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Unifying and universal optimal noise estimators
for time-varying systems

SHENG Mei, ZOU Yun
{Department of Automation, Nanjing University of Science and Technology , Nanjing Jiangsu 210094, China)

Abstract: Unifying and universal optimal noise estimators are presented for the time-varying systems with the correlated
noise both at the same time and the next time, including the measurement noise estimators and input noise estimators. Unifying

fixed-point and fixed interval optimal noise smoothers are also presented. They provide a new tool in solving the problems of the

state and signal estimators. A simulation example is given to show the effectiveness of those estimators.
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1 5|35 (Introduction)
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FEXIARG BRI ASAG (AR . k(31 A T A
KM A AR R G 0 B 5 A R LI 3 MR S (AR .
{E 00 0 e 7 A A\ Nk S (U AE AR [R) B 20 AR O L A SO R
T 3CER (4] Kalman B 25, 45 0 7 VL5 M4 A s
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2 B4R (System models)
X PR FR OGRS (Y RS B AR LR Bt
{ x(t+1) = A()x(t) + w(e), (1)
y(t) = H(e)x(e) + v(e). (2)
Heb: o AEEntE s RE « (o) € B v(0) €
R EARE w(t) € R WSS (1) € R
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A(e), H(r) NiE Y45 H Mt AR .

i1 w(e), o) MEHEES,HLE

w(t) (¢) H(¢)
E{[vu)][“ﬂ“) ”T(m}: [I(I?T(:) R(1)!’

(3)
G(n-1)].

4)
EF:ERWES ;T HEES; R(t) > 0, Hftbet %)
v(t)5w(£)f‘L7{:*ﬁ;€,Ep

Efw()[w™(e+j) oG+ &)1 = [0 0],

=23, k=1, £2, + 3,0

Elv(£)e"(m)] = 0, £ 2 m.

Bi& 2 x(0),x(0(-1) FMIX, HRHETF
w(e) B oo(e), BYE p.u,, HEE Py,
P(0|-1).

BUU MR A v B R B F R 1y(e + N),
sy (DRI R o () FIETABRR w(t) BZR
PR/ ZE(EERS 0(e| e+ N) Rl (el e+ N), H—
WBCHIt+N), O = v, 0w, N=0,N>08N <

Efw(t-D{w'(t) ")t =[T(n-1)
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SCHREFES(1), (2) Kalman 325514
() =2l =D+ k() y()-H()2(t] =1)];

(5)
£(tle-1) =
ACe - 1)2(t = 1) + k(e =1) -
[y(e—1) = H(t - 1)2(¢ - 1] - 2]; (6)
k(e) = [P(ele- DH™(¢) + 6(¢ - 1)IRT'(1);
(7)
ki (e=1)= [T -2)H (¢ 1)+t -1)]- R (¢t -1);
(8)
P(t) =

[1-k(O)H()IP(e] = 1)[I-k(e)H(e)]"+

KCORE™(¢) = [1 - k(e)H()16(t - DE™(1) -

k()G (e - DT - k(e)H()]; (9)

P(ele-1) =

At = DPO -DA (e - 1) + Qe - 1) +

Ei(e-DR(¢t-DkT(t-1)+D(t-1)+D"(t-1);
(10)

D(¢-1) =

ACe - DT - k(e -DH(t-1)] -

L(e—1) - ACe = Dk(e - 1)I"(e - 1) -

ky(e-1)H(t=1)D(¢=2)—ky(e=1) - Ot - 1)

(11)
R(t-1) =
H()P(tle— DH™(t) + H(t) - G(t - 1) +
G'(t - VH™(t) + R(1); (12)
e(t) = y(e) - H(t)2(elt-1); (13)

H¥ 4 ME £(0),2(0] - 1), P(0),P(0l- 1), H B
e(e) WE
Q(t) =H(t)P(ule—- DH"(t) + R(2) +
H(t)G(t - 1) + G"(¢ - 1)H"(¢).
(14)
3 %—H&ERR A fd {88 (Unifying optimal
noise estimators)

EE 1 HFHEXBRANERSE(), (2)ERK

1,2 A BE SRS Has
9(tlt+ N) =0, N < 0. (15)
9(tle+ N) =

O(elt+ N=1)+ My(e| e+ N)e(t + N).(16)
He: 9 =v,w, N =0,1,2,-, HEX
M,(tlt) = 6:(6)Q:' (1), (17)

M, (ele) = T() Q7' (e), (18)
M(¢le+ 1) =

[CT(¢ - DA™(e) + O'(1) -

Ci{)k3()JH (¢ + D@ (e + 1), (19)
M (tlt+1) =

{[I"(e - DAT(e) + Q(t) -
PUOENOIH (e + 1) + G()1QI e+ 1),
(20)
My(tlt+ N) =
Dy(£,2)®"(t + N,t +2) -
H'(¢ + N)Q:'(¢ + N), N = 2, (21)
D, (t,2) =
[GT(t - D g(e) + O™(¢) -
R(t)ky(e)]p(t + 1), (22)
D, (t,2) =
(¢ - Dep(ele +1) +
[Q(e) - H()k3(t)]p(t + 1) +
r(e) = GCe)kI(e + 1). (23)
H
Gi(t) = R(t) + G"(¢ - DH"(1),
M(e) = I'(e - DH"(e) + O(2),
ky(e) = A() k() + k()
(1) = [A(t) = ky()H()]T,
&(t + Nyt + N) = 1,
O(t+N,i) =" (t + N-1) -
¢ (t + N=2)-9"(i), i <t+N.
fEEREFTER RN
P,(tlt+ N) = R(¢), (24)
P,(tlt+ Ny = Q(¢), N <0, (25)
Ps(tlt+ N) = Py(eles N-1) -
Mg(ele+ NYQ.Ct + N)MS(elt+ N). (26)
WE B S, Al Iy (1), y(n) | TRBALR MR
¥, Mg BiEE
w(n) L S,.;, v(n) L S,
e(n) 1. S,.1, e(n) €5,
R 27) ER(15) oL, h R e (16) R BT,
BE
o(ele) = o(ele-1) + ELw(e)e™(¢)] - Q7 (e)e(e),
(28)
w(ele) = (ele—1) + Elw(e)e™(0)] - Q7 (0)e(),
(29)

