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All6U*act_-A new method was propos~ to solve the control problem for linear system with constmined states and control 

constraints．Polytope and l~lipsoidal techniques had been used for constrdined system control，but they wl~re eithertoo colllplcx 

oftoo conservative for many appfications．Based On the nlathen~ c analysis，the algo~ittlm with simple conlputatiolls was pro- 

Oosed by optimizing the conlput~on ofthe level sets．Simulations show that the conlpu~ on ofthis new method is much sim- 

pierⅡIaI1 before and all the initial points can be steered to the given Set properly． 
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基于几何方法的约束线性系统控制快速算法 
张 娟，陈 杰 

(北京理工大学 自动控制系，北京 100081) 

摘要：针对存在状态量和控制量约束的线性系统控制问题，提出了新快速算法．已有的处理上述约束系统控制 

问题的多面体方法和椭球方法在实际应用过程中分别存在计算繁琐和计算保守的问题．在数学分析的基础上。通 

过对上述算法的水平集计算过程的优化，提出了一种计算简单的约束控制算法．仿真结果表明，这种算法计算简 

单，且可以满足系统控制的要求． 
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1 Introduction 

In most process control applications there is a need for 

controllers，which ale able to take into account con- 

swaints both on input and state variables．For such a 

control problem．Gilbert＆ Tan defined the concept of 

maximal output admissible set and employed it to con— 

sllllCt controllers．Mayne& Schroedert designed non— 

linear controllers to stabilize the system and steer all tra- 

jectories emanating a prescribed set to a control invariant 

It in minimulll time．But it cannot be used for the sys- 

tem with higher dimemiom in state space8 because ofthe 

computation difficulties．J．Chert＆ S．M 。Veres[3]USe 

ellipsoids tO compute the level sets instead of polytopes． 

It can be used for the system that does not suitable to the 

polytope techniques because of the computation tom- 

plexity．But it is conservative and the solution cannot be 

ensured for some special points． 
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A new algorithm is suggested in this paper．W ith this 

algorithm ，the computations for any system will be easy 

enough to be conducted on line．In the worst case，the 

time to the terminal set will increase．The new algorithm 

for searching the control inputs is proposed solving this 

problem． 

2 lVIinJlnlml 1=inle problem 

Suppose the controllable linear system of the form 

[|i}+1]=Ax[|i}]+Bu[|i}]+11)， (1) 

where [Jc]，[Jc]，lD∈R ．The stat~sequence，con— 

trol inputs sequence and disturbance ale subject to the 

following bard constraints 

：|i}]∈E， [后]∈ and 71)∈M， (2) 

where E∈ R is convex compact set， ∈ R is COllVex 

closed set and M ∈ R is convex compact set，each set 

containing the origin in its interior． 

Let V denote the value function for the discrete-time， 
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minilnum time problem，and sk，JI}∈ Ⅳ the associated 

level sets are defined by[z]as 

V( )=rain{JI}I [JI}； ，0]∈ 0}， (3) 

xk= { I V(X)≤ 后}． (4) 

Because of the disturbance，we cannot steer the states 

to the origin but to a small terminal set Xo． is the set 

of states of the given system that can be steered to the 

terminal set in no more than JI}steps．These level sets 

can be recursively generated as Algorithm 1 iIl[2]， 

where it is supposed that and M are polytopes and E is 

a polyhedra1． 

Algorithm 1 

Data Given A，B，E， ，M andⅣ． 

Step 1 Compute terminal set Xo． 

Step 2 Set JI}= 0． 

Step 3 Compute the set =以 > M． 

Step 4 Compute the set 

以+l= { I1 一AI1BO}n E． 

Step 5 Set后 = 后+ 1．If k = Ⅳ．stop． 

Else．go to Step 3． 

Notation Given two sets ，Y be non—empty，con— 

vex subsets ofR 
． 

+ = {a+b I口∈ A，b∈ B}， (5) 

> ={ I + ∈ A}． (6) 
Def-JllilJon l[ ] A set C E is said tO be control 

invariant for the discrete—time system ( ， ，E， ， ) 

if，for every ∈ ，there exists a ∈ such that Ax 

+Bu+ W ∈ ． 

If 0 is a robust control invariant polytope，then the 

non—decreasing sequence{ }generated by Algorithm 1 

is a sequence of control invariant polytopes for the dis— 

crete—time system ( ， ，E， ， )．For all JI}>0 and 

every [JI}J∈ ，there exists a ∈ such that 

Ax[后]+Bu[后]+St)∈ —I c ． (7) 

