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Mamdani fuzzy system 1/0 relation representative

and membership function optimization
TANG Shao-xian', CHEN Jian-er’, ZHANG Tai-shan'
(1. Information Science and Engineering College, Central South University, Changsha Hunan 410083, China;
2. Computer Science Department, Texas A&M University, Texas, USA)

Abstract: An efficient method to optimize membership function of Mamdani fuzzy system is studied. Firstly, through strict-
ly theoretical analysis the input/output function of a MISO( multi-input/single-output) -Mamdani fuzzy system can be represented
as a local linear function of their membership functions. Next, every coefficient in the local linear function is proved to be solely
determined by the sequence of the 2p values of the related membership arranged in the order of magnitudes. Based on this con-
clusion,a new method to optimize the membership function is presented in which the optimization problem is approximately

transformed into a group of linear programming problems. The simulation results validate this method.
Key words: Mamdani fuzzy system; membership function; fuzzy system optimization; fuzzy reasoning

1 5|5 (Introduction)

Mamdani BB R 58 2 —KE T15 T AN 50
R XK ARG HAE BTSN, mMH B
BRI AR B BB R B ARBRIES B EWEE
71, TR B SR FF A AR i ] S U LA WA
YA RT3k, 8 TREARYE B shiEsr b fes
WRSAIE AL S P 52 U P, Mamdani BUR)
Gl - p 2R BRI EEN R —.

ACHHE B X 4 2 Mamdani BB R AR B K
Btk m 8. B ARz 8 ) B 20y Bk i
BRI P 2 R 2814~ 6] R A X e 7 B E I
FP IR T L R, 158 076 W S BE A A 4 R
BHABRLZHAREE(LESREEREESH),
BRI T 78 32 B 7 i P 32 3 — 2 9 R

SRS B $1:2003 - 07 - 30; WU SRS B #9:2004 - 09 - 30.
EEWH P EERE LS EE TR H (2000053303) .

Mamdani ¥R 2 55 5 5 A -0 S R ECR a2
DAL Z5 5 38 A p o B U R X R 7
BARFLEFR T, B3 FRBEEWEILTS,
MELUR 3 A H0 o6 3R 5 SRR R 5O B K A Hb B
ZEX . AT, @3 XF MISO Mamdani B8] R 5t
WA/ R E SN, BH T URERE R
JrHBZEE R AR A - S R BUR
HBIET BB P E R (2,0, %,) BERERIT
KPP RBALR Z ST B 2p R R REER
NG B 5E B E5E . LA A JE R, 48 0 T i dE 50 A -5
WA IR 24 fi R XT RE R B R BGHETT AL
BT 0T B F AR SR MISO-Mamdani OB
ZGR B RBURER LA [ A () Mo 5% o il — g 2ot
FIAN [ BB A TSR A
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2 BAXRBMERRE M5B (Related con-
cepts and membership function optimization
problem)

2.1 #EHHI% 9 (Fuzzy partition)

A SCRTI 8 B MISO-Mamdani BB 22 45 1918 158

D E—"p 4B HiE

= [d),di] x [d3,d3] x - x [d,d}],

KRRV R SRR — KT D AEERIR 2

EX 2.1 MTFRED = [d),d]] x[d},d3] x

wx [dY,d,1,d% < di 1 < i < p(dY, d} HRRSE

BO XMTXE[4, 4], R IEBE K (— BB T
3< K< 9) BRI E A0 = bl <0, < bK<
di, I EBRME B € F([,d1 )1 < ji < K1
<si<sp) R ¢ (67,08 Hi(x) = 0;24
x € [ 67, b ] B () BV BT « € [ b, 6]
B K (%) B TR WFR D(K, B, H) A3+ D

AI—~ K4y Hod
K = (Kl"“’K )’

»
B =1{blili=1,2,.,p,j; = 1,2,-,K]1,
H={H|l<ji, <K,l<is<pl.