(27)

B (13),(28),(29)HB R (17), (18)H.E,
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p(tle+ 1) = et +1) = [A(e + 1) = k(e + DH(e + D],
6Cele) + E[o()e™(e + D] - Q7' (e + De(r + 1), FHRREFTERERN
(30) Ps(¢{N) =
w(ele+1) = Po(ele) - MyCel e+ DQ.Ce + DM5Cel e+ 1) -
(el e) + Elw()e™e + )] Q7' (e + De(r + 1). D,(,2)SCe + 2] N)D3(¢,2), (41)
(31) S(t +2IN) =
m(5), (6)78 o(t +2)8(1 +3I M)t +2) +
(e+1le)=@"()x(ele-1)+w(e) -k ()v(2). H'(s +2)0:1 (e + D H(t +2), (42)
(32)

A (13),(30),(31),(32)4183(19),(20) , ¥ (32)
AR, B THNRE

(e + Nlt+N-1) =

&(t + N,o)x(ele-1) +

+ N

2200+ N, i) lwli - 1) - k(i - Doli - D].

(33)
A (13),(33)4820(21),(22), (23) ot
uFEe .
it 1
IR AR
6(elt) = 6 (1)Q:"(1)e(r), (34)
@(tle) = M(2)Q;'()e(r), (35)
it 2 F&HE(),QBEBREIRMHTHEREE
B EAG(E 3%
9(tlt+ N), 9 = w,v,

AH(), Q)ERBFMGT ARG

S(eles N) = D Myel es Delo s D).

(36)
Wit 3 My(ele+ N) TEETEN
My(ele+ N) = Dy(e , N)H™ (¢t + N)Q:'(t + N),

(37)
Dy(t,j) = Dyt j - Vol +j~-1). (38)
Hij = 3,4, N.
R 2 WHXMRENTRSE (), (Q)ERK
U T EMEE XEBRETESN
d(¢t|N) =

3Cele) + My(eles 1) -
e(t+1) + Dy(£,2)r(t + 2| N). (39)
HP: 9 =w,v3t=N-2,-,1, BERHBHER
r(t+2lN) =
o(t +2)r(t +3IN) + H'(+ +2)Q:' (¢ +2)e(t +2).
(40)
Gz
r(N +1|N) =0,

Ds(1,2) WRA(22),(23),#¥MH S(N + 11 N) = 0.
iE H3(36)1%

I(N -2|N) =

(N -2IN-2) + Mo(N -2|N-1)e(N-1) +

Ds(N -2,2)I'(NIN),

B (39) mar . R (21),(36)

d(e|N) =

OCe]e) + My(el e+ 1)e(e +1) +

Ds(e,2)TH™ (6 +2) Q7' (e +2)e(t +2) +

ot + 202 (ke + IHTK) Q' (k)e(k)]1,

k=143

A

~
N

r(t+2IN) = @t +2)[ D) @ (k,t + 3)H (k)

0:'(k)e(k)] + H™(¢ +2) « Q7' (¢ +2)e(t +2),
=L (39) BT,

ZN} " (k,t + 3)H(k)Q: (k)e(k) =

k=1t+3

H'(t +3)Q'(k +3)e(k +3) + (¢ +3) -

[ D] @"(k,t +4)H' (k) Q;'(k)e(k)] =

r(t+3|N)
A= (40) oL, B3 (39),
9(tIN) + Do(t,2)r(t + 2] N) = (¢l e+ 1).
(43)
r(t +2IN) Rele +2),,e(N) BIRMAEG, K
r(t+2[N) 1L 9 N),

(43R T =18 (41), Kl i 2 (42),
m(40) FIEERE] r(t + 3IN) et +3),,
e(NERMERE B r(t +3I N) L e(e +2), MR (42)
4 {HEPIF (Simulation example)

IR RS

0.8
x(t+1)=’: . 2nt

0.5+sin 5~

0
Jx(t)+w(t), (44)
30 0
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y(£) = [0 1+0.2c08 22 1x(1) + 0(1),(45)
w(t),v(2) AHRERG), (RS,
w(e) = []ln(0 + mtr4 D],

v(t) = v,(2) + vy(2).
Heb v,(2),0,(0) FAHEMS FIES SR BN = 2,
FER 1 FiBRgREEaS o (el e+ 2) Mo(elc+2)
RZERE 1 FE 2 s, HA LR bR S R I B
9(2), BRI R FRMEE (e 14+ 2),9 = w,v.
RAENAE—ErHE.
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Fig. 1 Component of input noise w(¢) and optimal
smoother w( ¢ | ¢+ 2)
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SHHEIE 0 /IR

B2 SRR o(e) SRAATEE v(e|t+2)
Fig. 2 Measurement noise v(¢) and optimal smoother v(¢ | £+ 2)

5 £ (Conclusions)

AR TF Kalman B, 28 T ADBET
)01 [+ it 22 50K 5 Ay M 7 3 st A 2R 5 G SO0 e 75
e AN 0 [ I KT P B A M 7 A {2
38 TR T 4i—FLlE M R e s A TS, N
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