitions of a place P∈ 

P is defined as’P={t∈ T l(t，P)∈ E}and P‘= 

{t∈ T I(P，t)∈ E}，respectively．A state machine 

(SM)is an ordinal'y PN such that I‘t I=I t‘I=1 for 

all t∈ T． 

A marking of a PN is a function m ：P— Z ．The set 

of all possible markings is denoted by M ．A transition ￡ 

is state·enabled by a marking m ∈ M iffor eachP∈ ‘t 

such that m(p)≥ 1．For a given marking m，a state— 

enabled transition t may be fired， and will result in a 

new marking rfl, defined by the following equation： 

m (P)= 

m(p)一I P‘n {t}I+I‘P n {t}，V P∈ P． 

(2) 

The evolution of a PN from a marking m tO a marking 

m after firing transition t is denoted by m[￡>m ，where 

t is state-enabled by，n．and，n is defined by the equa— 

lion(2)．A firing sequence from InO is a sequence of 

transition = (t0，tl，⋯，tk—1)such that m0[to)ml 

[tl>⋯[t／~-I>mI，denoted as mo[ )m ．After execut— 

ing a firing sequence ，the new marking can be decided 

by the following state transition equation： 

m’=m+E· ， (3) 
^．1 

where (￡)：=∑ I⋯n{ti}I is a firing count vec— 
i=0 

tot． 

A marking m is reachable from m in G if there exists 

a firing s。quence盯such that m[ )m ． set of all 

firing se‘ Inces in G is denoted by (G)．The set of 

transitions occurring in the firing sequeIlce o-is denoted 

by ( )．1nhe set of all read~fle markings in G is de— 

noted by R (m)．For c M，the set of all reachable 

markings l is denoted by R ( )： 

= U R (m)． 
丌I∈ 朋 ’ 

2．2 Controlled Petri nets 

Formally， a CtlPN is a mple Gc：=(G，T )，where 

G=(P，T，E)is lln 0II Petri net and T c (T“ 

= T、T )is the set of controllable(tmcontmllable) 

transitions．The state of a CtlPN is determined by its 

marking，which is the distribution of tokens inⅡ】le state 

places．A CtlPN is shown in Fig．1，where circles repre— 

senting st刮【e places． bars representing uncontrollable 

transitions，and bars witIl the letter c representing corI· 

tmUable transitions． 

A control of a CtlPN is a function u： 一 {0，1}with 

V t∈ T“，u(￡)兰 1．The set of all controls iS denoted 

by U． 0∈ U is called the zero control，if V t∈ T ， 

U0(t)： 0．A transition t is contro1．enabled if u(t) 

= 1．A transition t is enabled under the given marking 

，n and control u ift is both state—enabled锄1d contro1．eIl— 

ablcd．For a given marking，n and control u．aIl enabl~ 

transitions t can be fired。and will result in a new mark— 

ing m defined by the eq (2)． 

Cdven a CtlPN and a control ．if吐船 exists a fir- 

ing sequ~llce such that m[ )m ld t is control ell— 

abkd，then the marking，n caIl be reached n姗 ， Imder 

u in ．The marking set (u，m)denotes all mark· 

ings that caIl be reached from m witIli咀 steps lmder the 

control u．The set of all reachable r~ tdngs under the 

control u is defined by R (u，m)：= im 风(u，m)． 

2．3 Precedence砌 ~bnet 

A path丌= (Pltlp2t2⋯tk—l )is a s~_ng of n0des 

such that of the bt茗．岫 iIlg and end n0des aIe 

places，ti≠ and Pl≠ with i≠．『，and ∈P：n 
‘

p“．1 for V i∈ {i，⋯，后一1}．The set c0n 蒯 of all 

places occurring in丌is denoted by 7 ． 

Defjn 1 Given a place P∈ P in ，a prece— 

dence path丌(p)ofP is a patIl(PltlP2⋯tk—lP )such 

that：1)P=Pk；2)V i∈ {1，⋯，后一1}，t ∈ T“； 

The set of all 娥 path ofp is denoted byⅡ(p)． 

Define place sctⅡp(p)-- ∈U( ) (p)· 、 
Defjni廿姗 2 Given a place P∈ P in ，a preee· 

dence path subnet eps(p)is a subnet P， ， )，where 

户 =ⅡD(p)， = 户n T“and仑=(户× U X 

户)n E． 

D卿吡】’le 1 C~mider the CtlPN shown in Fig．1． 

The pl ce path s~ ets of Pl and P5 aIe illmtra~ed 
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in Fig．2 and Fig．3 respectively． 