EX 2.2 Wyx = (xl,"',x,,) € D, ERTE

ME—E9( () (2))01 < i) < K, 178

x; € [b{i(x)’b{'.(x)ﬂ:l’ l<i<p.
% gli,x) = ji(x), 0 D HEIRISFATT D, F XN
D, =

x

(ix) :
H(z1,2) € DI " <z < B9 1 < i < pl,

DB =
{xyis H{t and,"-,and p is H)i| 1< ji< Kivl< i< pl.

HiL 2.1 X v = (x,,x,) € D, #FiL

Z = xyis H{vand, - ,and x, is H),

HI'(+)is H(i,z),

W.(Z) = imin{H(i,Z)(%) |1 < i< pl,
WARGESCER (1], Va = (x1,+,x,) € D, REHWA
x SRR RGN f(x) AT RIR N

f(x) = 2w * C(2)) D w.(z). (1)

Z& DB Z€ DB

2.2 BB B E F (Membership function opti-
mization problem)
X} F— > MISO-Mamdani # 8 R 5 1M =, & 1

SRR H € FUN,d DU <ji<sK.l<is<

p) HEFRAR KARE HHCH T2 50 . 1 K6 46 38 )& eR 4K

B FEFERREMFINREMA T RS

A% A - RS B T S BT & T RO R

g5 ol (AR RIS Ext R RBOH TR —

DB bl #, B RS0 SRR AR

KETESR, HECR B RN TR SR ER

2L eI BRGSO E — E R A

ETE) .

3 MISO-Mamdani 4 # & Gt 19 3 N /4
X HZBF R (/O relation representation of
MISO-Mamdani fuzzy systems)

— A 1E BT, MISO-Mamdani #5485 2 45 B 40 A/
i R R AT KRR AR (D) X RN RIR T B LRI
JE A (BRI RO 25163843 ) A L ke 0k R M
AN/GHRR.

AR Z A RN A F b 2 A LR B 8 R
B (g (m) M <j<plsma M5
R SR f(x) ZRIMEBHE X R, MR8 e
fﬂf(j‘x('"))(xj)|1 sJ=p.lsms< M BILILHE
A —seaf et 00 1k T Bk 7. R 0B s LA
KB RE HEY (%) ,1 < j < pl RHfuL 9 MISO-
Mamdani B8] 22 GE R/ 06 R R T EE

EX 3.1 Hx€ D, MESIHCI (1),
HEC* (x) |1 < i < ptA/INENJCHE PR 9% % A0 2%
B A (F B (%) = HET (k) W
HE 9 () BIBD B E HEG (1) LB SRR &
HEG a5y o Hf“"‘)*b(xj),i < T Oy
MIBLE . HEY*P () BB SERT) B0 WGBTS 5
BIFSHEH Hlx ]34 hi(x) = [5;/2], k(x) Rix ke
"l‘ﬂi%ﬁ,vl sV < Vo< k(x),h,,l(x) #*=
h (2)5 31 < t(x) < k(2) by (x) = by (2).

E X

HUx] = (S0 G ) e B 0 (),
QLal = [2% )i + biy 2% jionr + buoyards

AHEUER] Q[ x | BME—FFLER, B X 3. 1441 T84

x BI—AMFHIE, T EARSEX MEFIEXT « BT
EX 3.2 HyE€E DD =1ix€ DlQlx]=

Lyt AR Y H | < ji< K1 < i < pl #
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5 m A B0k

RESREN D, £ R PERMXBCEE N —
™).
EX 3.3

2 [ji(x)r2],
A, =
{(ll,"',lp) Bi€QalANizov,l;=1-a(i,x),
Mi= 0,0l = alo,x); BN L € 10,11}
B, =
b)) %0 € QLI G ¢ {e(k), 0}, 0 =1-a(i,x),
Hi=nv,0 = alv,x);FU L € {0,111}
PyLjy,uj] =

2 Cle(y)+l.g(p,y)+L], v k(y),

Uyerl)€R,

Z C[g(l,y)+l,,-",g(p,y)+lp], v=Fk(y)+1,

(1L )EB,

% x 6 D}"a(iyx) = ]l(x) -

0, v > k(y)+1.

