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Abs响 ct：The mixed B2／I-I∞filtering problem with regional pole assignment was a‘|d托 for linear continuous time-in- 

variant systems．A general framework for solving this problem was established using LMI al~roach in conjundion with regional 

stability constraints，I王2 and H o~ iT．qfion characterizations．The necessary and sufficient conditions for the solvability ofthe 

problem Wel'e given in terms of a set ofLMI’s．A ntmlerical example was provided to illustrate the propo~ design al~roach． 
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具有域极点配置的混合 H2／I-I 滤波 

杨富文 

(福州大学 电气工程系，福建 福州 350oo2) 

摘要：解决了具有域极点配置的连续时不变系统的混合I王2／H 滤波问题．通过采用线性矩阵不等式(L̂Ⅱ)方 

法描述域稳定性限制、I王2和H 优化，以建立求解这个问题的总框架．这个问题的可解性的充分必要条件由一组 

LMI给出．最后用一个数字例子来说明所给出的设计方法． 

关键词：混合I王2／H 滤波；域极点配置；线性矩阵不等式 

The state estimation of dynamic systems in the pies— 

ence ofboth process and measurement noise poses a very 

important problem in the engineering applications．One 

celebrated design approach is the Kalman filtering(also 

called as I-I2 filtering)，which minimizes the I-I2 norm of 

the estimation elTOr under the assumptions of the noise 

processes with known power specual densities⋯ ． In 

practice，however，the noise processes often have till- 

known or uncertain Spect~ densities．This difficulty has 

been overcome by reformulating the estimation problem 

in all H filtering fi'amework during the last few 

years[2]
．

Moreover。de Souza et al[3]have presented an 

example to demonstrdte that the H∞filtering is mole 1"o— 

bust to plant uncertainties than the I-I2 filtering． 

The H filtering offers a l~rformance that is si~ fi— 

cantly better than the corresponding performance of the 

I-I2 filtering．However。the H filtering typically leads to 

a large intolerable estimation elTOr varlallce when the 

system is driven by white noise signals．The advantage 

0f I-I2 filtering is that the variance of the estimation elTOr 

is minimized．The mixed H2／H filtering approach that 

considers the co-presence of two sets of exogenous sig— 

rials WaS introduced as an attempt tO capture the benefits 

of the two filters．The mixing approach allows one tO 

trade off between the best l~rformance of the I-I2 filter 

and the best guaranteed worst-case performance of the 

H filter．As a result，the optimal mixed H2／I-I filters 

achieve the best l~rformance，not over the set of all fil— 

ters，but over a restricted set of filters that achieve a cer— 

tain worst-case l~rformance bound．However，unlike the 

I-I2 and H filtering problems，with readily computable 

solutions，no ideal solution has been suggested to the 

mixtule problem ，even though the following approaches 

that have been used to address the mixed I-i2／I-i filter- 

ing problem ． 
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Bemsteirl and I-loddnd[4J first uansformed the mixed 