Pig．3 Precedence path subn~ of P5 

3 Admissible markings 

We consider a legal set defined as follows： 

Mr
。 。 

： {m∈M I∑ (p)·m(p)≤JI}}， 
p∈F 

(4) 

where F C P is said to be constraint place set，．Ic∈ Z+ 

is a non-negative constant scalar，and ：F R+is a 

non—negative co nstant，l-vector．It call also be expressed 

as the following form ： 

Mr
． ， 

= {m∈ M I T·m ≤ JI}}， (5) 

w v(p)：0 for V P芭 F．The admissible set of 

Mr
。 ， 

is de fin ed as follows： 

A，
。 ， 

= {m∈M I R ( 0，m)c 坼 ， ， }．(6) 

Acc0Iding to(4)，Ar， ， can also be described as 

AF
． ． 

= {m∈M I V m ∈ R (Uo，m)， 

∑ (p)·m (p)≤ (7) 
p∈F 

From(3)，(5)and(7)，we have the equation ‘ 

A，
。 。 

= {m∈ M I T·m+ T·E· ≤ JI}}， 

(8) 

where o- is the solution to the following optimization 

problem[6]： 

m ax T
· E· ， (9) 

∈ =‘ ) 

Usually，the optimization problem is a nonlinear inm- 

ger program[6]
． However，if all pI℃( dence pam subnets 

of the constraint places ale state machines， then the 

problem call be  co nverted inm determining whether or 

not a marking satisfies a collection of inequalities ． 

Definition 3 Given a set F C F such that V pt， 

p2∈ F ，v(p1)= v(p2)= and V p3∈ F＼F ， 

(P3)≠ is called equivalent constraint place set．A 

set composed of all equivalent co nstraint place sets of F 

is denoted by and it can be inde xed by the．subscript 

set，= {1，⋯，s}where s is some integer，i．e．， 

= U{ }． 

By Definition 3，V Fi∈ F and V P∈ Fi，v(p)is 

fixed  and is de noted by vi．Henceforth，we can rewrite 

(7)as follows： 

A，
， ， 

： {m∈M I ∑ ( ·∑m (p))≤．Ic1． 
∈R (u0-m) P∈Fi 

(10) 

Definition 4 For Fi∈ i∈ ，)，we define the 

following place sets： 

1)( ，<)：= { ∈ ∈ ，，vi> }．
．  

2)。 ：= (p)； 

3)。( ，<)：= U ； 
FE( ，．() 

4) Fi：=~Fi＼。( ，<)． 

Definition 5 Forif= { c F I ∈ ，}，we de- 

fin e the following transition sets： 

1)V i∈ ，， ：=。( )n ( )‘n T“； 

2)死 =
⋯

U(( )‘＼‘( ))n T“； 

3)In special，r0：= “＼(_U U死)． 

Remark 1 For V P∈F，if PPS(p)is a state ma- 

chine，then‘ n’乃= ，‘ n巧 = and ：n‘ 
=  for V i， ∈ {0，1，⋯，s}with i≠J． 

Lemma 1 Let V P∈ Fi，P (p)be a state ma- 

chine．Then there is a firing sequence o-with r(o)c 
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such that∑m (p)：∑m(p)where m[ )m ． 
p∈ Fi 

p∈ 

Proof From Definition 4，V pt E Fi，l E {1，⋯， 

I Fi I}，there is a path 7f=(PlotllPlltl2⋯Pl(k—1) 
z 

PU,，)such that forj=1，⋯，k，plj∈ Fi，‘#E and 

p踉．∈Fi．Since V P E Fi，PPS(p)is a state machine， 

：=(tllt／2⋯tlk p踉 )is a firing sequence and it can be 

executed by m(pt)fames，i．e．， 

f ：： ：：⋯ ： ： 

m(p) 

is a firing sequence such that T(ai) ．After firing 

f，all tokens in pt move into pu,and the tokens in other 

places do never change．From the above description， 

= l：⋯： I Fi I is a firing sequence such that T(ai) 

