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A numerical algorithm for the state-space representation

of fractional order systems
WANG Zhen-bin, CAO Guang-yi, ZHU Xin-jian
(Department of Automation, Fuel Cell Institute, Shanghai Jiao Tong University , Shanghai 200030, China)

Abstract: The computational precision is only of first order by using Griinwald-Letnicov fractional calculus definition to
approximate fractional differentials/integrals, and thus it can not satisfy the high convergence demand. The high order approxi-
mate conditions for fractional differentials/integrals are given and verified, and based on that the numerical formula of the state
space representation of linear time-invariant fractional order systems is deduced. This algorithm has not only a simple form, which
is easy to program, but also the advantage of a high precision and fast computation time. An example of solving numerically the
dynamic viscoelasticity system is given to show the effectiveness of the method aforementioned. -
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1 3|5 (Introduction)

43 %1% B 43 (Fractional calculus) A 300 Z4E
s, EEAGER R 5 BB R B S 5E
EREHRGE, Ama8R R KR T A %M
FOEES A BHRINERESEEER R
T—1TZBNER, BN HEA R ERZ N
B BB R i R AR RE B R S B S,
VTEE 3k, 1. Podlubny BF5E T 20 3Bt PID 41281, D.
Matignon W5 T B 2 R G R E M (AT 4E4E |
] U i 23

Bagley Al Torvik $§ th - R YEEH & E B K
B K ( Viscoelasticity ) B sh 2545w R o F2 . X F 3R
BHEANBHRYRANEERSE, CF —%)
B BN B anhr 3 4y 3 A #e 2 (Bagley 1 Torvik,
1983) 143 {8 37 M7 # ¥ ( Gaul, Klein F Kemple, 1989,

Wik H 39 :2003 - 07 - 18; WEchR H 39:2003 - 12 - 15.

199114 {8 P-4 Zhang and Shimizu 35, L - 1
LS vt B 17V 4 3 B AR A LR , SR
ARBEREEAREXITERNEE ¥ EER
B, FAREE E— B ERSH S BHBK
FEO~ 18], FrA e & T M8 #—E .
AIAH T REBABNEERGERE S F#ERE—
MEERBRBBETE AT EAESER GTEE
FEBRE BT ZAE LR RRH .

2 EZATE X (Basic definitions)

Riemann-Liouville 534048 3 MBaE A HIETTF

{Df“) = F(nl a)(dt) J (t-z)m=e flr)dr,
a<n,n&N.

n-1x
(1)
X, I'(+) ErRMDER, D BRIV IFHET,

E4 A 863 B4 TR B (2002AA517020) ; ¥Rl & R4 % BT B (011607033) .
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a AMIK.
17@):#‘1)];“_1)"-7(1)&, «>0. (2)
K, 1" TARDEESET .« IR I° w0 L

SRFRE T D B, RZ R . AT Riemann-

Liouville/y BB AT UK —FBRAREF 18,8 €
R*UR-.
Griinwald-Letnicov -3 € L0 F

() = limh® >3 w,_; f(jh), nh=t, « CR*U R".
=0 TS

(3)
Hp A
(-1)ir(a +1)
wf:j!l“(a—jil)' “@

B 6T AR RA R OGE L F A R o, B R
18 0(h) HkgEREL4S),
SFEF I° FrRBEMAL:
(I'f)(x) = =*(I*f(tx))(1), (5)

I°f = P(la)t"‘l * £, (6)

A, » ReEREE.
EEMT BB ERAK:

I f(x) = hz wn_ f ) + hZ 0 fiR).

x=nh,a € RFUR". (7
HPBRRAK w.(n = 0) MAHEBERAK
P(n=0),j = 0,,s,s EE HMULT b BRAT
L :

(I f)(x) .= 2 (B, f(1%))(1). (8)
APHET M, S T LA E X

QEf(x) = KD wa ifGR), % = nh,  (9)

Ee = Qf - I°. (10)
Y1) = BB
(E;,'tﬁ'l)(x) = 22 U(EL A1), (1)
SEFH o = (a,)8 HAEREESMY .
a(z) = Sla, (12)

=0

B (a,) H a(z) FREL BB BRE w T
A
w(z) = n(2)°r(z). (13)
Hrp ri(z) HA R TTLUHE w(z) FEA
w(z) =(1=2)%eg+ (1= 2) + +
ey-1(1 = 2%+ (1 - 2)Vr(2). (14)

AR E RN

ay_1n~ Y L o(n~Y)]. (15)
3 HERSHUSHMIBMEMEES KA

i% (Convergence of convolution and fractional
order linear multi-step method)

