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Lyapunov-energy based stability control for inverted pendulums
WANG Xin-hua, CHEN Zeng-giang, YUAN Zhu-zhi
{ Department of Automation, Nankai University , Tianjin 300071, China)

Abstract: The inverted pendulum is a complicated nonlinear control system. The robustness of a control can be verified by
controlling it effectively. A stability controller was first designed for inverted pendulums based on a Lyapunov function with the
form of energy, the pendulum was then raised to its upper equilibrium position and the cart displacement and angle were both
brought to zero. The control scheme was based upon the total energy of the system, and the dissipative characteristic was used to
design a Lyapunov function, the stability of the control system was also proved. Through the analysis and simulation, it was

manifested that the controller has strong robustness.
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1 3|5 (Introduction)
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2 EGrEhA4E B (System dynamic model)
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fu = mgd;[x(t)+[,singo(t)]. (1)
G2 KTy B HE S RN
2
Md;“f” = f0) - ful) = 8(2). ()
Horh o(x) BREEA, BE 00| < vlil. 5
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d*x(t) :
M'*——dt2 =
f) - m%[x(t) + Lsing(t)] - 8(x) =
2 £
f(t) —m d x(t) — (mLcosg(t)) d(t) =
t
(mLsmgo(t))(dqii(tt)) - 8(%). (4)
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B kpE(Co + AC) Q2. (15)
(M + m)&(t) + {(mLeose(t))¢(t) - K (8) Fs (1) Al 45
(mLsing(1)){¢(1))* = M (q) =
fCt) = 8(2) (5) 1 J + mlL? - mLcosgo(t)]
BITIERG AN i F R det(M(g))1_ mLcosgD(t) M+m )
(] + mLz)g'p'(t) + (mLcosp(1))x(t) + {16)
(Co + AC) (1) — mlgsing(t) = 0. (6)  Hm
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M(g)i + C(q,4)¢ + G(gq) = 7. (7)
He
X
=[]
M+ m mLcosg(t)
| = 8
(q) [mLcosgp(t) J + mlL? (8)
0 - mlp(t)sing(r)
con =y "o ] (9)
0 f-8(%)
¢(g) = [—ngsingD(l)] 't [ 0 ] (10)
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det(M(q)):(M+m)(]+mLz)—(mLcosgp(t))z:
M(J + mL?) + mJ + m*L? - mszcoszgo(t) =
M(J + mL?) + mJ + m*Lsin’ (1) > O.
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%q‘TM(q)q" + mgl{cosp — 1).
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9" M(q)§ + 54 M(g)q + ¢ Glq)

q'T( M(q)§ + %M(q)q‘) +¢'G(q)

(- clg.)g+ o+ %M(qﬁi) =
¢'t - (Co + AC)g'o2 =
i(f - 8(x)) = (Co + AC) ¢2. (13)
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troller)
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V(q,q) = kEEE + kﬂxx + kx22'7.i7' =
B kgE(f = 8(%)) + k& + kgx) -

k 1
V(g,q) = ?EEZ + Ek,‘le +

det{ M(q)) = (M+m)]+mL2(M+msin2gp(t)).
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[;] = [det{ M(g)]" x

(_ J + mL? - mLcosgo(t)] y
— mLcosp(t) M+m
[0 - mlsb(z)singo(t)] [x] _
0 Cy + AC @
J+ ml? - mLeosp(t) 0
— mLcos¢(t) M+m ][— ngsingp(t)] *
J + ml? - mLcosgp(t)] [f— S(x)]) ~
- mLcosgp(t) Mim 0 -

[det{ M(g)) ]! x
{[0 (J + mL?) mlgsing + ( Cq + AC)mLcosgp]
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(M + m)J] + mLX(M + msinzgp(t)) %
[(J + mL?) mLp*sing +
(Co + AC) mlgpcosp — m*L? gsingeosp +
(J+mL)(f-8x))] =

|
(M+m)3+(M+ msin2gp(t)) x

[(4mlp?sing)/3 + ((Cy + AC) ¢cosg) /L -
mgsingeosp + 4(f - 8(x))/3]. (18)
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V(q,q) =
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L2 (M +m)/3+(M+ msinzgo(t)) %

[(4mlgsing)/3 + ((Co + AC)¢cosp)/L -
mgsingcosg + 4(f — 6(%))/3] + kax) -
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kiE(Co + AC)¢” =

(kEE((4M + m)/3 + msinfp) + 4k, 7/3
* (M + m)/3 + (M + msin’g)

(f—8(x))+ (M+m)/3+(M+mSiH2§0(t))

mgsingeos e + k x') 3
(M + m)/3 + (M + msin’g(0)) ~ "