And there exists a control law which robustly steers 

the discrete time system from any initial state in XktO the 

terminal sets in JI}steps．then maintains the state in the 

terminal sets． 

Although the algorithm as above is simple tO express， 

there are considerable computational diffi culties．A ma- 

jor concern is the increasing complexity of the sets Xk as 

／／,and JI}increase．Mayne has given a table tO show the 

total number of vertices， simplices， and inequalities 

arising in various example problems in[2]．We can see 

that for a system witI1 state dimension 5．the vertices 

may be 566，simplices 8122 and inequalities 3329．It is 

holx~ to simplify the computation． 

3 Simplified algorithm 

For later use，the following elementary results are re— 

quired．Let A，B ∈ R be arbitrary，and ，Y and Z 

be non—empty，convex subsets ofR ．Then we can get 

( + ) c A +BX， (8) 

( +】，)=AX+AY， (9) 

( > Y)+Z c( +Z)> Y， (10) 

( n 】，)> Z =( > Z)n (】，> Z)．(11) 

According to Algorithm 1 we can see that if M = {0} 

and E = R ．then we get 

Xo= {0}， 

(12) 
： 一 ∑ — 舶． 

i=l 

W e can take 

= 一 (∑ —iB)g2 c (13) 
i=l 

instead of Xk as the level set．The computation is much 

simpler． 

The new algorithm will be discussed in three computa— 

tion steps：the terminal set，the level sets and the control 

inputs． 

3．1 Terminal set 

It is hoped that the terminal set is a small set in accor- 

dance witI1 the disllut~ ce．And from Algorithm 1．we 

can see that，the terminal set Xo must be a control in— 

variant polytope and the existence of = Xo> M must 

be ensured． 

Theorem 1 For the system above， 

0=一A BO n E (14) 

is a robust control invariant set for
． ( ， ，E， ， )，if 

C — A一 BO h0lds． 

Proof For all [JI}]∈ 0，we take 

[JI}]=一 一 Ax[JI}]， 

SO that 

[JI}]∈一B A X(一A BO n E)c ， 

and ,IX[JI}]+Bu[JI}]+W=W∈ M c ‰． 

For the system is controllable，we can get M C — BO ， 

and A一 ≥ ，．So M C — A～BO holds． 

We can say that the terminal set as above is a small 

set in accordance with the disUat~ ce． 
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The computation of the terminal set as shown above is 