H2／I-I filtering problem into all auxiliary minimization 

problem ，and then，gave the solution which leads to an 

upper bound on the I-I2 filtering elTor by solving a set of 

coupled Riccati and Lyapunov equations using Lagrange 

multiplier technique．A time domain game approach was 

proposed to solve the problem through a set of coupled 

Riccati equations[5,6]
．

Khargonekar et al[ ]and Rotstein 

et al[8]have used convex optimization approach tO obtain 

the solutions involving afflne symmetric matrix inequali— 

ties．An alternative approach，LM I approach，will be 

introduced in this paper to solve this problem ．Since 

LMI’S intrinsically reflect conslraints rather than opti— 

mality，they offer mole flexibility for combining several 

constraints．LMI’S can be solved by efficient interior- 

point op"umization algorithms，such as those described in 

[9～11]．Moreover，software like MATLAB’S LMI 

Toolbox is now available to solve such LMI’S efficiently． 

On the other hand，the standard mixed a2／n filter 

design primarily concerns the stability and frequency·-do·- 

main performance specifications of the filter，and pro— 

vides little control over estimation dynamics．As is well 

known，the dynamics of a linear system is related tO the 

location ofits poles．By constraining the filter’S poles tO 

lie inside a prescribed region of the left-half complex 

plane， the filter designed will have a desired perfor- 

malice．Moreover，the locations ofthe filter’S poles can 

improve the transient behavior，and also provide indirect 

tolerance against structured uncertainties．In this paper， 

we will address the mixed I-I2／n filtering problem 、vitll 

regional pole assignment for linear continuous time·-in·- 

variant systems．To our knowledge，the mixed n2／I-I 

control problem with regional pole assignment has been 

considered in[12]，but the mixed n2／a filtering 

problem wim regional pole assignment remains open． 

The approach to be used is different from that proposed 

in[12]，where the Lagrange multiplier technique was 

used tO solve a set of highly coupled Riccati and Lya— 

punov equations．W e transform the H2 norm bound，H 

nOllll bound and pole clustering into LMI formulation． 

After straightforward manipulations with the help of the 

variable changes，the overall problem remains convex
． 

The solutions call be readily obtained by using existing 

咖 Toolbox． 

The notation used here is fairly standard． denotes 

the Kronecker proauct；II· stands for／-／,一norm in 

Hardy space；MH denotes the Hermitian l／"d／ISpOSe ofina． 

trix M；tr(肘)represents the trace of matrix M； de— 

notes the conjugate of ；the shorthand diag{Ml，M2， 
⋯

， }denotes a block diagonal matrix whose diagonal 

blocks are given by J】Ifl，M2，etc． 

2 Problem formulation 

Consider a linear time-invariant system described by 

the state space model： 

f露(t)=A (t)+Bl (t)+B2 (t)， 

、 ，

+

、 

2 ， (1) 

l z (t)=￡ x(t)， ⋯ 

【 2(t)=￡2 (t)， 

where (t)∈ R is the state，Y(t)∈ is the mea— 

sured output， (t)∈R represents a combination of 

the stal~ to be estimated，and 2(t)∈ R rep~ nts 

another combination of the states to be estimated． (t) 

∈ is a bounded power stationary disturbance input． 

which belongs tO￡2 ro，∞]，and (t)∈ is a zelD- 

mean Gaussian white noise process with unit covariance． 

A，C，BI，B2，DI，D2，￡∞ and￡2 are known real matri— 

ces witll appropriate dimensions．It will be assumed that 

the initial state x(o)is known，and without loss of gen— 

erality，we will take (O)=0．Note that when (t) 

and 2：2(t)are the same，the system (1)is reduced to 

those described in l5，8]． 

Here is the assumption： 

Assumption 1 The pair(A，C)is observable． 

Consider a filter衙 the system(1)of the form 

f露(t)=(A—cc)~e(t)+ ，，(t)， 

{2 (t)=￡ 露(t)， (2) 
L22(t)=￡2露(t)， 

where露(t)∈R is the estimated state，2。(t)∈R is 

an estimate for Z- (t)，22(t)∈ R is all estimate for 

Z,2(t)，and G is filter’S parameter to be determined． 

Define the state estimation elTor 

e(t)= (t)一露(t)． (3) 
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Then the resulting error system 

f (t)=(A—GC)e(t)+(Bl—GD1)w(t)+ 

{ () 二(G)D2一)v2( t(),t t t)：L (t)，(4) l e∞()= ∞()一2∞()= ∞e()， ’ 
L 2(t)= 2(t)一22(t)= 2e(t)． 

Let (s)= (s，一 +GC)-l(Bl—GD1)beⅡle 

transfer function from 1lI(t)to e (t)and T2(s)= 

L2(s，一 +GC)一。(B2一GD2)be the transfer function 

from (t)to e2(t)．Then，the mixed H2／H filtering 

problem with regional pole assignment comidered in this 

paper is as follows． 

Problem l(mixed H2／H filtering problem with re— 

gional pole assignment) 

Find the filter(2)which call satisfy the following de— 

sign performance： 

i)The H2 criterion lI (s)ll 2 is minimized； 

ii) (s)satisfies the constraint 

ll (s)Il <)，， (5) 

where)，>0 is a given constant；and 

iii)The pole of the filter lies in the specific regions． 

3 咖 formulation for It2 norm ， H 

norln and pole assigranent 

3．1 U咀 formnlntion of H2 norm 

Assume G(s)=C(sl—A)～B and A is asymptoti— 

cally stable．The H2 norffl of G(s)is defined by 

’ r丌1 ll G(s) = j
一  

tr(Gn(jco)G(jco))dco·(6) 

