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of nonlinear time-varying systems
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Abstract: The first order approximation of the partial exponential stability of nonlinear time-varying systems is investigated
by linearization approach of nonlinear systems. Based on Cauchy matrices solutions and its interceptive Cauchy matrices solutions
of homogeneous linear systems, as well as the Gronwall-Bellman inequality , some sufficient conditions of partial exponential sta-
bility are obtained for the systems and some of these results are proved to be able to guarantee different exponential convergence
for partial solutions of the systems. Finally, two numerical examples are presented to verify the effectiveness of proposed ap-

proach.
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y = (%1,%2,,4,)" € R™,

z = (Fmar,rx) € BT,

1 =1[0, +®),

Qp = lxllyl< H. 1zl <+ =, x € R,

lxl = [ D343, A(z) € C[I,8""],
k=1

f(¢,0) =0, f€ C[I x Qy,7"],
{RIE £ 55 (1) B9 Cauchy (8] & ) & £ FEME — . FF i
A = (Jag(D) ] ) pns 2()] = ([21],,
Lo, DT 1 fCe,2) ] = (JACe, o) |, [ fu(ex) DT,
(a;(t))mxn ™ B(1) =
(6;(t)) mxn>ACt) < B(t)(E n = 18H m x 151
mrE) BIEE ¢ = 10 BTH 0;(0) < b;(0) (i = 1,--,
m;j =1,-",n).

EX 1 HWEGODHFNERT v BIEEEE
f9,5 34 > 0,8 Ve > 0,38(e) >0, ¥t € 1,4
I xoll < 6Ce) B, H y(¢,20,20)|| < eexp(~ A(t - t5)).

EX 2 HMEGBIENBEXT x1, -, %, &
FEERERN, A 34, > 0,3 Ye >0,38(e) >0,
Vo€ 1,%] %] < 8(e) B, H| x| < eexp(=a;(¢ -
to))(i = 1,-,m).

1 EX 15X 2ERRM,EE x, 2, AR
Biliskiz ¢ rpa e E-y RN

I 11V EREQBTFNMBET v 158k
5, RS V(e, %) € C'LT x R*,R, ] W2

Dlyls vie,x) < Ml %% M > 0;

2) [ V(t,2) - V(1,8)| < Mlx-2l, yx €
R", Vx € R

3y WCtx) | oy ), % e > 0.
de 2)

S 2 FHHEME AG) = (a;()) ek, = 0, H
AW ACds < ["ACdsAC; MR « =

A(t)x B Cauchy FERESE @(t,10) R0 < D(1t,19) <

exp()(: A(s)ds).
if REgURGEER Y H
D(t,ty) =

t t 'l
E +J ACt,)dt, +J A(c,)dc,f A(ty)de, +
!0 !0 !0

ll t
J-'A(tl)dtlJ- A(ta)des| “ACe3)des + -+ (3)
2 ty ty

B A5

d[1,[4

A5 Aty -

L[A(t )It'A(t Yde +ft'A(t Y2, A(e)] =
2 1 ‘0 2 2 % 2 2 1 =

A(tl)J:'A(tz)dtz. (4)

HR(OM 10 B ¢ B8

EIE(J: A(tz)dtz)z =

z*l!(J:A(s)ds)z ;L’A(zl)dzIJZ‘A(tz)dtz. (5)
ZaX)&THER
d 1"
dTI[3! (JtoA(tz)dtz)a] ]

%A(tl)(j:;A(tz)dtz)z =

A" AC)dn] 4 drs.
B LM 1 B ¢ BIR

1]} AGaey* = 35 a0 =

t t L
f A(tl)dtlf ‘A(tz)dtzsz(;3)dt3.
ty 2 ty

KT 18
L a0 >

t tl t !"_
j A(zl)dzlj A(tz)dtzjzA(h)dty"j "A(t,)ds,.
!0 [0 !0 !0

U E&ERAAK()RE

0< ®(t,t) <

E + L’A(s)ds + 2_1![j:A(s)d5]2 e

[ el = e A0,

B 51 2 BHEIES ARG BI T 4E:
it 1 ERXRR(QQDBWREER AL =

(ay(1) e R AD[ 405 = [ A()asA (),
W& 48 (2) B Cauchy B & b K(t,t9) =
exp(J:A(s)ds).
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FL()T, Bk B.(1) HAERE B(0) IS i MR,
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3 FE4 R (Main results)

EE1 vYe >0,38(e) >0, Hx€ D =
(x|lxl < 8(e)te € THIA )] < el yl,MF
%(2) KB ABEET v 8B R EBHM AL () MF
JURET v BB .