EBE 31 FHy<C DG i) = Qlyl,
hi = [ji/2],a(i,y) = ji -2kl < i < k(y) + 1,
MXf v x € D,, MISO-Mamdani R8 22 25 45 A/
HXRAIFRN
fx) =

k(y)+1

( Z P}’[jl ""9ji:| * Hi(_hi.y)*.a(i‘y)(xhi))/
i=1 ¢

k(y)

(Zzp—i-l % Hi‘hi,y)+a(i.y)(xhi) +

i=1

op-k(y)-1 *Hg(h(k(y)+l).y)+a(k(y)+l,y)(xh ))

K(y)+1 E(y)+1
(2)
iE 4p = 15,
fx) =(C(g(1,2),0) * HE" P (&) 4
C(g(1,x),1) » B2+ (1))
(H;,]r(l,x)(x) + H“}’“"‘)”(x)) ’
FTREM3. 1B
Yp s 1R () AEE

ZpLy[l] % Ili(_h"‘y)*.a(i‘y)(xhi)
flx) = —5 : (3)
(Z Sy[i] x Hifhi.yha(i.y)(xhi)).
Hev LLi], s, i) fee. FEES P L] = PLj,,
Jodo L] = 277 M < k(y) S, [i] = 2070
= k(}’) + 1.

Hiiﬁi.x)m(i,x)(xhi) >
minfHijhf’x)(xhj)’Hé;',jhf'x)”(x'g) ( | < j<i- 10 ,
(4a)
Hifhi.x)+a(i.x)(xhi) >
maxfHif_hf’x)(xhl),Hiﬁhf’x)”(xhj) I1<j<i-1i,
(4b)
Hifhl,x)+a(i,x)(xhi) >
min{ HEY 9 (), HEO 9 (5) [1 < j < ply (40)
FRAMRZ B0 (y) = minlH(,
Z)(%),1 < j < pl BB r, MOS0 Z 0
WAl A x, s Hifhi,x)ﬂz(i.x) P thj s
SO0 | g - R
MBS RSB C(2) x HY )00 ()5 2
2 fnt.

DR RIS AT 20~ S BB AT IR R
HEMZBHZ IR

:i] (:< é{( 19 “7) + l] s ’é;<17’ x ) +
(ll,--an)EAy
lp)Hi(,hj’x)‘ra(j‘x)(xh,) ,
J J
;f:}%% lg'[ i] = 1)y [jl y ' 7]}]

S RLL G () R R
Mf—347 20- 11 2 L S, (4] = 205,
%= k(y) + 1 FTH R

Hg(hk<y’)+,.y)+a(k(y)+l.y)(x ) =
hk(y)+1 hl:(v)+l -

n1i11% I{(_i’ 23) ( “ﬁ') ’1 = _i = ]7%
R AL r, ORI Z W F g %y, s
Ili(‘hf'x)”_a(j’x)(l s]g P 1,]# ht(_)')) Ls/{& X

K(y)+1

is HE i) o) gk ol

k(y)+l
C(Z) x Hy 0 (o )y 2 RN
BRI RN AL A 277 K01 08 H Bl 18
= 1Ny

> Clg(1,2) + Liyooog(p,x) +

(. 1)ER
('
h., L,
lp)IIif ) +al y)(xhi)‘

:J:% Lh[l] = Py[j]’u'sji]-
> k(y) + LB TEREHMN r, 0540
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%M:\Zf—”@a {HEO =) (g (m) 1 < j< prlsm< ML
Bhy .y B8 B0 s HE B FEREF QLe(m)] = (Gi(x(m)) e itatmynt () T
FE—A, T

th(hl..x)»ra(i,x)(xhi) >

Chy g ¥)+l cer HE M e Y)
max | Hg"k(,k>;1+l (x"u,m) 2Ty Hhk(y):l+ (x,, ]) f

Pt HE s+ 0 () B RBER 0. F 2 L,,m -
Plji,.j;] = 0. HEEE
4 SRR FKHE AL 9] B9 ¥ & ( Transforma-
tion of membership function optimization
problem)
4.1 &)@ H5iR (Problem description)
FBELHME N HY " ((m)) 1<j<pl<
< M} RALRIRE
H iR R BN

mmsznf(x(m» - y(m)I}.

