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Abstract: The Sontag-Type control based on the control Lyapunov function (CLF) is an important control law in robust
stabilization of affine systems. Firstly, the authors pointed out that this control law is essentially a kind of variable structure con-
trol and that the switch surfaces of the resulted closed-loop are always reachable. Motivated by this and in order to comparatively
easily construct CLFs, the authors defined the weak control Lyapunov function (WCLF) by using the concept of zero-state-de-
tectability and then proved the optimal stabilization property of the Sontag-Type control based on the WCLF. Finally, the au-
thors proved that the Sontag-Type control based on the the WCLF is an input-to-state stabilizer of the affine system under a mild

. condition.
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1 515 (Introduction)

X5 RS, % E D Sontag 3245 i # Hi2=
L ERRB(CLH) &, R F CLFE T —2%
ELA R 45 M 0 335 ) 421" ) —Sontag-Type #8#1, %
EBRENEWTER R CLF MR F A ER & #E
HETRED EEREERDR.

A ¥R 7R , Sontag-Type ¥ Hil 3E i E & —FpAE
gemiEsl , B S YR RGN YRE S BT
XEERAR, A 30K 2 RS TR 2 E 55
R ZE R A 2 5k SR 3 (WCLF) , LA B A X 4 5 o b
1% CLF, 3 3 $a 5 ) 7R BH & L WCLF -4 384 .
WG , & 3 PiTHE R T WCLF B9 Sontag-Type ¥ il
MR E v R ARG T A BMREE .

RIXEBNBHHEG

WOR B 35 :2001 - 07 - 13; WG H #5.2003 - 05 - 12.

i = f(x)+g(x)u, 1)

x € R", u € R™, £(0) = 0.
HURE I T RS B RGN T RS

¥ = f(x),y = [LV(x)]" (2)
Hp vAC EERMEH A, LV(x) R Vil
mNEYe WESH. BB VEECRE . XA x A
V(x) 20,V(x) =0 x = 0, HEMER T
V(x) > oo (lx|—») FTXHERBERE C'E
ERMIRBEE.

EX 1Y HRREBHESR
2= f(x),y = h(x)

HFARAE KW (ZSD) , IR
VX0 € R, h(x(t;x5)) =0 ‘l_i_rgx(t;xo) = 0.
RIZZERTRETWH (ZS0) , R

ESW B . EX ARPFESTH (19771066) ; FHIL Tk K ¥ B SEHERTE .
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Vxo€ R, h(x(t;x9)) = 0=x(t;x9) = 0.
Hrb xo HIREM, x = x(t5x0) H k= f(x) B
. B ,ZS0 REEAE ZSD.

EX 2 B & VIR MEEHE
ML LE R R (CLF) , IR R

Vx = 0,[LV(x)]"=0=L¥(x) <O.

REAE, VERS (DB CLFFAERBAHD
S x = f(x) 2REERE(GAS) , A RERASE
A0 ={x=201LV(x) =0 LRV =LV (x)
< 0,FTi8 0 -GAS'.

ET CLFV, X1 ARG MEREERE
(2]
u(x) =- P(x)[LV(x)]",

P(x) =
LY (x) +v/ ILY (N 4ILY(x)1* .
| Ly(x) 12 R0,
¢, [Ly(x)]" = 0.

(3)
Hrh ¢ > 0. EP Sontag-Type 1.

Sontag-Type ¥ (3) 9 B i B My ¥l , B
o A] DA — B U e I R AR S M R Y 3 N
AAFAES) 1) BRI EWHIBR; 2) VHRETA;3)
Yl B shAHHATEE .

1) S(x) = [LV(x)]" = 0 A YIRE . 1E
YiimE b, BR AT, YRE 250k

Ly (x)+y/ 1LY (x) 1P+ 1LV (x)1*

B | LV(x) 12

2) [L,¥(x)]" = 0B, #R(3) RAK(D) 3K

vV ¥ PSR R [E) 3, 18 3

V<-vVI1LY(e) 12+ 1LYV (x) 14,
RPBRAEERE MY, RENEHEAES E
= {x €R":V =0}, 7 EPLV(x) = 0, BPiEH
P¥mE[LV(x)]T = 0 W[,

3) By CLF & XAl &, Yl [LV(x)]" =0 &

MBS EHERE .