4o = 187, K(2) BAREENES, 5 ALK
EHKITE(p.0), 0,0 WETEFHERSHIR,
BAA(T) PR v, A TR EHRFRNRHK

w(z) = ;g}jjg - Sus (6)
LML I IR SO B R R — B R
R SR w, K, BEHS w, WA RS
. p Br—B T AR KR

ho(e™™) = 1+ O(K). (17)

TR ERBEEHET B 0 B RAR SR, A
8] LS FTR M BN R B K T

X1 I FERREw BEERN, R

w, = 0(n*1). (18)
I* WERERH w & p Br—BHEK,

EX 2
S
Fw(e ) = 1+ O(K). (19)
S5IE1 o REEK, YEER04) F r(2)
MIRH r, TR
r, = o(n®"). (20)
i AR5 RTRAE B R (20) oL, WA
Q8B 2 R wBE Mw())EIzI<1HE
/A UK (BT URE N

w = u M G-m o)
Srb o ARHE | ORI R 20 = Lo =

a,u(z) 1zl 1 Hgdr, B U(Zj) #% 0,05 %20,
— 1, -2, 48 w(z) 5 A RAE S 2 A RITEE

w(x) = D - 5) gl = 5) + o). (22)

Hp, P; hFE T H pj(O) #* O,q(Z)E lzl=1
FEERSSKR (I EKR) BH BDHREAKE
o(n M), HR(S)REFE N,
w, = 0(n""") (23)
o, Y EAY Re(aj) < Re(a),j = 1,--,m.
R, r(z) AT ARR A

r(z) = -i(z - Zj)_afﬁj(z - Zj) + Q(Z),
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ﬁ,‘ %ﬂq Bﬁ%)‘(lﬂpﬁﬂqﬁ)ﬂliﬂ w, y&ﬁi’,ﬂ 1'*‘\(23)1)3
RIS, T 5 | BRAGAE .

o2 R

(Eft=1)(1) = OCR*) +« O(HP), k = 1,2,3,-.
(24)

W w2 p Br—BVER. K5I, p BriSE Bk E p
Br—3E .

i FEETRN MR e, ZEXE[0,x]
A

ex(x) = (Efe™)(x) = h* D2 we — (J%~*)(x).
Ogihg

x> o, FRPHE—TBT hw(e?), WA
BETR

(I*e"*)(x) > 1,x > o,
BT LATF A

en(®) = hw(e™®) ~ 1. (25)
fle*7E: = 0LBHA

e'"* = i;;o kt—,;e" + ﬁ(rq*e"’)(t).
K g +1 = maxip,p - Re(a)}. FTRML

e(x) = eh(x) + ei(x).

Hep,

= e R (B0,
(15, % 5> e B, (B34 () ARSI
R TFK BT

eh(®) =0,

el (x) = ﬁEf(tq*e"’)(x) =
ﬁ(E;‘.‘(t")*e"")(x) =

‘ ﬁj:e"(E,‘,'tq)(s)ds.
Ay L83
&) = ?%J:e“(Efﬁ)(s)ds. (26)

B (1) FRIZH
(Eft9)(s) = s9**(Ef29)(1) = O(s7*° PRP).
B (25)FK(26) AT LIRS
hFPw(e™®) -1 = 0(k?),
Bl w Bp Br—3HER.

S5I% 3 3R Re(a) > 0, H(EfZH(1) =
O(k), M IERE Re(B) > p A (EH ) =
o(r).

iE 48=p+u, HH

_ Cp+u) , 1. 4
tf1 = F(p)l“(u)tp Dy gu-t,

MR (11)753)
(Eir=")(x) = 0(x*'W?),

Ef (' % Y1) = (EgP~'» *-1)(1) = O(KP),
N E5 L .

514 ®a,BER,Bx0,-1,-2,, MR w
REEN, W £ BEFURETLEH BT R TR

(EfP')(1) =ep + e h + - +

ex. BV« OCRY) + O(HP).
(27)

Hy2H ej)ej(ajﬂic()’cl)“.7cp—l)7mmTa,ﬁ*u
R(14) PR .

iE BAAHMUTHHBEE. HIE TS
u, = 0(n*) Mo, = 0(n*), H¥ v < min{- 1,u -1}
Nk 7oA

Dty = OCa). (28)
XU FERRES .

