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Optimal portfolio selection

when stock prices follow jump-diffusion process
GUO Wen-jing
{School of Finance,Nanjing University of Finance and Economics, Nanjing Jiangsu 210046 , China)

Abstract: It is assumed that the stock price follows the jump-diffusion process.In view of the traditional mean-variance
portfolio selection model, we maximize the expected terminal return and minimize the variance of the terminal wealth. A
stochastic linear-quadratic control problem is introduced as auxiliary problem of the initial problem. A verification theorem for
general stochastic optimal control with the state following a jump-diffusion process is showed . By applying verification theorem
to the HJB( Hamilton-Jacobi-Bellman) equation, the optimal strategies in an explicit form for initial control problem are present-
ed. Finally, the efficient frontier in a closed form for the original portfolio selection problem is given.
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[0, T] E#ELL;1(0,T5X) = {f(-) | f:[0,T]—
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% X R — 2 BT, ABE Mok AR R
HHERE: —NMREESR (QY,FY,PY) LK 1 4
RMH Brown iz 31 W(¢) = (W,(2), Wy(t), -,
W (LR TEREE):; F—TREMEST R
(Q¥,FV, PY) EEER (1) = (A41(2) -, 4,(e))T
B m 4 R™-{H Poisson T N(T) = (N,(¢),-,
N,.(e))T, B 3C#K [ 10] %) £ Poisson i3 78 M(¢) =

N - | 2Cods RAFY - PY B Sh [ FY| R

o(W(s);i0< s < t) BIFTKR; | FY & o(N(s);0 <
s < ¢) B3k E RS (R
(Q,F,P) = (Q"x Q",F" @ F',P" g PY),
W() 5 NG) (2, F,P) #HEHST .
mi% LA d + 1 #pikss, Hp— P EXBIES,

it po(e) RS

{dpo(t) = po(t)r(e)dt, 0t < T,

po(0) = po. ,
d TMREES: PR pi(e), o, pa(e) TR T EFEHL
B R

dpi(2) = pi(¢ )b (8)de + D] ay(2)dW(2) +

kisoa,(t)de(t)],

p(0) =p,l+m=d,0<ct T,
Heie (1,2,,dl .4
b(2) = (by(e), -+, ba(e))T,
o(t) = (o'ij(t))dxz,
qa(t) = (qai.k(t))dxm'
BIRANE r(¢) € C([0, TH;R) PEMEF b(¢) €
C([0,T]; RY) . ¥ 8% o(¢) € c([0,T); R,
o(t) € C([0, TI;R*™). A(+) £ Borel 7[ M\ EAY,
AROAEERE.BE d MERE (o ()T A
5, [a(e),o(t)] EA%ER
[a(e), () ][a(e), ()T = OI, a.s. ¥t € [0,T].
8 ARAEEE, I Hd BWEMiERE. B4R, ((0),
(t)] AT,
ER—REE, () WP E R «, 0 B
WM EE R () . m,(¢) M) ¢ FZIZER
RIES | FHWBBER, 4 o) = (n(0),,

r(eNT R 7 (e) H—TREAS .
EBX () HAFNE =(0) R F-AH
FEE

B Ha@7d) < = @)

A AFRFEHEHERICH A.
B SCER[10]R(1.13) GX B A E B 15 2, Bp7E X
(1.13)H c(¢) = 0),2(¢) HETHEHIE
dx(e) = [x(e)r(e) +x(e)T(b(t)-r(e)1,) ]de+
x() o () dW(t) + m(e)Tp(e)dN(e),
x(0) = x >0,
(2.2)
Hp 1, ZAFEBEE2N 1K S ME REENH
B EFE— A BRI [0, T MESEHF4TRYE, 1
RERARENPBAERK SRR/ HLRE
R . m] LA R
min} - Ex(T) + gvarx(T)}
s.t. w(+) € A, (2(+),x(+)) HWREK(2.2).
(2.3)
Heft y BEBE.A I, = () | x(+) R(2.DH
B .
R T RIEBH ALY, 5) BT B H AR AY
min E{yx(T)z- ax(T)}, (2.4)
s.t. w(+) € A, (x(+),x(+)) HRK(2.2).
HPZ8p >0, €RAMO,, = ix() I x(-) R
RQAOWBEMER W I, 510, , WXRHTE
S|HGH .
SR I x>0 F
mc U 1,,.

mAe, &~ ()EL, BAx ()€, " a" =
14 2px " (1), 2" (¢) Jy ™ () BAER(2.2) FrXdRL
MM E .

iE FSCER(3]EH3.1.

