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Design of robust fault detection filter
for uncertain linear systems witk modelling errors
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Abstract: The problems related to the design of observer-based robust fault detection filter (RFDF) for uncertain linear
systems with both modellling errors and unknown inputs were studied. By introducing a new performance index, the RFDF de-
sign problem could be formulated as an H,, -optimization problem, which was solved by suitably selecting RH.. post-filter and
observer gain matrix such that the generated residual could achieve the best trade-off between the sensitivity to fault and the ro-
bustness to unknown input, modeling errors as well as control input. The design example and its simulation results demonstrate
the effectiveness of the proposed approach. i
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1 Introduction

The rapid development of robust control theory in the
last two decades has given a decisive impulse to the
progress of model-based fault detection and isolation
(FDI) methods, in particular, in solving robustness
problems!! ~5} . Different from the robust control prob-
lems, robust fault detection should be considered in the
situation where the FD system is designed as robust as
possible to the model uncertainty and unknown input,
without loss of its sensitivity to the faults to be detected.
The study on the design of robust FD systems has re-
ceived much attention during the recent years, such as
the H, and H, optimization techniques to nominal

casel!+2'%] or more recently the H.,-filtering approach for
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systems with model uncertainty[7’8]. The main problem
to be addressed is the RFDF optimal design for linear
systems with both unknown input and modelling errors.
The core of our study is to extend an optimization FDI
method in (6] to the uncertain case RFDF design. The
obtained solutions are given in terms of Riccati equation.
2 Problem statement
Consider uncertain dynamic systems described by :
=(A+0A)x+(B+AB)u+B f+Bd, (1)
y = Cx +Du + Dif + Dyd, (2)
where x € R*, u € R? and y € RY are state, control in-
put and measurement output respectively. d € R™ is the
unknown input, f € R’ the fault to be detected. 4, B,
C,D,Bs, By, Dsand D, are known matrices with appro-
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priate dimensions. Assume d and f are L,-norm bound-
ed. Modelling errors AA and AB are given by
[AA AB] = [Elzl(l)Fl E;3,(1) Fy]
where E,, E,, F\, F, are known matrices. Denote
21:={DAIDA = E\3,(t) F, ZT(1)3,(t) < I,
Q:= {ABIAE = E;5,(1) Fp, 33(1) Z,(1) < 11 .
Throughout this contribution, it is assumed that:
Al) A + AA is stable, (C,A) is detectable;
A-jwl By
[ C D,
General speaking, fault detection system usually con-
sists of two parts: a residual generator and a residual e-

]hasﬁ.ﬂlrowrankforwé [0, ).

valuator including a threshold and a decision logic unit.
The following observer-based FDF is used as the residual

generator:

£= A£ + Bu + H(y - %), (3)
9 = C& + Du, (4)
e=y-9%, (5)
r = R(s)e(s). (6)

where £ , 7 are state and output estimation respectively;
the so called post-filter R(s) is to be designed; r is the
generated residual .
Denote e = x - £, we get
%=(A+AA)x+(B+AB)u+B:f+B4d, (D
¢=(A-HC)e+AAx+ ABu+ (B;— HDy) +

(B;-HD)d, (8)
e = Ce + Df + D, (9)
r = R(s)e(s). (10)

The nominal case FDF design problem can be formulated
as to find H and stable R(s) such that A — HC is asymp-
totically stable and satisfies

: | Gruls) Il w
H,R(Ins)lgRHr’ 0:( G (jw))’ (1)

where G(s) and G,4(s) are transfer function matrices

from f,d to r tespectively, o;( ) denotes a non-zero
singular value. However, in the case of AA € 2,,AB
€ 2, and 3;(t)(i = 1.2) being time-varying, there
exists no transfer function from d and f to r for system
(7) ~ (10). So the performance index (11) has no
sense. The main purpose of this contribution is to extend
the result of nominal case FDF in [6] to solve the uncer-
tain case (i.e AA € 2,,AB € ;) of RFDF.

