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Passivity of interconnected control systems with time-delays
based on decentralized control
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Abstract: Passivity is not only an important property of a system,but also an important approach to control a system . Based
on decentralized control method, the passivity of interconnected systems with time-delays is studied . Employing Lyapunov-Krasovskii
functional method and Hamiltonian function method, the decentralized and passive controllers are presented explicitly by solving
some linear matrix inequalities (LMIs) . The new passivity criteria and the parameters of the passive controllers presented here are
delay-dependent. By using the LMI toolbox in software Matlab, the conditions in the new results are easy to be verified and the
parameters of the passive controllers are easy to be well set too, when the interconnected delays are known. A numerical example
illustrates the availability of the theorems of passivity and the design procedure of the passive controllers.
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1 Introduction

Passivity is one of the important properties of networks
and systems. Its application to the feedback stabilization of
control systems has recently gained renewed atten-
tion'' 3! . In particular, Bymes et all') find out when a
finite-dimensional system can be rendered to be passive via
state feedback. This important result highlights the passivi-
ty-based method for various control problems“"5 I

Over the years, the decentralized control of intercon-
nected large-scale systems has received considerable atten-
tion and has been addressed numerously!® %), The decen-
tralized control is the main and effective approach to the
stabilization of interconnected control systems. Also, linear
matrix inequality (LMI) method has become a powerful
tool to solve the problems of large-scale systems (see, for
examplel2''%)) . Passivity-based control should be an im-
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portant tool to solve the stabilization problem for intercon-
nected control systems. To. implement the passivity-based
control, first of all, the systems should be passive. Howev-
er,as we know, few results were concemed with the pas-
sivity of interconnected control systems with interconnect-
ed delays.

The purpose of this paper is to study the passivity of
interconnected control systems with interconnected time-
delays. The Lyapunov-Krasovskii functional, Hamiltonian
function, decentralized control and LMI approaches are
combined to solve the problem. The decentralized con-
trollers are delay-dependent and presented by solving some
LMIs.

2 Problem description

Consider an interconnected system S with time-delays
composed of N coupled subsystems S;
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r.x't,-(z) =Ax;(t)+Bu;(t)+Ew,(t)+ ZA,-fo(t—rij),

z;(t) = Cx;(1) + Dw(t),

‘x,-(t) = 50;'(5),
te[—fi,o],()( T,'j< %,
= jeiﬂg.mh'j}'

(1)
where i € {1,2,-+-,N};x;(¢) € R"™ denotes the state

vector of S;;;(t) € R™ denotes the controller vector of
Si;0;(t) € R% denotes the exogenous input of S, and
z;(2) € R% denotes the output vector of the subsystem
S, , respectively. We assume that @,(¢) € L,(0, ).
The matrices A;, B; and E;, with appropriate dimensions,
indicate the nominal subsystem. For i,j € {1,2,*,N}|,
A denote the interconnection matrices between the sub-
systems §; and §;. Constants 7; > 0 are interconnected de-
lays. The initial value ¢;(#) € R" of the system is a con-
tinuous function defined on ¢t € [ - 7,,0]. Suppose that
(A;,B;) is completely controllable and the state of the
subsystem can be observed directly.

If we design a local state feedback controller for each
subsystem S;

u; (1) = K;x(1), (2)

where K; € R™*™ is the feedback gain matrix, the inter-
connected closed-loop system is

[ji(t) = (A +BK)x: (1) +E;0,(£)+ 2 A (1-7;),

z;(t) = Cx;(t) + D;w;(1t).

(3)
where i = 1,2,---, N,

The target is to design such local state feedback
controllers (2), guaranteeing internal stability and strict
passivity of the closed-loop system (3).

Denote = and Z the sets of admissible trajectories for
the exogenous input and the output, respectively. The ad-
missible trajectory can be z(s) = H(s)@(s).

Definition 1)  An operator H: & > Z is said to be
strictly passive if there existe; = 0,62, = 0,¢; + €2 > 0,
such that

J’Ta)T( )z(s)ds [ eJTa)T(s)a)(s)ds+
o $)Z\s = - + €1 0

ezJ‘:zT(s)z(s)ds,

(4)
for all T, where 8 € R is some constant, (@(s),z(s))
€ £ x Z denotes an admissible trajectory. The operator is

input-strictly passive if ; > 0 and output-strictly passive if
g > 0.

The closed-loop systems (3) can be viewed as an input
to output systemn, where @;( ¢) is the input, and z;(t) is
the output. Thus, we have the following definition.

Definition 2 The large-scale closed-loop system (3)
is said to be strictly passive if it is internally stable and the
input @ and output Z satisfy the inequality (4) for all so-
lutions with null initial conditions . The decentralized con-
troller vector u = (uy, -, uN)Tofthe large-scale control
system (1) is said to be a passive controller, if the closed-
loop system (3) is strictly passive. Each component of
u = (uy,,uy)"is defined by equation (2).

For a matrix E, we define a two-valued function 8( +)
as

0, E=0,
) - |
(E) 1, E % 0.