2 FELF (Main results)

2.1 FEEAFEFRERXE YT X (Definition of
weak control Lyapunov functions)

_Ei#iR B, Sontag-Type 5 #i (3) R — M ELH
i, A [(LYy(0)]" = 0 BRTEK, XBX
YE& , HRIEYI¥E S S#ARE , A %A CLF
EXFHTEAER LV(x) < 0, T LABHA

[LYV(x)].

LV (x) < O, [R]BH4 LAME L TR 0T W &4,
FTEE

EX 3 HEERH VIRE()MBERHZE
L5 R R B(WCLF) , iR 2

vx € R, [LV(x)]" = 0LV (x) <0,

¥ = f(x),y = [LV(x)]"ZSD.

R, ¥ CLFV BN WCLF RRE AW E
5. EMEREREHHETEFBR V < 0A
BV <0, TRREBNFERATERA, X EE ™
RERWFH LV(x) < 0, RINERMMHTRE
AR A A

TEMNA —1TAEER, hamikE X
WCLF.

WBEENX 1,2, RE(DFECEF V,EHLE
RERSH B EL()ZSD, BRZAR, TEHE—
A~ LI F-

Bl1 ERRSE

e (4)
%y = % + (= 27 + 2x5) 1.

BV = 5 + <)) HERES, BERE S

E

. 1
X = - 7-’”27

X3 = %),

Y = LV(x) = (- %1 + 222) %,.
Y = OBEFFMENR: Ox, = 0;Dx; = 2x,. &R
HEkE x = 0, FIIZREH K R4 ZS0.

R, ¥ = 1(+ ) FREL(OK CLF, K
REEMETE TR 2, = 22 %0,

1
- A X
LV(x) = (xl,xz)[ 2 2]: %5 > 0.

xy

Bp

Jx #0,LV(x) =0=LV(x) > 0.

EHIFRE, RAE RS (2)M ZSD TS,

“FRY()FLE CLF V' 5“RE(2)ZSD" L, Wi %
X R ¥ VRN T EGRAPRH, X EER T B AT EE
HHE, LA H RS (2)ZSD” & 11 Sontag-
Type EHl, R —ERARSE(DHWESEHR. BK
85 1,HT

Jx %0,LV(x) =0=L¥(x) >0,
P [LV(x)]" = 0 ERBIERRAEHERE


http://www.cqvip.com

5 639

FH4E 0% 5T Sontag-Type #8914

867

H.OEE, B THEEBM, BT EXR WCLF v i“%&
4t(2)ZSD” , iR F i B2 E R

vxeR, [LV(x)]" = 05LY(x) <O.
2.2 WCLF W& 2% (Rationality of WCLF)

W F, AN AT EBEA A ERAE X
WCLF W& B4 X T #93 CLF B 0] LUK 25 55 3t
¥33& WCLF; ¥ FHx& CLF 3 AR ERE A7, i W
HHy WCLF EH153).

B2 EERSG
2 = %2,

5

x'z =—e"2(x1+%x2)+u. ( )

PLV = o + o3 HEEBRELA
LV(x) = BQmp - &),
LgV(x) = 2%, p = (1 - e72)/x,.

", Vx,LV(x) =0 =LV(x) = 0.

HK, REHEB RS

.’i] = X3,
. x. 1
X9 =-¢€ 2(x1 + Exz),
y = LgV(x) = 2x,
2} 7SO, Mk V = af + 23 HFG(5)H WCLF.

{HE X RGE(5) , BHERTIN L THERKNEE
BoRE W

Vx =0,LW(x)=0=LW(x) <0.