c ．After firing o-，it means that all tokens in Fi 

move into Fi and the tokens in other places do never 

change．Henceforth，the Lemma is true． 

Remark 2 From the proof of Lemma 1，it follows 

that after firing any sequence with ( )c ，we 

have that∑m (p)≤ ∑m(p)． 
p∈ Fi p∈’ F

t 

Ll籼 2 Let V P E F，P (p)be a state ma- 

chine．Then there is a firing sequence = o-1：⋯ ：o-s 

with r(af)c (i：1，⋯，s)satisfying that after the 

firing of ，it holds that∑ (p)·m (p)：∑ v · 
p∈ F iEI 

∑m(p))，where m[ )m ． 
p∈ 

Proof W e prove the lemma by induction on the car- 

dinality of#i,i．e．。I ． 

a)Induction base：when I =1，from Lemma 1，it 

is true； 

b)Induction hypothesis：when I I= s一1，it is 

true； 

c)Induction procedure：when I I： s，it implies 

that r_少 U { }where．~'={Fl，⋯， 一l}．It is 

obvious that I I= s一 1．By induction hypothesis， 

there is a firing sequence = o-1：⋯ ：o-s一1 such that 

r(ai)c Ti(i：1，⋯，s一1)．After firing o- ，it holds 

that 

i)m。一l(p)Ip∈ F=m(p)Ip∈ F； 

5一l 

_d)∑ V(p)·眠一l(p))：∑ Vf·∑ m(p))． 
p∈ us-i

． 

一  

p∈ Fi 

By Lemma 1，there is a firing sequence with ( ) 

C ．After firing o-s，it holds that 

iii)， (p)Ip∈
i

s -i

。 

= ／r#,s— l(p)Ip∈s
．

u-i

。 

； 
‘  

— t I ‘ 一 t I 

iv)∑眠(p)：∑％一l(p)． 
p∈ F p∈。 

From i)，ii)，iii)and iv)，we have that 

∑( (p)·眠(p))： 
p∈F 

∑ ( (p)·眠(p))+∑( ·眠(p))： 
P∈sU- p∈F 

∑ ( (p)·ms—l(p))+∑ ( ·ms—l(p))= 
p∈su-iF

i 

p∈ P∈
i 1 ， 

∑(％·∑m(p))+∑ ( ·m(p))： 
—  

p∈ p∈ F 

∑(％·∑m(p))． 
～  

p∈ Fi 

Hence，when I I= s，the lernma is true． 

Remark 3 From Remark 2 an d 1．emma 2，it im - 

plies that after firing any sequence = o-1：⋯ ： with 

( )c (i=1，⋯，s)，we have that_- 

∑ (p)·m (p)≤∑( ·∑m(p))． 
p∈ ， ∈ ， 

p∈ Fi 

l．e蚰 na 3 Given an oidi~ Petri net G and two 

transitions tl，t2 E T，‘tl n‘t2= and tl n ￡i= 

． If(t2t1)is a firing sequence，then (tlt2)is also a 

firing sequence ． 

Proof 1．emma 3 COllies from Lemma 5 in【7J． 

Leiitiiii,~4 Given an ordinary Petri net G and tw o 

sets oftransitions Tl， E T，‘Tl n = and。TI 

n = ．If m Ea>~with ( )c Tl U ，then 

there e~sts = l： 2 satisfying ( )c (i=1，2) 

and m[ ) ． 

Proof We prove the lemma by induction on occur- 

ring COunts of the elements of TI in which denoted by 

tout( ，T1)． 

a)Induction base：When cout( ，T1)=1，suppose 

． ： (t1．．．tf⋯tk)such that tl，⋯，ti—l，ti+1，⋯，tk E 

and ti E T1．By applying Lemma 3 multiple血ncS in 

succession， = (titl⋯ti—lti+l⋯tk)is a firing se- 

quence ．So，the lemma is l~ue； 

b)Induction hypothesis：When cout(o-，T1)=l一 

1．the Lemma is true； 

c)Induction procedure：When cout(o-，TI)= l， 
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suppose = ：t： 2 such that t E T1 and ( 2)C T2． 