much more easier than those in[2]． 

3．2 Level sets 

First，We consider the system with E ： R ．that 

means there are no states conslraints． 

Theorem  2 Suppose E = R ，for all Ji}， 

= (∑A-i) c ． (15) 
：0 

Proof 

Xo=一A一 朐 n E=一A～／tO， 

We get 

= Xo> M = 一A-1册 > M ， 

尥+，-(A-1 一A-1册 )> 3 A一 + 

(_A-1册 > )=A一 + ． 

"llike +l= A + ，Yo= ， 

then we can get 

： (∑A— ) c∑A一％c ． 
=0 i：I 

1he fact ttlat{ f is a subset of{ f il~lies that{ f caIl 

be used in place of{ f． Ⅱ I1ape of the p(，1) is 

not d珈 e(1，it is very easy to be ccn】删 ． 

Thm 、7ve will l】se the results above for the syste【Il wt烈e 

the states c0j 出[airl exist．As the sys~nl is controllable． 

rr~st be a robust control invariant set．That n ans for every 

point ∈ E，there exists a u∈ n，such that 

= +C,u+ ∈ E， 

SOⅡlat 

= A-1 一A-1Bu—A-1 ∈(A-1E—A-1Bo)． 

Hence E c(A-1E—A一 )． 

．Ij Ⅺ岫 3 If ：((∑A— )(一A-l )n E)> 
i：0 

+l 

M， + ((∑A— (一A一 朐)n E)>M． 
i=0 

P】r00f 

砭+l=(A一 一A-1舳)n E>M= 

I(a-1(∑A—i)(一A-1朐 n E> )一A-1册> }n 
= 0 

+l 

(E> )D(∑A-i)(一A-I册 > )n 
i：0 

((A～E—A 册 )> )n (E>M)= 
+l 

((∑A-i)(一A-1舶)n E)> ． 
i=0 

As in this case． 

X0=一A 朐 n E， 

= (一A一 船 n E)>M， 

then take 

y0= X0， = ， 

+l=(∑A-i)(一A一 舶)n E， 
：0 

+l 

+1=((∑A— )(一A一 鼢)n E)> ． 
= 0 

l，；c ，We take{yi}instead of{ }as the level 

sets．Then the computation will be much more easier 

than before．It can be conducted on line．But as the 

spaces of the level sets aIe lllore greatly lessened than 

before，it is not the time—optimal solution for the sys— 

tern ．For sI I initial point．the time to terminal set is 

increased． To solve this problem a new method for 

searching the tiIne—optimal solution is proposed in 3．3． 

3．3 Control inputs 

11硷 serial number ofthe smallest level set that the ini— 

tial states lies is the sa]【I】-e as the number of the smallest 

level set with the initial states．which iSthe same as the 

number of the control steps．That means if the initial 

state lies in k—leve1．then it call be ste删 to the termi— 

hal set in k steps．If the initial state lies in k 1eve1．it 

caIl be steered to and only to(k—1)一leve1．So the 

states caIl be steered to the terminal set in IllillilIlUlll time 

with~ lytope tedmiques as there is nO space lo0sing． 

11le state spaces．control input spaces and level sets 

aI℃all lessened in the algorithm above．七一level set con一 

拓Iins the points．not all of which carl be steered to the 

terminal set in Ji}steps．If the initial state lies in k—leve1． 

it may be steI孙，d not only to(k—1)一leve1．Wim suit— 

able control input，the state may be steer to(k—1)一leV— 

el，(k一2)一level and SO Oil．If吐11e state is 删 to吐11e 

smallest level set and it call be steered to with suitable 

control input．the control steps will be the least．11le 

aim of the Optimizing algorithm for the con~ l input is 

to search the smallest level set which the state caIl be 

steered to with constraints satisfied control inlet． 

11le whole algorithm is as follows． 

Algoritt~ 2 

Dam  Given A，B，E，n ，M and N． 

Step l Compute terminal set as 

X0=一A n E， 

X = XQ> M ． 

Step 2 Let Ji}= 0． 
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Vo1．20 

Step 3 Compute level sets as 

+l：(∑A-i)(一A-l8o)1"7 E， 

+l：((∑A-i)(一A-l8o)1"7 E)>M． 

Step 4 Let = + 1． 

Step 5 If all vertices of E are inside ，go tO Step 

6：else go to Step 3． 

Step 6 Let后=0， [后J=XO． 

Step 7 Compute which ellipsoid Yk the current state 

【 ]lies inside． 

Step 8 If =X ， ]=一B Ax[ ]，stop． 

Else，go to Step 9． 

Step 9 Compute set 0 =BO +Ax[后]． 

Step 10 Compute set G=0 n E． 

Step 11 LetJ=2． 

Step 12 If G n 一 = ，go tO Step 14． 

Step 13 Letj=J+1。go tO Step 12． 

Step 14 Compute set S= G n ，
． 

+1，R = 

B一 (S—A [ ])． 

step 15 Compute the center value of R as the single— 

value control ]． 

Step 16 Get XO，go tO Step 6． 

To determine whether the intersection of two polytope 

exits Or not，we use the method of collision detection in 

robot path planning as the method in S．J．Ren et al【 
． 

4 Examples 

For such a system 

r +，]=[一

0 ．9

．

9 

7 ．

． 0

7

9

3】 [ ]+ 

0 34

—

0 L ． ．02 J 

with following cons~aints： 

∈ E=[一1，1]X[一1，1]∈R2， 

u∈ =[一1，1]X[一1，1]∈ R2， 

∈ M =[一0．1，0．1]X[一0．1，0．1]∈R2． 

Initial state is[一0．99，一0．98 J． 

Figure 1 shows the control results of polympe tech— 

niques，Fig．2 ellil~ idal techniques and Fig．3 the new 

algorithm． 

W e can see that the n lⅣalgorithm is much simpler． 

Although tt】le level sets areⅡl0re than th~se in polytope 

tecl~iques and ellil~ idal teclmiques，the time for the 

state tO be steered to the terminal set does not increase SO 

much as in ellipsoidal techniques． 

Fig．2 Ellil~oidal tedmiques 

Fig．3 New tedmiques 

5 Conclusion 

A simple method is proposed tO solve the control 

problem for linear system win1 state and control con— 

s~aints．By choosing the suitable ternlinal set and sim— 

phf3， the computation for the level sets，the COlntmta- 

don is much simpler．The n lⅣalgorithm for oNmizmg 

the control inputs is proposed tO solve the problem of 

time increase． le terminal set and level sets in n1e new 

algorithm can be computed on—line as it is easy tO tom— 

pure．So the parameters of the system can be adjusted 

on-line．The algorithm caIl be mole robust and In0 
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useful than before． 

As the level sets and terminal set ale computed ate— 

cording to the control constraints，there ale some limit 

for its application as it carl not solve the control problem 

as single-input multi—output system ． 
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