3 Basic idea of our study
Re-write (7) ~ (10) as
r(s) =
R(s)[Gea(s)d(s) + Gy s) f(s) +Dey(s) +Agy(s)]
where
Gea(s) = Dy + C(sl - A + HC)™' (B, - HD,),
Ge(s) = D+ C(sl - A + HC)™'(B; - HDy).
Aeg,Aeq are governed by
%g = Axg + Bu + Byd + Edy + E,d,,
ég = (A-HC)ey + E\dy + E;d, + (B; - HD,)d,
i = Axc + Bof + E\f3,
¢ = (A - HC)es + Ef; + (B, - HD))f,
Aey = Cxq,A0¢p = Cxsyd, = 25(t) Fau,
[dy f2] = Z1(t)F il x4 xf]-
Define vectors d , f and operator G(s,A) as
d=1[d" d} 41", F=1[f" £IT0,
G /(s,8)f(s) = r(s) lge0,uz0 = 77(s),

7l s
su .
f#O.Meﬂ?'ABan I £l 2

I Grf(s,A)‘H « =

We have
r(s) =R(s)[Ga(s)d(s) + Gi(s)f(s)] =
Ga(s)d(s) + G, (s5,0)f(s),

where
B,=[B; E, El,D,=[D; 0 0], (12)
Bf = [B, E], Df = [D, 0], (13)

Ga(s) = C(sI - A + HC)""(B; - HD,) + Dy,
Gj(s) = C(sI - A + HC)"(B, - HD;) + Dy,

G, 1(s,A)f(s) = 6(s,A)F(s) = R(5) Gg(s) f(s).
Then, the RFDF design problem can be formulated as to
find H and R(s) € RH., such that A - HC is asymptot-
ically stable and satisfies

| | Grals) Il o
G f(s,8) 1w
Furthermore, such an optimization problem can be

. (14)

min J,where J =
H,R(s)G]RHw

solved in a way proposed in [6] .

As for the residual evaluator, we propose to determine
the evaluation function and threshold over a finite evalu-
ation time window [ ¢,,1,), i.e.

t
Il = O™, T = 13 - 11,
t\

(15)
Ju = sup I ”72,1', (16)
=6



http://www.cqvip.com

790 Control Theory & Applications

Vol.20

where ¢, is the evaluation initial time, see [5]. The oc-
currence of fault can then be diagnosed on the basis of
following :
I rll 27 > Ju=fault=alarm, (17)
| 7l ;.7 < Ja=sno fault. (18)
Remark 1 Notice thatis d independent of £, while f
is independent of d and u. The Hy, norm || G, 3(s) || »
and introduced operator norm || G, (s, A) || » can be
respectively used to represent the influences of input sig-
nals and faults. In some of the early contributions, the
uncertain part AAx + ABu is directly considered as un-
known input. Since fault f/ has influence on AAx when
AAx 0, this paper holds that it is more suitable to
treat the modelling errors.
4 OQutline of solution
4.1 RFDF design
The following lemmas are required to derive our main
result.
Lenma 1/} Given system (1), (2) with AA = 0
and AB = 0, suppose Al),A2) hold true, then
H* = (BDY + YCN)Q™', R* (s) = Q172
is one solution of optimization problem ( 11), and
R”* (s)G2(s) is a co-inner matrix, where Q = DD},
Y = 0is a solution of Riccati equation:
Y(A - BDRQ'C)T + (A - BDRQ'C)Y +
YCTQ-'CY + B,(I - DIQ~'Dy)*B] = 0.
Lemma 2'%)  Suppose
M\(s) = Vy - ViC(sI - A + HiC)™'H,,
My(s) = Vo - VC(sl - A + H,C)™ ) H,,
where H,, H, are matrices that ensure the stability of A —
H,C,A - H,C,V,and V, are invertible, Then there ex-
ists an RHo, Q(s) for the equation
Q(s)M(s) = My(s).
Moreover, the solution is given by
Q(s) = Vol + C(sI = A + HyC)"\(H, - Hy))Vi'.
Theorem 1 Given system (1), (2) withA4d € O,
AB € 2,, suppose assumptions Al), A2) hold true,
then
H* = (BDY + YC") @', (19)
R*(s) = 072, 0 = DD (20)
is a solution of optimization problem (14), where B,
D, are denoted in (12),(13), ¥ = 0 is a solution of
Riccati equation