Zun—j”f, <l upo l+1 upv, 1+ M""Z(l ‘%)j"’
j=0

=1

gy _ [ uz0, .
(lhn)s{u+nw,u<m1$1$"'L
SHF B0, -1, - 2,, BRA(S) FRR :

- of B NENED! .
l=b0(-1)(n)+bl(—1)( " )+ +
IR i P ]

n

(29)
& SLAN T R &
b(z) = inﬁ_lz" =
bO(l - Z)_B + bl(l - Z)_B"'l + e+
by_1(1 = 2)F+N-1 4 5(2).
Hep, s(2) WRE s, HE
s, = 0(nf-17%). (30)

FRFERA
hazu)wn_j(jh)p‘l, hn = 1,

Ewu LR y(2) = w(z)b(2) S n

A?ﬁ ﬂﬂﬂﬂiﬁ(14)*ﬂ(29)"ﬂl15§u
y(z) = do(1 = z)~(+P 4
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2 ® 5 n H

2R

dl(l_z)—(a+/3)+l+...+d2N_2(1_z)—(a+ﬁ)+2N—2+

w(z)s(z) + [b(z) - s(2)1(1 - 2)%(z2).

e, d, = _Z)b,,, % N BUR KA, BR(14),

(20),(30) ﬁl(28) AREYE w(z)s(z) F[b(2) -
s(2)J(1 - 2)M (2) MEEH D 0(n* ). R (14)
24

Yo =
eona+,’3 1 + elntu-ﬁ 2 _— eona+ﬁ—N—1 + O(na—l)’
M

(EP-1)(1) = ke*F-ly, — (1%%-Y)(1), hn = 1.

EE1 o €ER IR wBEENHEDP Hr—
R, MHER p Briss.

iE fRiX Re(e) > 0. 51 1 ~ 4 51,3 FAE
ERe(e) >0,Re(B) > p A

e]-(a,ﬁ,co,cl,---,c‘,_l) =0,j=0,1,,p - 1.
WL BT, RIERRAEE H EXXEE « /1
BERRSL , XEEHEIE 4 AL EEEHAEH.

EBE 2N PHEEEERTE) 4 (0,0) &
AR —BEN.p FI—BHENRINRELZETEN
% AR p(2) BIFRRMLEMEDNT 1.2 w(z) AR
(16) &, BErHMNEHRINERTEE. € X
w = (ul)s, A

w(z) = (w(z))e, (31)
W e MBS EREE w A p Brilsm.
E HAKRHEEZPRFER p Br—3tEw, B
hw(e'h) =1+ O(Rr).
BERHET B « KFEE
Kw(e™) = 1+ 0(K),
PAE we X FI° £p Br—H R . BiE(e,0) LB
&iH

wz) _-‘(—_1§ H(l—z,z) Mw(z).

He o(z2) BTHE | 2 <1 BHEXF R,z Ape(z)
ERAR EAES, W
w(z) = _H(l - z2)"u(z).
He, u(z) = v(2)*FE | z 1< | BHERH. A
(21),(23) M ut = 0(n*~Y)  FRLA w* BRREN, BB
HAEBRI1LGEE A E®R. THSE p = 1,2,3
i, p FYWCSORE BE R A AR BB 2K ot M — AR
wi(z) = (1-2)"°9, (32)
wi(z) = (1.5 -2z +0.52%)"¢, (33)

wi(z) = (11/6-32+1.52-1/32%)-2. (34)

e < OB, ENTAMBIA BB p BHi SRR
.

4 SEHRMSRENRSZTAHRREE
4L ik {eA B 7& (State-space representation of
fractional order differential systems and their
discrete approximation algorithm)

— & (n,m) KB EHHIFRETUERRK
{[Dﬁ + alD”ﬁl + o+ a0 x(2) =0,
%(0) = [x(0), 2 (0),-,x"(0)] .
(35)

Hob, D £ U/m BB R T, m HERE,

n RIERER, B m RRIAE SEHD T3R5

INAESLL -1 < & < 1,1 € N, RGS)WRAZS

B R T

{Dﬁxu) = AX(2) + Bu(1),
X(0) = [2(0),x,(0) -+, 2,(0)]7.
Her, x(¢) € R™',4 € R™", B(s) € R™!,
X(t) = [x(e),22(8), -, %, ()]T,  (37)
() = z(1),

x(1) = Dmx, (1) = Dm(t),

(36)

x.(1) = Dmx,_(¢) = D"n 2(2),

[ 0 1 0 -« 07 0]
0 o 1 . 0
A=]| . 0 |,B=|
0 ens s 0 1 0
| 0, —ayy - o _ ) |,
(38)
K (35) WRITRA

X(t) = El/m’l(Atl/m)X(O) + J;(t _ z.)l/m—l .