XEE € [0,T] , %4

8 = 2—‘;‘, y(2) = Vul2(2) = B), u(t) =V pux(2),
(2.5)
M= (2.2)4H
dy(s) = [(y()r(e) + u()T(b(2) -
r(e)1,) + v pfr(e)]de +
u()Te()dW(t) + u()To(e)dN(t),

y(0) =y = Vu(x - B).
(2.6)
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AA = {u() tul) A0 XF F, AR A#BRER
.0}, BR A = A, X /,u:(T)z - ax(T) =
V(TP = £, (x(4),7()) MRA(2.2) es(y(-),
u(+)) WRRK(2.6), 8K (2.4)FM FAA
minE[%y( T)?]
s.tou(+) € A, (y(+),u()) WRR(2.6).
(2.7)
3 HJB AR EE (HB equation and
verification theorem)

X EINT — DR TFBERY B B 0 — B &
feEshl s REm (0, F,P) R 2T REH
BN

dy(t) = [A(e)y () + B(t)ule) + f(2)]1de +
w()™D()AW(t) + u()TG(¢)dN(¢),
y(0) = y. |
(3.1)
He: w(e) = (W(0), -, W()" R I HifH
Brown iz3fl, N(1) = (Ny(¢),, No(2))T H m- 4k
BERA() = (A,(t),+,4,(2))T # Poisson i3 72 .
A(z) € €([0,T);R),B(¢) € C([0,T];RY),D(2)
€ c([0,T];R*), 6(¢) € ([0, T];R™™), £(1)
€ L0, T;R%). A 6(1) = (ex(t))gum-
5 i 1) A g

minE || L(s, ()5 u(s))ds + U(T, 5 (D).

(3.2)
He Lt,y;u), P(e,y) WEZRH BWHERETE
AR K &K
| LCe,y5u) < c(D+1y ¥ 41 ul¥),
| T (t,y) I< (1 +1 y 1),
He o,k AENER AGFEHEA RS2V,

/&\

J(t,y5u) =
v, 1] L0s,y(s),u()ds + ®(T, 5 (1)),

V(t,y) = minJ(¢t,y;u),
u€A

HPE,, =E[-1y(t) = y,y(s),s < t].
E XS HET
Aw(e,y(1)) =

T(y) + T AW + BOu(o) +

£) + 5 SEGEuOTDODWTu(0) +

S aDlwltey + 3 w(Dea(s) - wle,p)].

(3.3)

TR R
ow€ lo(r,y) 122,20 20y

EE1 33y
t dy ay
EEFEHFERNFME ok 15 1 v(1,y) I

c(1+1y 15, BBRTEESHE

min{A"w + L(¢,y;u)} = 0,
{uEA . (34)
w(T,y) = ¥(T,y(T)).

EHE L €A, #18
u* (1) € arg min{ Aw(e,y(2)) + L(t,y(2);u(e))},
Wow(e,y*) = Vie,y" ), HEF y () Hu=u’
mf, R (3.1) BIA% o™ BRRIEE(3.1),(3.2) &L
.