It is well known that the H2 norffl of G(s)can be equiv— 

alently expressed as 

ll G(s) =tr(CQCT) (7) 

where Q：QTsatisfies the following Lyapunov equation 

AQ+qAT+BBT=0 (8) 

ll G(s) =tr( ) (9) 

where P = PT satisfies the following Lyapunov equation 

TP+PA+CTC：0． (1O) 

Lt煳 l[ ， ](HE norm bound) Given any trails— 

fer function G(s)= C(s，一 )～B，and assume A 

asymptotically stable，we have 

ll G(s) < (11) 

if and only if there exist symmetric positive definite ma— 

trices X and Q such that 

】 ， L 
一
，J ⋯  ～ 

【 。， ， 
tr(Q)< ． (14) 

3．2 咖 formulation of H nornl 

Leiiiii~2[10' ](H∞norlu bound) Given any trails— 

fler function G(s)= C(s，一 )～B，and assunle A 

asymptotically stable，we have 

ll G(s)ll <)， (15) 

if and only if them exists a symmetric positive de finite 

matrix X such that 

r ATX+XA XB CT] 

l —yl 0 l<0． (16) 【- 
c 0 一 J 

T s Lemma is kn own  as the Bounded Real I．emma． 

3．3 咖 form,dation of pole assignment 

Pole assignment in convex regions of the left-half 

plane can also be  expressed as LlVlI constraints． 

LE!nⅡm 3 Ll6' ](regional pole assignments) The 

matrix A has all its eigenvalues in the LMI region 

D={ ∈ C：fo( )= + + Jl <0}(17) 

where L and M are 删 maI~ces such that LT = L．if 

and only if there exists a。symmetric matrix X such that 

Mo(A，X)=L + (XA)+Mv (ATx)<0． 

(18) 

According to Lemma 3，po le assignment in LMI re— 

gions can be formulated as an LMI optimization prob— 

lem．In practical application，LMI regions are often 

specified as the intersection of elementary mgiom，such 

as vertical half-plan e， vertical strips，horizontal strips， 

disks or conic seCtOl~．Given LMI regions Dl，DE，⋯ ， 

DN，the intersection 

D =Dl n D2 n ⋯ n DN 

has the charactedstic function 

( )=diag{ 
。
( )，fo2( )，⋯， ( )}． 

4 Solution to mixed H2／H filtering 

problem w ith regional pole assign- 

m ent 

In the pre~om section，H2 norm bound，H norm 

bound and po le assignment ha ve been expressed as LlVlI 
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constraints·Now we use these expressions to deal with 

the mixed H2／H* filtering problem wi th regional pole 

assigmnent．According to l_emmas 1，2 and 3，their LMI 

formulations aIe separately given． 

1)The LMI formulation of II (s) < is 

f A一 )TX2+X2(A—CC)X2(B2一GD2 1 【 
(B2一GD2)TX2 一， J’ 

(19) 

苫】>。， (20) 
tr(Q)< ． (21) 

2)The LMI formulation of II (s)II <y is 

。(A—Gc)TXl+ l(A—Gc) l(Bl一6D1) ￡ ] 

(Bl—GD1)TXl —y， 0 I<0． 

． L 0 一 y，J 
(22) 

3)The LMI formulation of regional pole assignments 

is 

L@X3+M@(X3(A—GC))+ ((A—GC)TX3)<0． 

(23) 

In order to recover convexity，we have to force the ma- 

trices XI，X2，X3 to be the s2III1e，i．e． 

Xl：X2=X3=X． (24) 

This restriction is the co re of the Lyapo nov shaping 

paradigm[ 引
．
Clearly it will bring conservatism into de— 

sign．But the Lyapunov shap~ paradigm offers greater 

flexibility than standard optimal design techniques(for 

detail，see[14])．Therefore，the auxiliary problem of 

the mixed H2／H filtering problem with regional pole 

assignment which is an  upper bound of the op timal I-I2 

performance subject to the H performance and regional 

po le assignment co nstraints is described as follows． 

m

．o>0I

in 
c
tr(Q)subject to(19)，(2o)，(22)and(23)with 

Xl：X2=x3=x． (25) 

