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Abstract：The robust H estimation under parametric and stochastic uncertainties was studied．It was asslmled that the 

uncertain parameter was noml bounded，the exogenous dist叫七al1ce was stochastic uncertain and the systems we exr~ cxl by 

I16’s stochastic differential equafiom ．The H filtering was constructed via solving a linear matrix inequality，and all example 

was presented to illustrate the developed theory． 
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随机不确定系统的鲁棒 H 滤波 

张维海 

(山东轻工业学院 计算机科学技术系，山东 济南 250100) 

摘要：研究在同时具有参数和随机不确定的情况下的鲁棒 H 估计问题．假设系统的方程由硷 随机微分方程 

描述，不确定的参数是范数有界的，外部干扰是随机不确定的．通过解一个线性矩阵不等式，可以设计鲁棒 H 滤波 

器，最后给出的一个例子对理论分析进行了阐述． 

关键词：随机 H 滤波 ；不确定性；Wiener过程；线性矩阵不等式 

1 Introduction 

This paper deals with the robust H∞ state estimation 

problem of stochastic uncertain systems．Stochastic H 

control and design (including discrete and continuous 

systems)have recently received a great deal of attention 

(see[1～4]，etc，and at the references therein)．In 

【2]，a stochastic bounded real lemma was developed， 

based on which，the output feedback H estimation has 

been derived for continuous—time stochastic uncertain 

systems，the solution depends on two coupled nonlinear 

matrix inequalities，the model in l2]does not include 

uncertainty in measurement equation，and the state equa- 

tion does not include un certain parameters in system ma— 

trix．In【4]，the robust H control was discussed in— 

terms of complete state measurement． 

Recently，I 1]deals with a very general robust H 

filtering estimation problem of stationary continuous—time 

linear systems with stochastic un certainties appearing 

bOtI1 in state and measurement eq uations．A necessary 

and sufficient condition for H filtering was obtained via 

linear matrix inequalities(LMIs)，and at the S习叮lc time， 

for mixed  H2／H filtering，a sulx~ptimal solution was 

presented ．This kind of model is often applied  in filtered 

estimation． 

Th e main contribution of this paper is as follows： 

First，the model we employ is more general than that of 

[1]．Here we futher allow the state matrix to be uncer- 

rain wi th norm bounded ．Because in practice ，all exact 

dynamical model is not easily obtained ，this kind of as— 

sumption has been made by many authors in determinis— 

tic models(see[5，6]and the reference therein)．Sec— 

ond， a robust H filtering is designed  by solving an 

I．blI．In contrast to[1]，we can design not only a full— 

order but also a reduced-order observer．，I11ird．coin- 

pared with the results in terms of algebraic Riceati equa- 

tion[ ’ 
． our approach is more applicable to practical 

computation[引
．  
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2 Problem ~tling 

For the sake of convenience， 

notations： 

we adopt the following 西 ：【 F。0】， ：[ ，一c，]．(6) ‘ L J 

A represents the transpose of  a matrix or vector A； 

A≥O(A>0)ineans A a positive semidefirtite(pos— 

itive definite)matrix； 

(毗 ，Rf)：the space of nonanticipative stochastic 

)ceSSes)，(t)∈ R1 with respect to filter FI satisfying 

f) 2=E j。I)，(f)I dt<。。； 
，：identity matrix． 

In addition，we make the following flLgsumptioD： 

Assmnption 1 All ma trices appeared in this paper 

are real constant． 

Comider the following linear uncertain system 

fdx：((A+AA) +Blw)dt+Dxdfl， 

{dy=(Cx+D21w)dt+ d ， (1) 【 
：  ． 

where ∈ R“is the system state，x(0)：=x0 is any 

laorm bounded vector，w∈ L (毗 ，Eq)is the exoge— 

nous stochastic disturbance signal，)，(t)∈ Rr is the 

me~ureinent output，z∈ R is the state combination to 

be estimated．AA is any uncertain ma trix with norm 

bounded satisfying 

AA=DlFl(t)Gl，Fi(t)Fl(t)≤ ，，V t≥0． 

(t)， (t)ale mutually uucorrelated，normal scalar 

Wiener processes．defined on the probability space( ， 

F，P)relative to an increasing family(Ft)I∈曼+． 

Taking the filter equation for the estimation ofz(t)as 

= Af~dt+ d)，，露o=0，2= 露， (2) 

where露∈ R ，ny≤ ／／,，2∈ R ．Let 

= [ 露 ]，三=z一2． (3) 