E 8 1 AN SCGR10] 2T 4 )
dw(t,y) =

Ptp)di + T2 AWy (0) +
B(t)u(e) + f(¢)]de +

%%(t,y)u(t)TD(t)dW(t) +
%‘Zz—;ﬁ(t,y)u(t)TD(t)D(t)Tu(t)dt + g[“’("y +

;‘ u () ex(0)) = w(t,y)1(AM(2) + A, (¢)ds),
W B
’M)(t,}’(t)) =

T
w(T,y(T)) - LA"w(s,y(s))ds -

JT%(S’Y(S)M(S)TD(s)dW(s) _

I3
m_ o7 d

EJ [w(s,y(s) + D, ui(s)ex(s)) -

k=1"1 i=1

w(s,y(s))]dM,(s). (3.5)
BICHK(18]58 3 TAAE 2.10 K 3CHk([15]55 I &5
3.1

LT%(s,y(S))uT(S)D(S)dW(S)
I_:j
2] Tsy(6)+ 2 woeals)-nls, y() M (s)
& P ¥ HT (3. 5) B B RS
B o T,y () -ty () = B [ A, y(s))ds
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Aw(t,y(t)) + L(¢,y(t);u(t)) = 0. (3.7)
F2mR(3.6),(3.7)%
JC,y();u(t)) =

o, 1] L(s,y(8)5u(s))ds + §(T,5(T)] =
E,,,i—LTA“w(s,y(s))ds +w(t,y(e)) +

| 4, y()dsl = wle,y(0),

54
n‘lgif_‘ll(t,y(t);u(t)) = w(t,y(t)).

#Fou=u B ERMAFESRES, A
V(e,y™(8)) = J(e,y" (e),
u () = w(t,y (1)),
FREA w* BRI (3.1), (3. 2) B ER . &
FHIRHE.
R(3.4)FFHERERE(3.1), (3.2) B X KL K
HIB 51#&.
4 B HFE (Optimal strategies)
245 ) P80 UE E F Ok SR a1 BB (2. 7) I B AR 3R
W%, SRJE AR 4 51 8 15 B R [a) R AY B AR e s .

/Q\,\

V(t,y) = mink, [ 3y(T?).  (4.1)
RS2 T)BT3H Ly HIB 7B

(t y) + a (t yIr(e)y(t) +
w(OT(B(2) = (1) +/ppr(D)] +

;%y;/(t y)"/(t)Td(t)o'(t)Tu(t) +

mm{
uCA

d

ZAku)[vu,ym 2
V(tyy(t))]} = O)
V(T (1)) = 5 (TP

(1) galt)) -

(4.2)
%
V(t,3) = TP(DY + Q(Dy + R(1).  (4.3)
FR(4.3)RAX@.2)FRHER
miniiP(t)[a(t)Tu(t) +a()TZ()(y(1) +

Q(¢)
P(t)

a()TZ 1) (y(2) +

)(6(8) - (1)1 Ta () ule) +

Q(t)
P(t)

Y(b(1) - r()1,)] +

%Pu)g *"“)[.-};. u,-(t)ff’u;(t)+(y(t)+?(——))]2

TP (D+2r(=(b(D)-r(DLYTZ()(b(0)-

KDL = 2 A(0)P(D)]8) +
[Q () +(r(2)=(b(2)=r(£)1)"Z72(e)(b () -r()1,) -
()0 +VaBr()P()1y(e) +

[R(0) +VaBr(D)Q(0) -7 (b(1)- ()" (b(2) -

m 2
A1) + S aue) ‘i‘(‘t)) 1} = o,

He 3(t) = o(2)o™(t). &
(P'(¢) + [2r(2) = (B(2) = r()1)TS1(2)(B(2) -

Jr(0)1y) - iak(t)]P(t) =0,

P(T) =1,
*P(t) >Os VtE[OyT]’

(4.4)

(4.5)
(@ (1) + [r() = (5(2) = HOLYTZD)(B() -
{H01) = S 0010(0) + /() P(1) = 0,
kQ(T) = O’

(4.6)
(R(1) +VaBr(1)Q(e) - 5 [(b(1) -
HOL)TE () (B(1) = (1) +
. 0(1)? (4.7)
D01 py =0,
‘R(T) = O.