E By, = (a0 = (LT E
By, = (LONTER H iy, = (410D € R
SBURERLE () F1(2) MEBSTHE,K(1,10) HARGE

I, O
(2)9"] Ca.ﬂChy %E‘gf‘:ﬁﬁ: Em = ( 0 0) (s R.ux",lm ﬂ‘]

mx mYrBBNERE, K, (t,t) = E.K(t,t0) R K(t,
to) HOERMTRE R, W 2R 55 (1) WO S 3R i o3 5 R
x(t) = K(t,tg)x(tg) +

Jl K(t,s)f(s,x(s,to,%0))ds,

0

Ymy, = K.(t,to)x(1g) +

[/ Knt, 215 25 10, ))ds. (6)

HFRLE(2) BFFLEET v 58, 3%k
(1] EF7.11.8, FEFH M = 1,2 > 0, fHF

" Km(l,lo)” =< Mexp(— At =), t = to.(T)
Ble >0 Me < A,3B S = 8(e) = A%ﬁ”x“ <

S(e) BAN (1,2 < el yll, MIARSE(2)HIERST 8
i

|ycm,| < T2Cd |- 1 KnCtrto) | <

M| x (o) |exp(- A(t = 10)).
mR(6) ~ ()BBIRAK()HIF /2

| yCt,t0,20) | = Hy(n>,

M| xCto)| - exp(= A(t - 10)) +

(8)

=

J:sMexp(~ ACe =) - ly(s)llds,

Bp
ly(eyto,20)] - exp(ar) <

M||x(t0)|| - exp(Aty) + Jj eMexp(as) - Iy(s)lds.

i1 Gronwall-Bellman ~%53(18

”)’(l’lo’xo)” s exp(At) <

M| x(to) |- exp(Ato) « exp(Me(t - 1)),
yINE

“)’(l’lo,xo)ns

M| x(to)] - exp(= (A = Me)(t - 15)),

T2 [ xCeo) | < o7 B, SEFE 1 BOEEIR LS.

g2 # lim “f(“ty,ﬁc)ll ECH

EEBM > 0K A > 03RS (2)M#EMET Cauchy
MY 1 = 10 Hﬂ’?ﬁ/’i“ Km(l,lo)n < Mexp(- A(t
- 1)) WAL (D) WP AMERT y IBRE.
WiL3 ASFEFER7>0KkA>00=1,",
m), Mt = to FHLE
18:() ] < pexp(= 2,(t = t0)) (i = 1,+-,m),
H

i lfCe, )l ¥ %

=l —~0 |y|
Hed B.(1) MK, (t,10) BI5E i MTIIE, RS (1)
B FLE T 21, 2 18 BRRE

EFIR 2 HREQMFENMEET v BHRE,
Bt € I, |« < h B, 513 1 B0E YRR V(e
x) B R '

0(i = 1,~-,m).

lACe,2) | < BV(t,x).
Hrh B HEHO < MB < o). MARS(1) 8F JLE
XF y 5EERE .
iE XA V(e x) RS MR IS
511 WER 2),3)15

dv
d |

- aV(t,x) + MBV(t,x).
MY eI, |xl<rbds
V(t,x) < V(to,xo)exp(— (a = MB)(t - ty)).
AT MER1),0F Ve > 0(e < MR),HRS =

i,%’[”xo" < S B V(itg,%0) < €, B
M

<-aV(t,x) + gradV « f(t,x) <

[ y(eyto%0) | < cexp(~ (a = MB)(t - t0)).
(9)
R (9) EBHLIB AL .
EB3 XNFREQ),EFEFR 7>0,M >
O A; > 00 = L,-,m), ¥ 1 = 1o, i

1) [A()] - J:IA(S)lds J:}A(s)\ds .

|ACe) 5
2) |B:()| < pexp(= 4;(¢ = 10)) (i = 1,---,m);
3) ’U | FCsox(o) s < ar] o).