The optimization problem (25)is not yet convex be— 

callSe it contains the products XG in LMI’s(20)，(22) 

and(23)．The following theorem describes the neces— 

sary and sufficient conditions for the existence ofthe fea- 

sible solution to problem (25)． 

Theorem 1 Let D be an arbitrary LMI region con- 

rained in the open left-half plane and let(17)be its 

characteristic function．The problem (25)is solvable if 

and only if there exist symmetric po sitive definite ma- 

trixes X and Q，and matrix F such that the following 

UMIs 

f _CTF c船2一肋 1<0，(26) L BTx
— DTFT —I J、 ⋯  

『一 LT 1 【
￡： 一QJ ， (27) 

c T+XA-FC BI 一肋l以] l 
BTx—D|f 一y， 0 I<0， l- 

￡ 0 一 y，j 

￡ + (XA—FC)+MT (ATX—CTFr)<0 

are feasible．Moreover a suitable filter’s parameter G is 

m

．o>

in
。，，
tr(Q)subject t0(26)～(29)·(32) 

po le placement is a co nstrained optimization problem ． 

So the analytic solutions aIe very difficult to be ob一 

(32)．Here the upper bound is used to replace the opti— 

mal}12 performance in problem 1．Therefore the solution 

to(32)is not optimal mixed H2／H filtering problem 

wi th po le placement．But our approach is more flexible， 

which searches all possible solutions until no specifica- 

tions are met or none of the de grees of丘e0dom are ex— 

hausted．Although it is an upper bo und solution，it will 

5 Numerical example 

c t，=[一0 。8 35二0 5 ] c t，+[ ]埘ct1 2 0 8 0 + ()=f 一 ． f (t)+f一2 f埘()+ L 
． ． 一  ． 5J L 1 J 
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卜 f 
’ 

Y(t)=[1 —0．6 2] (t)+0．2w(t)+0．3v(t)， 

z (t)=[1 0 0．5] (t)， 

2；2(t)=[1 0 2] (t)． 

W e have designed four filters for this system ：az filter to 

minimize the upper bound of ll (s)II 2；H filter 

with ll (s)ll <y=0．1；H2／H filter to mini— 

mize the upper bound of I1 (s)I1 2 subject to 

II T (s)II <y=0．1；H2／H filter with regional 

pole assignment to minimize the upper bound of 

ll (s)ll 2 subject to ll T (s)ll <y=0．1 and 

the filter’s poles to be assigned inside the disk centered 

at(一6，0)with radius 5．111e true values ofl|；for dif- 

ferent filters are given in e 1．It can be seen from 

Table 1 that the Irue value of az for H2 filter is the 

smallest and the true value of H2 for H filter is the 

largest．Although the optimal upper bound value for H2／ 

H filter with regional pole assignment is larger than that 

of n2／n filter，its true value is smaller than that of 

n2／n filter．n cause is that the pole constraint is ap- 

plied to design the filter，and good transient property is 

obtained．It is evident from this example that the pro— 

posed H2／H filter with regional pole assignment is SU— 

perior hence the necessity of poles constraints． 

Table 1 Comparison of results for different filters 

The plots of singular values for different filters ale 

given Oil Fig．1．These responses COlifllm that the H 

constraints ale satisfied and the singular values stay be— 

low their respective bounds． 

是 
兰 

暑 

营 
‘晶 

frequency／tad‘S。 

Fig．1 CA311~ son of singullll"value l'e．~pOllSeS 

0f T (s)for different filters 

6 Conclusion 

In this paper，we have considered the mixed n2／n 

filtering problem with regional pole assignment for linear 

continuous time-invariant systems．An LMI approach 

has been developed to solve this filtering problem and 

the filter has been obtained in terms of a set of咖 ’S． 

which ensures not only the I-Iz and H perfom~ ce，but 

also a prescribed region of the left-half complex plane 

for the poles of the filtering error dynamics．Our ap— 

proach can be extended to discrete systems and UllC．,ertain 

systems． 
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