Based on the above representation，the filter esfima- 

tion error can be seen as the output of the augmented 

system 

d = A dt+ Dl d + DE d + Bwdt， = ( 

(4) 

where 

：【A ， ： =【 ， A I B，c AJ，B l B，D 。j，Dl 【0 0J， 
(5) 

Remark 1 [1]demanded nf=／／,，i．e．，(2)is a 

full-order observer．Here，we drop this restriction． 

For any given disturbance attenuation level y >0，de· 

fine the H performance index as 

= ll三(f) 一y ll (f) ． (7) 

We give the following definitions： 

Definition 1 W e say that system 

dx(t)=(A+AA)xdt+md3 (8) 

is robustly exponentially two-stable，if for any admissi— 

ble uncertain matrix F(t)，there exist some positive 

constants i。， 

E I (t)I ≤』D I (0)1 2exp(一et)． 

It is well known[ ]that(8)is robustly exponentially 

two-stable for t≥0 if there exists V(t， )∈ ({t> 

0}x R“)such that 

kl I I ≤ V(t， )≤ k2 I I ， 

(t， )≤一k3 l l 

for some positive constants Ii}l，Ii}2，k3，where is so- 

called the infinitesinal generator of(8)． 

Definition 2 Stochastic un certain system 

dx=((A+AA) +Bl w)dt+Dxdfl，xo∈R“ 

(9) 

is said to be robustly internally stable，if (9)with 

w = 0 is robustly expo nentially tw o-stable． 

in[1]，stochastic H filtering estimation problem 

call be formulated as follows：Given y > 0，find an 

asymptotically stable linear filter of the form (2)leading 

to a illean square stable estimation eI10 process三such 

that <0for all IlI)nzero w∈ (R+，Rq)with o=0． 

3 Robust H mter~  

In this section we deal、Ⅳitl1 robust itI estimation 

problem ．Note that our system is actually time-varying， 

so stochastic bounded real lemma derived by[2]Call not 

be  used to cope with this case．First give tw o lemmas as 

follows： 

Lg_,iiii-it l[ 。] For any real manices of  8ppropriate 
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dimensions X and Y，we have 

Y + y， ≤ X + y，y． 

~ uliia 2(Schur’S complement[ ]、 For real matri- 

ces N，M = M ，R = R >0，the following two condi- 

tions ale eqmv~em ： 

1) +NR N <0； 

2， 【 】<0． 2) 【 
一 R
J<0· 

Our main result is as follows 

'laaeorem 1 For any given dism_rbance attenuation 

y>0 and the filter of(2)，if the following matrix in- 

equality 

ll+A～1'1 P+ i面 l+ 面 2+C一'C+ 

击廊 P+PD～llD～{I P+G～(I G～ll<0 (10) 
has a solution P >0，then(4)is intemally stable and 

the H filtering performance < 0，where 

。。 = 【 c 】， ··=【 】， ··=c G·。 ． 
(11) 

Proof We first prove(4)is internally stable．Take 

the Lyapunov function ( )= P with P>0 a solu- 

don to(10)，let be the infinitesimal operator of(4) 

with = 0．then 

V( )= 

( 4+A P+D{PDI+D~PD2) = 

(PAl1+A llP+PAAII+AA'I + 

面 l+ PD～2) ， (12) 

where 

。 = 0】． 
By n of kemma 1，We have 

PAAl1+△Afl P = 

而 l1Fl(t)Gl】+ l1 F：(t)L)l'lP≤ 

PDl1D^P+Ĝ Gl1， 

( )≤ 

(PAl1+A l1P+Di PDI+ 

D D2+PDl1D^P+Gl1 Gl1) ． 

( )：=E J。(三 —y w)dt= 

E f [( ， ， 一 ， )dt+d( 尸 )一d( 尸 )]： 

E f [( ， —y2 ， )+ ( )]dt≤ 

E f [( ，碓一yz ， )+ ( )+ 

E fr(w,k，戌+ 砌 )dt： 

【 P鬟D2+P DllD1'1 7 E 【 】 l。 ̂ 。。+ ， P+ I【 】dt． 
L B P 一 13 

P／4

PD

11+  A

+

t

lC+ ／~{P
P

bl

PD,Oh ++砌1 
G I C～，C～}“ ～I<0'(13) l Ĝ l+ } I<u’ j 

L P 一 1J 

then there exist e>0， (T)≤一e2E l I 1 2dt J n 

<0，which yields ≤一e2E I I 1 2dt<0．By J 
0 
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PllA+A Pll+G；Gl C Z； D Pll F Z； PllBl PllDl L 