It implies that cout( ，T1)=l一1．From the induc— 

tion hypothesis， j： !：t： is a firing sequence such 

that，n[ ；：0．1：t：0．2)， ，where ( ；)C Tl and ( !) 

c ．By applying Lemma 3 multiple times in SHCAT,e~。 

sion， }：t： ： is a firing sequence such that m[ i： 

t：0．1：0．2) ．Let l= ；：t and 2= !： 2，then = 

l： 2 is a firing sequence ．Hen ceforth，the lenmm is 

true． 

Lemma 5 Let P E F，PPs p1 be a state ma- 

chine．If there is a firing sequence such that T( ) 

and，n[ )， ，then there must exist =0．0： l： 

⋯： with ( )C (i= 0，l，⋯，s)such that 

m[b> ． 

Proof By Remark 1，we can obtain the lcmma by 

applying Le mma 4 multiple times in succession． 

Lennna 6 Let P E F，PPS p1 be a state ma- 

chine．If there is u firing sequence such that ( ) 

”

， T( )N Tb≠ ，and m[ ) then 

∑( (p)· (p))< 
P∈F 

，∈ ．m)
( (p) (p))． 

Proof It suffices to show that if = 0．1：t：o"2 where 

t E 死 锄d ( 1)， ( 2)
_

c U
,

Ti，then 
p

∑
EF

( (p)· 

(p))< m ax
)
(
p

∑
EP 

(p)‘m (p))． de血g 

m[ 1)ml[t>m2[ 2) ，there are three cases： 

1)For’t Fi and t’ Fj with vi> ：If the 

transition t is fired at ml，then it is true that 

m2(p)I p∈‘l=ml(P)I P∈’l一1 

m2(p)I p∈l’=ml(P)I P∈l’+1 

r (p)Ip~'tUI‘=ml(p)Ip~'zUl‘． 

From Remark 3．it holds that 

∑ (p)· (p)≤∑( ·∑m2(p))， 
p∈F l D∈’F

t 

namely， 

∑ v(p)．，；l(P))≤∑( ·∑ml(p))+ 一 ． 
p∈F t∈ I p∈’F

t 

By l￡I姗 a 5．we also have a firing sequence = 0．1： 

such that ) 锄d ( (p)· (p))_ 

∑ v ·∑m。(p))． 
∈ P∈ ‘ 

∑( (p)· (p))<∑( (p)· (p))≤ 
p∈F P∈F 

⋯
m ax ( (p)．m，(p))． 

2)For‘t Fi and t’ Fy with vi< ，this case 

does not e st： 

3)For’‘ Fi and t’ ，the is ar 

to the one of cases 1)． 

Ll~iiiiiia 7 Let VP E F，P (p)be a state ma- 

．  m ax ( (p) (p))_ ‘ 

∑ m(p))． 
P∈ 

Proof From Le mma 6，it suffices to show that for 

any with ( )C T”and ( )N Tb= such that 

∑( (p)· (p))≤∑( ·∑m(p))．From 
P∈， ∈ P∈ 

Lemma 5， = 0： l：⋯ ： s is a firing sequence such 

that m Ea)m and ( )C (i=0，⋯，s)．From Re— 

mark 3，we have that∑( (p)· (p))≤∑( · 

∑m(p))．By I_emma 2，we know that the lemma is 
P∈ 

true． 

From the above lemma．we call rewrite(10)as fol— 

A 
， 

： {m E M I∑( ∑m(p))≤k 
∈ P∈ 

and it is natural to ob tain the following theorem： 

(11) 

Given a CtlPN Gc and a legal set 

Mr
。 ． 

If P (p)is a state maclfme，then AF， ， = 

{m∈ M l cT·m≤k}with some constant，l—vector c 

E R：． 

Example 2(continued) Consider the CtlPN Hg．1 

wi th the legal set Mr
。 ， 

= (m(p1)+2m(ps)≤3)． 

We have that F = {Pl，P5}，Fl= {Pl}，F2= {P5}， 

Fl= {Pl，p7，Ps，p9}and F2= {p2，P3，p4，p5， 

P6}．By Lemma 7，it holds that AF, ， =(cT·m≤|i}) 

1efe c：(1，2，2，2，2，2，1，1，1)T and k=3． 

4 State feedback controllers 

D a statc fee‘ k controller as follows[6]： 

( ，m)={三：。ifmme刑[ti ) em
．  

， m ∈ AF,k,v, 

(12) 