~ kE(Cy + AC)¢* =
(kgE((AM + m)/3 + msin’g) + 4k,/3
( (M +m)3+(M+ msin2g0) /-
EeEC(AM + m)/3 + msinzgo) +4k /3
(M + m)/3 + (M + msin’g)
(4mlpsing ) /3 + (Copcosp)/L
(M + m)/3 + (M + msinto(1))
mgsing cose
(M +m)’3+ (M + msin® go(t))
(ACpcosq)/L
(M+m)3+(M+ msinzgo(t))

8(x) +

+ k_\,lx) —

kiE( Cy + AC) . (19)
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f- (M+m)/3+(M+msm<p)

kgE((4M + m)/3 + msin” go) + 4k,a/3

{ keE((AM + m)/3 + msin’g) + 4k,/3
(M + m)/3 + (M + msin’p)

(4mlp*sing) /3 + (Cogeosg)/L

(M +m)/3 + (M + msin® (1)) ¥

mgsingcos @

(M +m)/3 + (M + msing(1)) -
Clocosg| /L

(M+m)/3+(M+msin*p(1))

sgn(x')—kx]x}.

(20)
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p(t) =
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4 {5HE(Simulation)
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(4mLg*sing) /3+(( Co+AC) gcosp)/L
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M = 0.455,m = 0.210,K; = Kz = 7.767 x 1073,
R, =2.6,r =6.35x107°,K, =3.7,¢ = 9.8,
Co = 0.06,L = 0.305,C = 0.06,7 = 0.95,

kg = 4,k = ky = 1,0(0) = n/4,x(0) =

TRA

M(q) =
[ 0.455 + 0.210 0.210 x 0.305cosp( t)
0.210 x 0.305c05(p([) 4 % 0.210 x 0.305*/3

Clod) = [0 - 0.210 % 0.305¢ (t)sing (1))
0 0.06 + AC
G(q) = [ 0 ],
—0.210 x 0.305 x 9. 8sing( t)

E-= quM(q)quo 210 x 9.8 x 0.303(cosp—1),

(0.455 + 0.210)/3 + (0.455 + 0.210sin’¢)
4E((4 x 0.455 + 0.210)/3 + 0.210sin’ @) + 473

| _4E((4x0.455 +0.210)/3+0.210sin’ @) +4/3
(0.455+0.210)/3+(0.455+0. 210sin’ )
0.9504 -
(4 x 0.210 x 0.305¢sing) /3
(0.455 + 0.210)/3 + (0.455 + 0.210sin’ (1))

(0.06¢cosp)/0.305
(0.455 + 0.210)/3 + (0.455 + 0.210sin’ gD(t))

0.210 x 9. 8sinpcosg _
(0.455 + 0.210) /3 + (0.455 + 0.210sin’p(¢))

0.06 1 ¢cos | /0.305
{0.455 + 0.210)/3 + (0.455 + 0.210sin’ go(t))

sgn(%) — x!
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Fig. 1 Position moving curve of cart


http://www.cqvip.com

702 # 0§ # ® 5 M H 821 %
1.2 - FEERERETRENLSERE,F B HHEFER
I eI T Lyapunov SR8 BRig s RIOFE VT LLE
. S 7 R T ) 22 7R AT B A 8K
e J AR B AR
S 04
£ 2 ik ( References) :
0.2
0 [1] JAKUBCYZK B, RESPONDEK W, On the linearization of control
02 systems [J]. Bull Acad Polon Sci Math ,1980,28(4): 517 - 522.

o 1 2 3 4 5 6 7 8 9

5 10
tl's

& 2 BV AR
Angle curve of pendulum

Fig. 2

B3 AR

Fig. 3 Control input curve

5 £51£(Conclusion)
A SCH TG I AR e 15/ N R 5B A AR

(2] LIN Z,SABERI A,GUTMANN M, et al. Linear controller for an in-
verted pendulum having restricted travel: a high-and-low approach
[1]. Awtomatica , 1996,32(6):933 - 937.

MAZENC F, PRALY L. Adding integrations . saturated controls, and
stabilization for feedforward systems [J}. IEEE Trans on Automatic
Conrrol ,1996,41(11) ;1559 - 1578,

HB . A, B0k, 5. G G AR R . ) r IR
(1) 4% 6 291% 5 R L 2003,20(6) :974 - 975,

(SHEN Tie-long, MEI Sheng-wei, WANG Hong, et al. The bench-

[4]

mark design problem of robust problem: the inverted pendulum control
[I]. Control Theory & Applications ,2003,20(6): 974 - 975.)

Y& RA:

I (1975 ) F HHFAEN R EERF LR
BRBR 5 R BE I

BRIE (1964 —), % WIF RSB ML B, ENE

FELRMEFEH, BN 8, 5 B 5 &1 BF 5T, E-mail: chenzq @ nankai. edu.
cn;

BEW (1937 —) B mAKFEHBHLERF, ETENE
B3 o ] T R R BT


http://www.cqvip.com