(A -BDY'C)'Y + Y(A - BDY"'C) -
YCTQ-'CY + By(I - DY-'D,)?BY = 0.
Proof Denote
Gh(s)=C(sI-A+H"* C)"(B4—H*Dy)+Dy,
GH(s) = C(sI—A+fI*C)"I(Bf—fl*bf)+f)f,
M*(s) =T1-C(sl-A+H C)'H".
Using Lemma 1 we know that R " (s) G5 (s) is a co-in-
ner matrix. For Y H to ensure the asymptotic stability of
A — HC, denote
Ga(s)=C(sI-A+HC) '(B,-HD,) + Dy,
G(s) = C(sI- A+ HC)™'(B,- HD)) + Dy,
M(s) = 1-C(sI-A+ HC)'H.
It is well known that both (M(s),Ga(s)) and
(M*(s),G5(s)) are left coprime factorization of
Ga(s).
Applying Lemnfa 2, there exists I'(s) € RH, such
that
M(s) = T(s)R* ()M " (),
where
I(s) =[1+C(sI-A+HC)YH* - H)]QV.
As a result,
Ga(s) =M(s)(M*(s))'Gh(s) =
C(s)R™ (s)GH(s).
In a similar way, it is obtained that
Gi(s) = T(s)R"(s)GH(s).
Therefore
| Ga(s)llw
16 (s,0) & ~
I RGIC(s)R™(s)6a(s) Il o
IR(HT()6 (s, M) 1 =
| R(HIT(s) |l _
I R(IT(s) | & | Gp(s,A) [ &
1
| G:(s,8) |l &
So, (R*(s),H"”) is a solution problem (14).
4.2 Design of adaptive threshold
Decompose r(¢) into r(t) = rg(t) + r,(t), which
are defined by
%4 = (A +AA)xy + Bd,
ég=(A-H"C)ey + AMxy + (B; - H* Dy)d,
rg = 07'2Cey + 0~'2Dd,
(A +AA)x, + (B + AB)u,
é, = (A-H"C)e, + AMx, + ABu,

£
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re = Q12Ce,.
Let
]zh..i = su ” F,i(t) ” %,T = My,
AAE D, ABE D, dE I,
[EAE:
]th,u, = )lu ” u " 2, T 7u = sup = 22,
et teo, | ul?
Note that

lrg+rll3r< lrgll3r+ lr 3y
Under the assumption of d being L,-nomm bounded, we
can further choose J,; as
Jo = [MT + )’i I wll %,T]l/l-

Obviously, the defined J, is composed of two parts:
constant My, and J, , which depends on the plant input
u. Changing the plant input u implies a new determina-
tion of J,;. In this sense, the threshold Jth is called
adaptive.
5 Design example

Considering a linearization model of inverted pendu-
lum system described by (1),(2) with

-0 1 0 0

A=| 6.5268 24.7770 157.3689 35.5661 |,
L _12.5675 —47.7085 —284.1468 —68.5009
r 0 00 0 0
_1 00 -0.01 _1

B = y Bd = ’ Bf = y
0 00 0 0
Lo.5 00 0.005 0.5
11000 000 0 0

L RN
(0100 0 0.01 0

D;=0,E=[0 0.1 0 0.1]7,

F, =0.1, F, = [0.2 0.1 0.1 0.1].

The design result is
5.6807 - 2.1962

. 18.5469 - 9.3892 - 100 O

H”* = , R (s) = [ ] .
-2.1962 1.0538 0 100
-5.4013 2.9670

Let z be the unit step input, the unknown inputs are
band-limited white noise with power 0. 01. The sam-
pling period is 0.01 s. The fault signal is simulated with
amplitude 1 over interval [S s, 10 s]. Fig.1 shows the
ri(t)
rat)
residual evaluation function ( fault free case: dashed
line; faulty case: solid line) . The threshold is J; = 0.

faulty case residual r(¢) = [ . Fig.2 presents the

6512. Simulation results show that || r(¢) || 2,50 =~ 0.
658 > J,. Therefore, the fault can be defected after
40 s of its occurrence.

2
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Fig. 1 Generated residual signals
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Fig. 2 Evaluation function || r |l ;7

6 Conclusion

The observer-based RFDF design problem has been
studied for linear systems with both unknown input and
modelling errors. By introducing a new perf;)nnance in-
dex, the RFDF design problem can be formulated as an
H,, -optimization problem, while it can be solved by
suitably selecting RH,, post-filter and observer gain ma-
trix. The design example and its simulation results
demonstrate that the proposed approach is feasible e-
nough. This approach can also be used to solve the gen-
eral observer-based integration of feedback controller and
RFDF, such as robust stabilizing controllers, H,, or H,
controller etc. The integrated design problem is going to
be carried out in our future study.
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