WAL S = i(x(m) y(m) 1< m< Mi(y(m)

HEFHERA 2(m) BTXTILBG%?E%U&) AR 4 1

ng(} x(m))( ) Hg(} x(m))(x) |1<j <p, 1

< MICGERML) BERTHRE Qlx(m)], #E

(i(x(m)), Qlx(m)],
(5a)

T Gka(myys1x(m))) =

=45
{j,-(m) = ji(x(m)); hi(m) = [ji(m)/2],

a(ji(m),x(m)) =ji(m)-2*h(m), l <i<?2p,

(5b)
y
f(x(m)) =
kx(m))
( Z Px(m)[jl(m>7""ji(m>:‘ *
(h(m),x(m))+a(i,x(m))
th(m) (xhi(’”)) +
x(m)[]l’."’jk(x(m))f-l:\ *
CGaimnn () x(m)) +1—alk(x(m)) +1,2(m))
Hik(( 1)1 lm) (x hk(x(m))+l))
kx(m))
_; (h(m),x(m))+a(i,x(m))
( Z 2Pt x th( ) (xh.(m)) +
i=1 !
(h se(m))+l-a(k{x{m)+1,2(m))
2p—k(x(m))—l % E(x(m))+1 -1
thux(mnu (xh""("‘)“)) )
(6)
KB RBE

R T 2 1)) - y(m) | B
4.2 LAk 9 B #Y ¥ #% ( Transformation of the opti-

mization problem)
EE 4.1 £2
(Z(_]I(m) m) oo Z(]zp(m),m)) =

(Hg(h (m),x(m))+a(l,x(m))

h(m) (xh‘(m)(m))’.“7

(th(m)‘x(m))+a(2p,x(m))
() (xth(m(m))),

dyp = lf(x(m)) = y(m) |,
WAL R & AT ARG AL R LA PR AR ] 25
SN

min(zldm),
HERFMHF Q,:
{ -d(m) < flx(m),,x,(m))-y(m) < d(m),
lsm< M;
(7)
HREFM Q,:
0< Z(i(m),m) <, < ZUamp1(m),m) < 1
(8a)
Z Gy +1lm)sm) < ZGia(myyeo(m),m) < 1
(8b)
dy =20, lsme M,2<v<2p-k(x(m);
é"]ﬁ%{q‘t \03:
JIES

lsm <my< M, i,k€{1,--,2pl,
Jilmy) = j(my), 2 (my),my) = x(j,(my), my),
iy

Z(ji(my),my) = Z(jk(m2)vm2); (9a)

U

lsm =m<s M, i,k€il,-,2pl,
hi(my) = h(my), x(hi(my),my) < x(h(my), my),
g(hi(my),my) = glh(my),my),
Iy
Z2* hi(m),m) = Z(2% h(my), my),
ZQ2* hi(m) +1,my)

(9b)
< Z(2*h(my) +1,my).
(9¢)
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B A FE22E

iE BEAYREEKME Q RAKREEZRSH
B, B AT B L

R TRFAT Qy BXHRALR R O ff Firxd 7 Y
Qlx(m)] WIFRH , ELAFRIHL.

NHEMNEFIZ(i,m) 11 <« i<2p,lsms
M| AR R ETREARSE , BT LA S0 LA T %R

PUES
lsm <my<s M, i,k€ {1,-+,2p},
ji(m1) =jk(m2),x(ji(m1),m1) = x(jk(mz),mz),
M2 2 (9a) BT 5

SEH g R g HE R () AR pE e pE ] Yy
BE TR, R Hé,;(x)+1( ) %E[b"f(i"),b"f(i"‘)*l] M
BREEAEEGIZG,m) 1 1<i<2p,l<sm< M|
AR R M R LIRS

PUES
my % my < M, i k€ {1,-+,2p},

1 <

g(hi(m),m) = g(h(my),my),

h;(my) = '

hi(my), x(hi(my),my) < x(h(my), my),
W23 (9b) , (9¢) L.