B3 BEERS
2= f(x) + g1(x)v; + ga(x)v,. (6)
S = (23
gr=0 00", g=(01 0"

T
- X1%3 xlxz) ’

AR V = 5 (2 - %)% + 3 + 5 WAL
(6)# WCLF. 5L |,
LfV(x) = 2x1%2%3 — %p%3 — %1%5,
LglV(x) = X — x3, ngV(x) = X3,

A |
Vr € R, LV(x) = [x' ) x3] =0
%2
LfV(x) = 0.
T H , 2 5 Bk RS 1 RS0

= flx), y = [LV()]T
3} ZS0.
WAEEW WCLF Vi

1 1
W(x) = %(xl - 2)’ 4 5 (o + 23 4 5 4f,

AR W oAFRS(6)M CLF. B |,

L, W(x) = 21 - 23, L, W(x) = x; + 43,
METAH x £ 08 L, W(x) = 0,L, W(x) =0, TR
)

2y = 2320, xp =— 23 20,
LIW(x) =-x% < 0.
Ep
Vx=0,[LW(x)]"=0=LW(x) <0.
BHEEA L, BITRAE T mr A s f) 7 .

BBV = 2ot + 2ad HRG
{x'l =— x5
%9 = X + x% + uxy
9 WOLF, T B0 W = +af + 2 (22 = ) WK
CLF.
2.3 {AML$ETE (Optimal stabilization)
T THER , 3 F WCLF § Sontag-Type #£ 5 B A
AL E .
X4 HFEE(DWEEEH u = k(x) R
BRIEHRE (a,p), MEFERY o #18
£ = f(x) + g(x)p(k(x))
{18 GAS. R ¢ = diag 1 @1, , onl .o TR :
Vs % 0,as < sg(s) < Bs*(0 < a < B).

EE 1 T WCLF VY Sontag-Type #£#1(3)
X T T HHEREEZ R

J = J:[L(x) + ——Zpl(x)uTu]dt,

L(x) = %P(Jc)ngV(Jc)[LgV(x)]T - Ly (x)

ARG BB ER, FRARERE(1/2,
w)(Hp P(x) BRFK(3)).

iE #EHG)HESHEIER. (LY =0
B, V = LV(x) <0;[LV(x)]" » OB,

V- 1LV(x) 1?41 L¥(x) 1* < 0.
BEMER, ST x € R,V < 0, NTTRANEE
P

[LV(x)]" = OB,

V- 1 Ly(x) 12 41 LV(x) 1%,

BB AR A B R, ST 46T [ L,V(x)]T = O A
¥5; B WCLF & X, 7% [Ly(x)]" = 0 kA
lim x(¢) = 0. IEIUERA T RS 2Rk s HE.

£ RT3 WRE &SN GAS TR,
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(3) B E HEARAE .

BAEERER G)R/MEZ® J. 5%,J 8E
B R B,

[LV(x)]T « 08¢,

L(x) = %P(x)LgV(x)[LgV(x)]T - L¥(x) = 0;

[LV(x)]" = OB, B3 WCLF B2 X,
L(x) =- L¥(x) = 0.
RAER v = u - u, A JHREXDEE

5= [T PEOLVG (LY )T - Ly(e)
2P(x)(v +u) (v + u)lde =

Jo [- LV(x)u - LV(x) +

J“’ [— dV
0 d: 2P(x)
B v = Offf J 1R/, hBIEHI(3) R/ IMLIZ K J.

BeJa , UEW Sontag-Type = (3) R A ML HE
(172, ).

RAEHSF £ = f(x) + g(x)o(u,) GAS, ¢;
B: Vs = 0,50,(s) > %52.
V= LV(x) + LV(x)p(u,) =

1
T(x)vTv]dt =

yTy]de.

]

L¥(x) - %P(x)LgV(x)[LgV(x):IT +
2 PO LYOLLVOT + LV(x)g(u,) =
- L(x) - S LYV(Ou, + LV(x)g(w,) <

==

LV(x)g(n,) - %u,] -

P(x) ulo(u,) - 5u] <O.

H P(x) f1 ¢(+) E‘Jﬁ'ﬁ%ﬂ,
V=0=ul=0=LV(x) =0.
EULHA T Y18 [Ly(x)]" = 0 °]3k, AT E AR
B AT LAHERIFAIRR % = f(x) + g(x) o(u,) GAS.

THEHAFFIREAERE 1 HEX.

B4 HEERZE
X =—x1 — % +2x3+ u,
%2 = %1, (7
X3 = x3.