Lemma 1 Suppose x and y are vectors or matrices
with suitable dimensions, then for any positive number
a > 0 and positive definite matrix @, we have

2xTy < axTQ 'x + a7 'y"Qy.
3 Conditions of passivity

We always assume that the interconnected delays are
known or can be measured. So, we consider the delay-de-
pendent conditions of passivity .

To establish our main theorem, a Lyapunov-Krasovskii
functional is introduced:

Va(x,) = E{xf(t)P,-x.-(t) +
N oo t

D1 sl + BEYA; + BR)x()ds +
th p szI(S)A}mjkxk(s)ds +

17t40-17,

J: erswf(s)E,T-ijj(s)ds]de}. (5)

where0 < P, = PT€ R, andry > 0,7, > 0,13 > 0
are weighting factors. Now from the system (3) we
obtain

0
5t - ) = x5(0) - [ %1+ 0)d0 =
o L}
x;(1) - J_ (A; + BK,)x;(1 + 6)do -

0 0 X
J E]-a)]-(t+0)d0—J. EAjkxk(t'l‘e— jk)de-

- Tg k=1
(6)
Hence, the closed-loop system (3) becomes
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V.f,-(t) = (A,-+B,-K£)x,-(t)+E,-w,-(t)+ ZN:Any(t)—

M=

0
AU-[_r..(Aj + BK))x;(t + 0)df -

.
n

0
A,:,-l‘— ijj(t + 0)d0 -

M=

S~
"

Mz

f ZA,,,xk(t +0 - 73)dd,

"Tkl

\.

~Zi(t) = ixl(t) + thi(t)y l = 1)2)"')N-
¥))
Theorem 1 For the large-scale control system (1),
suppose that there exist mawrix K; € R™*™, positive
definite matrix P; € R"*" and constants r; > 0,r;, > 0,
N
ry > 0,a > Osatisfying D; + DY = ry( D5 0, ETE; > 0
j=1

and the following matrix inequalities:

Hi(Pi) -
A, A% - (CT- PE)
A - J,;o (4] -0

N
~(C—-EP) 0 -(D;+D'-ry(D r;)E'E)

j=1

i =12,-,N, (8)

A; = PA; + BK;) + (A; + BK,)"P; +

N
ET.,(H +NT2 +r31)PA ATP +

N
2 (a”'P;P; + aA%A}),

Ado =
[(2 Tkl)Ali ' (Z Tuv)AN.' (Z T]ci)(Ai+BiKi)] !
Jy =
diag{(z nrs'l (Z LN | (; T;ﬂ')ffll},

meanwhile, there exists at least one strict inequality among
the N inequalities (8). Then u = (ul,"',uN)T is the
passive controller of the system (1) .

Proof Differentiating V;(x,) along with the state
trajectory of the system (7) , by using Lemma 1, we obtain

N

< 2 1xN(e) (AP, + P,A; +

i=1

KB'P, + PBK)x;(t) + 2xT(¢t)PE,w ()} +

N
D 2xT() P A;x(1) +

j=1

Vd(xt)

riz;x;(¢)(A; + BK)(A; + BK)x;(t) +

L= E04s

N
fzfyzx ()AL A x(1) +

k=

S~
L}
—

M=

rz; wT(t)E E. wj(t) +
1

-~
n

'Mz

ritry ()P A;AL P x(t) +

~
n

JZN)x (t)P;A; AL Pix,(t) +

k=

]Mz

Mz

i3 f,,xT(t)PA ATP.x (1) <

~.
[}

'M2

"
—

{x }‘(t)(A?Pi + P;A; + K;I"B’{Pi + PBK; +

Mz

r(ri' + Nrs' + 7D P A AT P +

-
= "

(a7'P;P; + aATA;) +

-
—

N
rl(E 7:)(A; + BK,))"(A; + BK,) +

rZZ(E Tkj)Alejl)x (t) +

j=1 k=

2xT()PE, wi(t) + Z rt () E'E;@,(t)}.

When w;(t) = 0, fmm the inequality (8) and Schur
complement, we have V;(x,) < 0. Therefore, the system
(7) is internal stable. The Hamiltonian H(x, ¢) is defined
and computed as

H(x,t) =- Vy(x) +227(Dw(t) =

- 2 YHOI(P)Y(e), (9
where Y;(¢) = [x7(¢) «](2)].

From the condition (8), it follows - Vy(x,) +
227(¢)w(t) > 0. Then we obtain

w0 = 3 ax(T) 20

for all the solutions with the null initial value.

On the other hand, under the conditions of the Theo-
rem 1, there is a sufficient small constant @ > 0 such that
all the conditions are still satisfied if D; is replaced by D; —
al;. By similar arguments, we have

T
-[o[Z(t) - a0(t)Tw(t)dt = 0
that is
T T
J 2 (De(t)dt = aJ oT()w(t)d:.
0 0
It concludes that the closed-loop system (7) is strictly pas-
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sive. The proof is completed.