MAEFKE)BFAEET x,, 2, BEBIREN.
W B x(e) = x(t,t0,2%) HERGF) TR (1o,
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£(1) = xo+ | [AG)%(5) + fs,2()) ]ds,

B

| x() < |xo|+J:[|A(s)| | x(s) [+ 1 f(s,2(s)) | 1ds.
icd O

V()= Lxole] T1AG 1 x() e fCs,x()) | 1ds,

HB o(t,10) Oﬂa%% Y(t) = [a()|Y() B

Cauchy ZEREME. WA [2(2)| < Y(1),0 < &(1,s)

< DP(t,19),tg < 5 < t.
dY(:)
de .
LA Y1)+ AL 2(e) |- Y() ]+ fe,x(e))],
Y(t) =

@(t,10) | x0l+] @1, )14 (1 2(5) -
V() + |f(s (o) ] s <

(1, 10) | 20l ] | fCs,x()) as].

A DA 2

()] < Y1) < B 30+ [ fs, () s,

e ‘+te! te™! 0.5:%"
—tet e t_tet tet —0.5t%"
K(t) =
0 1
0 0 0

BRBET x), %, BEKER K1) HE

| K(0)] <

2max{3exp(~ 151) Sexp(— 551) | = 10exp(~ T51).
MMHFKEERRAUZTHBRET x,,x BERE,
S fCe, )| <V2(a? + 23) , BEH L MFESEL RS

1.5
1
X3
R 0.5 X,
< 0
o) *2 " X4
s —05
-1
-1.5

0 5 lb l>5 20 2'5 30
tis
A1 RLEQO)X R M FREER LML ERE
Fig. 1 Trajectory curve of the corresponding
homogeneous linear system of system( 10)

IRED

|xi(t)|s
Bi(t) « (| o] +J: | f(s,2(s)) |ds) < (1 +
M) | zollexp(= A,(t = 10)), i = 1,++, m.

WXt ve >0, = 7](—15:M—),§3||x0|| < 0 BtA
| 2| < eexp(= A;(t = 1)) (i = 1,,m), AT RS
(1) BB BETF 21, 2, BIGBHETH .

4 3LHI4r 4T (Example analysis)

Bl1 ERFK
x, = X3,
xz=—x1—2x2+exp(—t)-x3+x4+

) (2% + x3)sin(x3 + x4),

x3 = X4
%4 = — 2x4 + sin( a7 + x%)exp(— 1 j‘tx%)'
(10)
it =t = 00, F5KRE ALK (10) 3B F KL
RS Cauchy 56 EME N

—0.125¢ % + e + 0.25¢%7* + 0.75te™" — 0.875¢"
0.375¢™3

- 2e7% - 0.25t%" — 0.25te™" + 1.625¢”"
-0.5¢7 + 0.5 '
e_Zt

(10) WEMRLT x, %, TEEFRRE. HBHHE », = (1,
-0.5,1.2, - DTREEERESBIINE 1 FE 2 s,

Xp» Xy X35 Xy

0 S 10 15 20 25 30
t/s

A2 RE(0)WRLERMHE
Fig. 2 Trajectory curve of the system(10)
Bl 2 BERHE
{xl = x, + x3sinx,, (an
g;‘%%(lz)ﬁﬁjﬁﬂﬁ(ﬁ%ﬁ%%m Cauchy A &

Xy = — 2x2.
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1 0.5(1 — exp(-2(t - ty))
K(e,10) = 0 exp(—2(t — ty)) ’
X
|[_?2(t)| = exp(—z(t - to)),“f(t,x)ns x%,
HHER 3 HAKNDRFFELT », FBERE. BUE
%o = (2, - 2.5)7, BEREQD)WHLE R MAE 3.

2.5

.
L5 x)

05 1 1.5 2 25 3 35 4 45 5
t/s

B3 REQDMHRLERE
Fig. 3 Trajectory curve of system (11)
5 /145 (Conclusion)
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