BLV(x) = o + 353+ 344 + 20 HHER
&,mﬁﬁﬁ%*@%ﬁﬂ, m‘gﬁﬁE u = x — X3 —

Qx; + ) HERLK (), BxEHEREEE
O =S b SR

u, = ku = k[x; — %3 — 22, + 23)°]
FRAR (7B 3

F1=(k-Dx—2+(1=k) 23— (22, +23)3,

Xy = X1,
X3 = x3.
HAHEURGENIFES BN
ABr(Q-)A+2+6-1=0,

MITH k= 1, ZRIETBREDEA —PMRIER K
FHIE, AR RE .
{BRTISHIE,

Vix) = 22 + %x% + %x% + X133
HR(7)H WCLF.EH

f(x) = (— x| — X3 + x3,x1,x2)T,

g(x) = (1,0,07,

LV(x) = 2x + x3,

LfV(x) = (le + x3)(— x| + x;).

B, x € B, LV(x) = 0 LV(x) = 0.

£ =— % — %2 + %3,
Xy = xy,

X3 = %3,

y = LgV(x)

0 BB WL

2 0 1
(_2 -1 2]
1 4 -2
TR, BT, dLh 4R R ZSO.

BE WCLF V(x) = % + %x% + %x% + x1%3,
F R BE(7)i 3t Sontag-Type il -

ux) =

(—x+2x3)—sgn (2x1+x3)«/(—x1+x3)2+(2x1+ap3)2,
2x; + 23 < 0,

0, 2x; + x3 = 0.

HEM | Jil, ZEHEAFREHRE(1/2, <), B

BORHMAEN r > + FREME u, = ru, (AR

ERG(T).
2.4 BWABIRAEMEE(ISS stabilization)
HADRTHER -FBRNERESE . XK
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(1B EEMN, IR ARG (1) FFE CLF, MTE R R Ft
h&&A4F T, Sontag-Type 2l (3) A & % (1) W AF
REBEEER . Az A 1SS IR E XIEH, CLF
¥ /&R WCLF Gt A K pILs.
ER—BRIELERSE
% = f(x,u), £(0,0) =0, x € R",u € R™.
(8)
EX S HRERGSG)ABAINRSRE
(1SS) , iNRFIERE € KL,y € KB A xo
ER,uM:t=0,F
| x(2) I< max {BC1 xo1,2), 7l u(e) )},
| u(e) | = sup | u(s) .

K % K. KUK KL HKRERE CRICER10].
#FHE = f(x,k(x) +v)XF v R ISS, MFKEH
u = k(x) ISSEERST().
R 1JAS® MR RS ()FE CLF V, B
Jim (1 LYGe) 141 LV(x) 1?) = w,

AR 4 Sontag-Type 241 (3) ISSEERL(1).
EE2 RG)FEWCFV, B
lim (I L¥(x) 141 LV(x) 1?) = o,

lx|—>»

AR 2. Sontag-Type &l (3) ISS #AE R4 (1).
E BREx = f(x) + g(x)[k(x) + v] B
HE V,4[LV(x)]" < 08t
V=

~VITLV P+ LY 12+ [LV]y <

-

—%(I LY I+ILVI®) 41 LVIlvI=
ey - Ly e Ly v s

S QULVIILY ) 1w 12,

BT lim (I LV(x) 1+ LV(x) 1? = o, FILEFF
EK. B p B IxIzp(lv )V < 0. XEK
ElOGEE KRBy BN, = 0fM x, € 0
= {x I [LV(x)]" =0}, A

L x(e) 1< yCllv(e) D). (9)

YLV(x)]" = OB, EEF)
V== ILVI24I LV I*+ [LV]v,

iz v AEREWASISNFEBIELE, R, &
WCLF 1 5E X @A 7R 0-GASB!, 0 = {x |
[LV(x)]" = o, HI BIA xo € 2 FFEAKL B
¥ B, AR

lx(2) 1< B(l xo1,8). (10)
ZaR(9)F(10) , BIEE X 5, HBBIE.
3 %52 (Conclusions)

WCLF RS E Wit P L ¥ w3, H#3% WCLF
Ee¥iE CLF AHXT 25 5, B AT LA, 32 4% WCLF #%
S—EREHHE T Sontag-Type FH Hikit.

2T CLF ® Sontag-Type = Hl B G KL &
#EL8F 1SS gE M A XTI R, 4 CLF T R
i WCLF Bt KUZ58 .
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