H4.5) ~ G.1DNHREVHR RGN - REE 5
B, BEEEE—® Xt ye € [0,T],P(t) =

T8 0 s y(s) = 20(s) - (b(s) -
r()1)TS1(s)(b(s) - r(s)1y) - Em ); XE

Ha(e) >0, 8 HIB H# (4. 2)%%%@%3?@7?
BARRE.
o()Tu(e) =

(TS () + gg §>(b( )~ r(O1y),
o()Tu(t) = - (y(1) + gg‘b
(4.8)

Hb 1, AmEnd2h1 M85 EE.H [a(2),
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()] T8, AT [o(2), () ] A58, R (4.8)F
ME— 1%

u*(t) =

(Ta(e), @(e)]T)" -

(TS () + I",Eg)(b(z) (1)
Q(e)
- (1) + S
(4.9)
HEH 1, o (t) BLRMEQ.7) KRR FNg .
FIRR(4.5),(4.6) A58 5
M _ -J?r(:)d:

EEB2 XNAENZSH 4 > 0,0 € R, FE
(2.4) W BLAR 5w
(1) =

([o(e), ()] -

S(TE)(b() — (1) (Be k™ _ 4(1))

(‘Be-J,rr(:)d: _ x(t))lm
(4.11)

M

E HRU.10RAK(4.9)FERB|TH A
(2.5)Rp78. '

T OMNFREERI=d,m=0, BRENHEEIS
Brownizsh, MASEH, K@ 1REXRZ NG LR
(5.12) BREASK (4. 1) AT LAE A S UM 3] 418K (5.12) 8
#r- WELB L = 0,m = d, BIRZEN# S 2% Poisson
AR, B3 (4. 1) B BN

7 (1) = (ﬁe‘f-r"”"' ~ 2() e (1)1,
N 5 | 2 R A5 B DR 1) R G R A
BREGIDRARQ2)HEBANERXF N
BUHEAB
dEx(2) = [(r(2) - p(2) - 1LA(4))Ex(2) +

pe'ff"”“’(p(z) +1,TA(2)) 1dt,
Ex(0) = «.
(4.12)
K pe) = ((6(2) - r(D1)"S(1)e(2),

L)[a(2), ()17 1(b(t) - r(2)1,). BEHE(4.12)
i

¢ T
Ex(t) - xe'[.;,[r(:)-p(:)-l'n}l(;)]dI N

' T
‘Be_J‘lrr(:)d: (1 _ e-Jo[P(s)+lmA(:)]d:) .
(4.13)

BXT o« KITHE
a =1+2uEx(T),
%

_ et .\ zmej'(fr(:)d:

B3, R (4. 11) IR 8 = Z P45 JE D B
thans .
5 H¥BTiG (Efficient frontier)
A A BT A0 5 SUR SCAR (3152 L 2.2,
%t 2 (2)? RS H 16 ARRE ESRFL
B
dEx(t)? =
[(2r(2) = 2p(t) + (1) = 152(2))Ex(2)? +

286 WO (1) = 3(4))ER(1) +

e () L 1T A1) ds.
Ko p() = (b(2) - r(D)1)"S1e)(b(s) -
r(e)1,). BB
Ex(1)? = 2%g(s) + ph(s) + BPk(t). (5.1)
He

(1) = NECIORZON OB VIS

b

h(t) = J;2xe'J‘rr(u)du(p(s) -

] T .
7(s))a( s)eja(z’(")-2p(u)+v)(u)-lmx(.,))duds
k(t) =

[ 2 08 o) p(s))es) 4 B ()4

’

t T
1A (5)) ]e_['(Zr(u)-2p(u)+1[(u)-lmr\(u))duds

’

a(t) _ e'[';(r(:)-p(:)-l'l’;/\(:))ds

(1) = e_JlTr(:)d:(l _ eJ.;(p(:)dTﬂA(:))d:).
A= (4. 13) B3

_ Ex(t) - xa(t)
P="""cn

(5.2)
B4

vara(T) = Ex(T)? - [Ex(T)]? =

(s2g(T) + B(T) + FPk(T)) - (2a(T) + fe(T))* =
[6(T) = ¢(T)?]18% + (R(T) - 22a(T)e(T))B +
*(g(T) - a(T)?). (5.3)
K (5.2)RAK(5.3)%#%
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varx(T) =
%—Qz(m(r) - xa(T))? +

h(T) = 2xa(T)c(T)
e(T)

x2(g(T) - a(T)Y).

(Ex(T) - %a(T)) +
(5.4)

R (5.4) B8R R 1 R ) A S5 R
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