Fr ARG O, SR A2 .

WHEA%EK(10), (1) REAHAER.

HTFRET Qlx(m)] A2, XHEATHEHE
fam)PZi,m) I 1l<si<2p,lsm< M H)
¥

B (QORALYREMS Q,, 55

k(x(m))}
20 (Pumlis(m) e, ji(m) 1=y (m) +d,,) x 20751

Z(Gi(m),m)+ (P 1o sdiemn 1] - (y(m) +dy,) *

2p_k(1("l))_1)*Z(jk(x(m))+1(m)’m) <0, (10)
k(x(m))

(Px(m)[jla"'aji]—(y(m)_dm) *2p—i—1) %

i=1

Z(ji(m)’m)+(Px(m)[jla“"jk(x(m))+1]—(y(m)—d’") *
2p_k(1("l))_1)*Z(jk(x(m))+1(m)’m) 20 (11)
%1

5
HA d,=0,m=1,2, M.
ERAEFEXRXTIZ(,m) 11 i<2p,l<
m< M IEHAREX, TEEBRIEAREHSF Q,,
0y BEMEARER. UEEE .

PAT R WE S H R : ORE 4,(1 < m <
M) BB EE T — M ES$ 4, (1< m
< M) & d, FIFFIRIEE e ;@ £ XT3 E MBI IER
28 d, (1< m< M) RICIESE e, RAEIHIL
PR [ BR T PR A S TIRERXWA
13 R AT AL 5€ B A ) 30 oK A
5 {FESLLE (Imitation experiment)

M E— BT H 2 % Mamdani 8] & 4t
J& R B [0 R 5 B — 2 R B R0 () AL 5
HAil EA 83 MATLABG. S 8 R %512 K
BiA 1 M%) Mamdani $28 2 45 19 3R 8 R B0 4L
[V REREAT T R . BARKE I LAF ik .
5.1 ZE SR (System description)

W D = [0,2.6] x [0,2.4] X% K, = 3,

0 0.9 1. 2.6
0 } S SR
0 1 1.7 2.4

¥ H = Hi,Hi,H{,Ht; H}, H3, H3, H3.

EXITF

Hi, Hi, HY, HY 7S (BRI 5 46) 10,0.3,
0.5,0.7,0.9,1.2,1.5,1.65,1.9,2.1,2.2,2.4,2.6/
AEHY R BE AN 1 T 7, LAt o #) o 01 £l #H 4B 4
1H S (B 75 R B 5E

Hy, H3, H3, H3 S (R 546) 10,0.3,
0.6,0.8,1,1.2,1.5,1.7,2,2.2,2. 4} kb & sR B 0
72 2 BN, HoAth 20 i o $5U1E B3 A AR (4 2Z [R) Y 3%
L.

D(k,1) RXI453 85T, BE SR 0 80K
e REMEE R Cli,j], ETRMINE 3 fr
N.RGEREMA/ B EAERIER R 4GS,

K2=3,B={

Hi(x)(1 < i <4) EHASGHE

Table 1 Values of Hi(x,)(1 < i < 4) in the inserted points
X1
" 0 0.3 0.5 0.7 0.9 1.2 1.5 1.65 1.9 2.1 2.2 2.4 2.6
H' (%)) 1 0.7 0.45 0.3 0 0 0 0 0 0 0 0
H(z) 0 0.5 0.5 0.8 1 0.7 06 03 0 0 0 0 0
Hi(x)) 0 0 0 0 0 0.45 0.65 0.85 1 0.7 0.6 0.3 0
Hi(x)) 0 0 0 0 0 0 0 0 0 0.3 0.6 0.7 1
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£2 Hyx)( i <4d) BRHEEGHE
Table 2 Values of H5(x,)(1 < i < 4) in the inserted points
X2
H 0 0.3 0.6 08 1 1.2 1.5 1.7 2 22 2.4
HA( ;) 1 0.7 05 0 0 0 0 0 0 0 0
Hi(x) 0 0.3 0.7 1 0.7 0.5 0 0 0 0 0
Hi(x;) O 0 0 0 0.7 1 1 0.85 05 0.5 0
Hi(x,) 0 0 0 0 0 0 0 0.5 0.7 1 1
£ 3 RAEPTAR SRR E L d