，

U  

C一 
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From TheollgTn 1，we can directly obtain the following 

theol~rn： 

Theorem 2 Given a CtlPN Gc and a legal set 

MF
。 ， ． If V P∈ F，PPS(p)is a state machine，then 

the state feedback control policy is given by 

V t ∈ T。，u(t ，／n,)=(CT·／77,≤ d ) (13) 

where di is some constant． 

Proof By the state transition equation(2)，we have 

／n, =，n+E· ，where (ti)=1．By Theorem 1，it 

holds that CT·(／n,+E· )≤ Ji}．It means that there is 

constant d |j}一 cT·E · such that cT·／n,≤ d 
． 

Henceforth，file theorem iS true． 

Under file assumption of no concurrency(NC)，廿1e 

controllerdefined as(12)is the unique maximally per— 

missive control policy for a given／n,∈ M 
．  ． 

[引
．
So， 

the state feedback controller designed by(13)is also the 

unique maximally permissive． 

Example 3(continued) Consider the CtlPN shown 

in Fig．1 with the initial marking m = (1，0，0，0，0，0， 

0，1，0)Tand the legal set Mr
。 ， 

= (m(p1)+2m(p5) 

≤3)．By Theorem 1，we have A，。 ， =(cT·m ≤ 

后)，where C=(1，2，2，2，2，2，1，1，1)Tand Ji}=3．Ac． 

cording to(13)，we obtain that 

u(tl，／n,)=(CT·／n,≤2)=1， 

u(t2，／n,)=(CT·／n,≤2)=1， 

u(t3，／n,)=(CT·／n,≤ 1)=0． 

Remark 4 If the control objective is given by all 

intersection of Mr
．， 

( ∈ J，J is all index set)，then 

Theorem 2 can be directly extended as follows：If V ∈ 

J， P∈ Fl，PPs p is a state machine，then the state 

feedback control policy lI is given by 

V ∈ 。，u(t ，m)= 
J
(c ‘m≤ di．i)， 

(14) 

where cj is some constant n-vector and di
．
i is some con— 

stant． 

E】 e 4(n1e cat and mouse problem) The prob— 

lem is a l~pular example in the field ofDES control and 

the model in Fig．4 is taken from[9]，where the transi— 

dons t7 and t9 a|=e mlcontmllable(For details．please re— 

fer to[9])．The control objective is given as follows： 

I， 。
= (m(p1)+m(p6)≤ 1)， 

Mr
2， ， 2

= (re(p2)+re(p7)≤ 1)， 

3， 3

= (re(p3)+m(pg)≤ 1)， 

， ， 

= (re(p2)+m(pg)≤ 1)， 

。 

= (m(ps)+m(Pl0)≤ 1)． 

By Theor~n 1，we have the following expressiom ： 

A，
。， 。

= (m(p1)+m(p6)≤ 1)， 

A 
， ， ， 

= (m(pz)+m(p4)+re(p7)≤ 1)， 

A 
， 3

= (re(p3)+m(ps)≤ 1)， 

A 
， 。 4

= (re(p2)+re(p4)+re(p9)≤ 1)， 

A 
， ， ，

= (，n(p5)+m(pl0)≤ 1)． 

From Remark 4．the state feedback control poUcy is giv— 

cn as follows(For simplicity，we only showⅡ1e control 

of t1)： 

u(t1，m)= 

(m(p1)+m(p6)≤2)  ̂

(m(p2)+m(p4)+m(p7) 

(m(p3)+m(p8)≤2)  ̂

(ra(p~2)+m(p4)+m(p9) 

(m(p5)+m(pl0)≤2)． 

≤0)  ̂

≤ 0)  ̂

m ouse 

Ng．4 Cat and m呲  Dl'lt=lll 

5 Conclusions 

In this paper，we have shown that if all pfecec 

path subnets a $ta~e machines，then the cc釉pIm on of 

state feedback control l~licy becomes a matter of deter- 

mining whe~er Ol"not the current marking satisfies a col— 

lection of inequalities．FllmleImore，the c~ tmllers de— 

signed by using Theo~m 2 are maximally pem~ssive un— 

der the assumption of 110 conc~ y． 
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