Zl C Z + Z 0 0 ZID21 0 一 

PllD 0 一 P11 0 0 0 0 

ZlF 0 0 一 P22 0 0 0 

B{Pll lZi 0 0 一y ， 0 0 

DiPll 0 0 0 0 一1 0 

L — cf 0 0 0 0 一 I 

have solutions Pll>0，P22>0，cf，Zt，Z，then(4)is internally stable and <0，while 

d：e= P~21Z：edt+P~21Zldy， = cfe 

r  ̈

Take P 

，P 0 0 — 7 ， 0 0 

D P 0 0 0 一 l 0 

0 0 0 0 一 I 

diag(P⋯ P22)，substituting(5)，(6)，(11)into(16)，we have 

PllA+A Pll+GiGl C BffP22 D Pll 0 0 F 22 Pll l 

P22ByC P22Af+ 22 0 0 0 0 P22BfD21 

PllD 0 一 P11 0 0 0 0 

0 0 0 一 P22 0 0 0 

0 0 0 0 一 Pl1 0 0 

P22BfF 0 0 0 0 —-P22 0 

iPll I 22 0 0 0 0 一y ， 

DiPll 0 0 0 0 0 0 

￡ 一 cf 0 0 
．

0 0 0 

which is equivalent to 

PllA + A Pll+ G’Gl 

Pz2BfC 

PuD 

P BfF 

iPll 

DiPll 

，． 

Gi 22 

P22 + P22 

0 

0 

D2i P22 

0 

一  

< 0． 

<0 (14) 

D Pll F B~fP22 PllBI PuDI L 

0 0 P22BfD21 0 一 

— Pll 0 0 0 0 

0 一 P22 0 0 0 

0 0 — 721 0 0 

0 0 0 一 1 0 

0 0 0 0 一 ， 

(15) 

(16) 

<0， (17) 

<0． (18) 

一 0  0  

0  0  

面 0 0 

0  

P 
0  

一 

P P 

～ 
0  

0  0  0  0  0  0  0  0  0  0  0  0  一 

D ． ， ． ⋯ 0 0 0 0 0 0 — 0 P 
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Let P22A，=z，P22 =zl，then(18)becomes(14)． 

(15)is easily seen from our assumption and Theorem 2 

is proved． 

The following example illustrates how to design the 

reduced-order observer(2)． 

1~．x．rlmple 1 In(1)，we take 

A =【一 ’5 
一  

． 2】， 。=【 ： 】， 

D = 6-l DI= ， =【0
． 1 —2．5J， =【2

． 1 J， 

G．=[1．4 1]，￡=[一1 1]，C=[1．0 —1]， 

D2l=1．3，F=[1．5 2．6]，I Fl(t)I≤ 1，y=0．8， 

then by software packages such as LMI optimization 

toolbox in Matlab[ ̈
， we can easily solve(14)and ob— 

tain 

Pll= 0．5869，P22= 21．0725， 

Z =一 12．1315，Zl= 0．1214，cl = 1．6673． 

So 

al=P茜z=一6．0658，Bf=P茜z =0．O6O7． 

Accordingly，the reduced-order H filtering(2)Call be 

constructed as 

d露 = 一6．0658~dt+0．0607dy．2 = 1．6673~． 

4 Conclusion 

This paper has discussed robust H estimation prob— 

lems of stochastic uncertain systems． By comparison 

with[1]，we allow the system parameter to be uncertain 

with Boml bounded．Especially， we show that robust 

H filtering can be acheived if linear matrix inequality 

(14)is solvable．Since the design of H filtering is of- 

ten encountered in SOIlle fields，such as signal process— 

ing，our results not only have practical value but also 

have feasibility．W hen ZXA =0，our models degenerate 

into those of[1]． 
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