Table 3 Output values of the system in vertices of all partition units
FRE4LA AHATWSEE HHATE(HE EFATEE HFATE E

D(1,1): cl1,1]1 =3 cl1,2] =2 cl2,11 =5 cl2.2] =1
D(1,2) cl1.2] =2 c(1,3] =6 c[2,2] =1 c[2,3] = 4
D(1,3) cl(1,3] =6 c[1,4] =2 c[2,3] = 4 c[2,4] =5
D(2,1) cl2,1] =5 €[2,2] =1 c[3,1] = 4 ¢[3,2] =2
D(2,2) cl2,2] =1 c(2,3] = 4 c(3,2] =2 ¢c[3.3] =5
D(2,3) c[2,3] = 4 c[2,4] =5 c[3,3] =5 ¢[3.4] = 1
D(3,1) c[3,1] =4 €[3,2] =5 cl4,1] = 3 cl4,2] = 6
D(3,2) c(3,2] =2 €(3,3] =5 cl4,2] =6 cl4,3] = 1
D(3,3) Cl3,3] =5 Cc(3,4] = 1 cl(4,3] = 1 cl4a,4] =3

Table 4 Sample data set (input x,, x, /output y)

BWARHS m

o (m) FHE x,(m) BH  y(m) B9E

5.2 R B4R (Optimization results)
T H3(1.2) = Z,,H¥(1.2) = Z,, H5(1.5) =
Zy,H3(1.5) = Z,,H3(1.65) = Zs,H3(1.65) = Z,

x(1) 1.2 1 2 H3(1.2) = Z,,H3(1.2) = Z3,H3(1.5) = Zy,H3 =
=) - : 2.6 (1.5) = Zyo, FERRMIRE BRRE F 830 MAT-
x(3) 165 1 3.8 LAB 6.5 RS RBEIRB BB MILE R IE 5
x(4) 1.2 1.2 2.3 }5)]:77:
<) L 2 > ey TR A — R, A SR L 2 JRAT R
#(6) L.65 1.2 4 A T AR VS, PR 4 Z HO(EET 1.
£ 5 EEBFHHKMLLER
Table 5 Results of membership function optimization
H# d4,=0.01 d,=0.01 d;=0/12 ds=0.01 ds=0.01 dg=0.01
4E 7,=1.00 Z,=0.5801 Z;=0.8808 Z,=0.9168 Z;=0.2766 Zg=1.00 Z;=1.00 Zg=1.00 Zy=0.7041 Zy,=1.00
Hif d,=0.02 d,=0.02  d;=0/12  dy=0.02  d&=0.02 ds=0.02
g 7,=1.00 Z,=0.6224 7,=0.9837 Z,=0.9837 7Z5=0.2500 Z¢=1.00 Z,=1.00 Zz=1.00 Zy=0.7545 Z;;=1.00
Hif d,=0.1 d,=0.1 d;=0.1 ds=0.1 ds=0.1 dg=0.1
gZE 7, -1.00 Z,=0.8644 Z;=1.00 Z;=1.00 Z5=0.2500 Zg=1.00 Z;=1.00 Zz=1.00 Zy=0.8870 Z;o=1.00

6 S245(Summary)
ASCRRANL T — R LAY LRI Oy B Rl 9 MISO-

Mamdani B8 R G R B B ik B B X &
FHXEEMITEE AR E SR ARG EE
SRAAFR LR R ARIKE . AR SCBT 8 M T s AT LASES
3] MIMO-Mamdani #8 R 8¢ ; ixx &8 F ikt o] IS &

BRI HTERARIBIA.
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