El/m,l/m(A(t — 2)¥™)Bu(z)dz, (39)
H E, ;(2) JAE R Mittag-Leffler et Gl
B 3 TRIHE, TEAR R RE(360)H p.p =
1,2,3, Brig AR b RES N

h-ﬂiw;xn_j -I,((—’;h_%x(O) = AX, + Bu,.
(40)

Heha = 1/m,X; = X(jh),u; = u(jh),j = 0,1,2,
ryn,t = nh’w_;‘! jgi(32),(33);(34)%étﬁigﬁ


http://www.cqvip.com

1

BRI R R, LRGN TR % B & A
Ayt BRI BRI
M (40) T LIS B/ A0 T ik (R

X, = (Bl - °A)""] Biu, +F—?’1‘-LX(0) _

}:

THHRRY of BIBOT BB S 5 R A HRE 8
SLA AR AR

5 (AR 3LHI(Simulation)

HEMBERGEIWT
mD*x(t) + cDPx(t) + kx(2) = u(t),
%(0) = ay,2(0) = a,.

HP, m,c, b MHRRRE. HERBABEERY,
u(t) AR ST, DPx(2),0 < a < 1, BANMBER
Ba(t) oI R B m=1,c=1.5,k=1,a =

0.5,a; =0,a; = 1Lu(e) = 1 (ARIBTBREA) . F0R
PO 3% W
14 . -
— BT
12+ —— 1S R
—— 2B AR

i e 3BT

03

0.6

0.4

0.2

0 5 10 is 20 2 30
B 1 At=0.3s B RGBT ERIR N
Fig. 1 Unit step response at time step At =0.3s

FHRES: HEH RGORES AR REEE 105
D%3X(t) = AX(¢) + Bu(1).
H

0 1 00 0

4L 0 0 10 - 0 '
0 0 0 1 0
-1 -1.5 0 0 1

X(t) = [2(8) x(2) x(2t) =x(0)]T,

X0 =[0 0 1 o]

F 1,284 0 THK At = 0.3s M At = 0.1s
i, REFHESE R, R ANBTRMEBRNE
BONE1,2,3 BT BUERR. R 1B T 3
M ACAARE B - 3 s () A % L 55 4 AT AR 2 I A A X R
= MR 1UPATLLE S, 5 AR B L6
&, AR KBS M, R LR ST &
XA ERFE R A Matlab 3440 %72 . BUH
HEEEIEE B, %@ PENTIUM4(CPUL.7 GHz) 3T
F B3R 1,2,3 BriffelBdEm%, 3 At = 0.1s B, BFTHS
BIAS 2s.

14— —

C— mR
12+ —— IO R
—— 2 SR FE R
1k o SRR
08}
0.6
o.4u
02
0 2 L L L 1
0 5 10 15 20 25 30

B2 Ar=0.1sB REEH A BRG]
Fig. 2 Unit step response at time step At =0.15s

1 SHFHH 3 REEM G kog 3 7] S ARtk £ s
Table 1 Comparison of time and relative error among three different
approximation methods of fractional derivatives

0.3

0.1 0.01

At/s 18 2B 3B 1B

2 Br 3B 1B 2 B 3 Bt

WEMR WER HER WER KNER NER HER FER HER

I(x-%)/x1 0.2471 0.126 0.0511

T./s 0.125

0.0828 0.0438 0.0358
0.937 1.109 0.672

0.0396 0.0082 0.005%

1.500 1.569 19.436  20.733 21.847

6 5% (Conclusion)
AXEBHIBNREE S KT, EEES

KBS RENBER R ERRRBE

WLl , A RS B R AT R R B TR AR S

Jr BT BRI A U R B K E 0 ~ 1 (8], ANB 40

I, % T3 RN B RER T ERRTZHA

R, BOKHEE LU 89 SO P AEE— SR

(TH% 109 [)
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Wzc, @z /()57
o
hl_-"-_.}.

8
L.,
&

[
<

(=4

821,8=/(°) 57!

-\.___.45_1:. —
1 2 3 4 5 6 17 8
t/s

(b) ZHEEWF A HIEE

0
~—0.05
T —o1 _

1 2 3 4 5 6 7
t/s

(c) 77l fe s A at (e e
B2 JH2 M RER
Fig. 2 Simulations results of example 2
6 %512 (Conclusion)

i UA bR AT R, BT RHO B8k v LAREST
BUAERE LIS B LR IR S S B RE L, X
SHAERETH B HBAREE, FH AR
HRCHLEEE ST BB IO 1, B — B R

|
N
>
(=]
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