Since the matrix inequalities (8) are not linear, we can
not use the LMI toolbox in Matlab directly. Next, we
consider an equivalent version of the theorem by using
IMI expression.

Theorem 2 For the large-scale control system (1),
suppose that there exist positive definite matrices X;, ¥; €
R™%*™, and the constants r; > 0,7, > 0,73 > 0,2 > 0

N
such that D; + DT - ry( Z z'ﬁ)E?E,- > 0 and satisfying
j=1
the following LMIs with respect to X, Y;:
- . -

A; XA YB] - (XCI-E))
AZX, -L O 0
BY, 0o -1 0 <0.
N
~(CX-ED 0 0 -[DsDI-r( 2 5)EE; |
L j=1

(10)
where { = 1,2,---, N,

lai = 14,Xl + X,AT + BiYi + YI.BT +
N
>, z;(r7! + Nrz' + 131 A AT + o' NI,

j=1
N -1
Jo= ' (X)L

k:l
and matrix Ay is a Cholesky decomposition of the non-
negative-definite matrix:

N N
AE,'Ad,’ =a EA;I;AJE + rl( 2 Tki)A’,l"Ai +
j=1

k=1

732;( kZ Tkj)A]‘;Ai =0,

=1
and meanwhile, there exists at least one strict inequality

among the N inequalities (10) . Then u = (uy,*, uy)
is the passive controller of system (1), where K; =
YXx:l.

Proof Using LemmalandletX; = P;'and ¥; =
K.P7! to the left-hand side of the inequality (10) , we ob-
tain

AX, + BY; + A'X; + Y'BT +
N

Z z',-j(rl'l + Nest oy r;l)A,-jAli} +

j=1

-
n

-

—

(a‘lli + GXL'A};‘AJ'L'X,') +

'1(i Tla')(XiA;TA.‘Xi + Y?B'{BiY.') +
k=1

[

r22<2_3 7)) XTATAX: +

i=1

(E; - XiCD(Di + DT -

(2 o) ETE) (BT - €x). (1)

From Schur complement and the condition (10) it fol-
lows that each matrix (11) is non-positive or negative
definite as in the proof of Theorem 1.1t gives the passive
controller and every feedback gain is K; = Y. X ;1. The
proof is completed.
4 An illustrative example

An example is given to show the availability of our the-
orems and the design process of the decentralized con-
troller vector.

In system (1) , the coefficients and delays are assumed as

- ) -0.51
A=( 1035)YBl=( 0.5 O)’

0.56 -1 0 -0.5
-1.21 0 3 0
C‘=( 0 _1.21)‘D‘=(0 3)"

-1.7 0 -0.05
E, = (0'301 0%3),A2 = 01 -1 -0.021],
' 0.016 0.001 -3.8
-1.42 0 0
B,=| 0 -142 o0 |
0 0 -1.42
-1.072 0 0
C, = 0 -1.02 o |,
0 0 -1.072
42 0 0
D,=| 0 42 0|,
0 0 4.2
0.001 -0.01 0
E,=|-0.1 0.03 0.01]
0 0.021 0.01

The interconnection of the two subsystems are de-
scribed by the interconnected matrices

4 _(0 0) A _(0.25 0.71 0.32)
=% o727~ \_0.61 0.13 0.441/°

0.115 0.231
Ay =| 022 0.12 |,
-0.654 0.0253

0.135 0 0
0 0.135 0
0 0 0.135
iy = 0.001, 7, = 0.1462,
y = 0.15, 7 = 0.1322.
It is an interconnected control system composed of a
2-dimensional subsystem and a 3-dimensional subsystem.
Select the parameters r, = 2.5,7, = 2,13 = 0.43 and
a = 50. By using LMI toolbox in Matlab and in light of

Ay
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the Theorem 2, we obtain the solutions ( positive-definite
matrices)
X, =( 0.0879 —0.0355) _ ( 1.1620 0.0378)
-0.0355 0.4600 /° "' \0.0378 1.1013/°
0.1435 - 0.0588 0.0735
-0.0588 0.1380 -0.0929 1,
0.0735 -0.0929 0.1903
0.9353 0.0151 - 0.0375
Y, =| 0.0151 0.9525 0.0253
-0.0375 0.0253 0.8711
Then the feedback gain matrices are
K, = ( 13.6814 1. 1377)
1.4418 2.5053

X, =

and
8.6755 2.1053
2.2244  10.9626 4.6273

-2.4046 4.2719 7.5944
From the gain matrices, the decentralized and passive con-

-2.5223
K, =

troller vector u can be obtained.

5 Conclusion

In this paper, by using decentralized control method,
Lyapunov-Krasovskii functional, Hamiltonian function and
IMI method, passivity property is studied for intercon-
nected control systems with time-delays. Some sufficient
conditions are proposed in terms of some appropriate
LMIs to guarantee the existence of decentralized and pas-
sive controllers. Our results are easy to be applied by using
the LMI toolbox in the software Matlab. Therefore, they
are easy to be implemented in practice. Also, the method
can be extended to the case of time variant delays or the
systemns with uncertain parameters.
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