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Minimum conditional information loss approach

to discrete stochastic model reduction
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Abstract: Aiming at the problem of stochastic model reduction, the average conditional information loss of the state aggre-
gation is discussed by analyzing the conditional information description of discrete linear state space model. A new information
theoretic method for linear stochastic model reduction, the minimum conditional information loss approach based on state aggre-
gation, is deduced by the principle of minimum information loss which was applied successfully in the field of pattern recogni-
tion. The selection of the order of reduced-order model is also discussed. It is proved that the derived reduced-order model is
asymptotically stable when the full-order model is asymptotically stable . Simulation results show that, this method is easily appli-
cable and the reduced-order models derived by it have good approximation performance.
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1 5| & (Introduction)

HERGERIRER B — K2 B 23K
B RZGE RSP RERENRE—ERiRE
B R, TR DB KRR &R R R G
B DAL R 22, W R WS R X T
FEMLRGE , AT T 1R SR ERIRE B 07 8, AR S
£ (aggregation) F Y M F LM LMK
pE03-4] B ML 5 32 B (stochastic balanced realization )
ke BN E g T L, rlEl % 5k
AR TERETHEERME LM SMER [
9, AN SCER (9 1A [ 10], 38 5 1 4 B 0 o o A 250 4 oy
i) Kullback-Leibler {5 8.5 250" 1% 5| 8 /N 3k $R B %
ARl FRZ A K-LIEE .

SRR R 7 — R TR B RIRE

WORS H $:2003 - 10 - 30; BB RS H #9:2005 - 05 - 13.
BEWH  EXR 973 321 ¥ B0 B (2002CB312200) .

MR R 5 KLIFRETEAR, X BEEWN
JRNE  FER ARG R, T RESER
HREPHEAEERFERES P TFHRMAE BB KR
BB, BMRZ AR PR HEERE L FEE
M RECR R BV B TS E R R T
BHELEE p € R, H(p) - H(Ip) > 0. Hrh.
H(-) FZRBEVAZ RN, T A AN RS R
KR . TERE SR ) A4 AE $52 B b 45 3 A o o T B 2
MEBAR KN TR N, SRR T
H(p) - H(I'n) 538/,
2 8 A4 A (Problem statement)

A B E AR R B RIER R
FE MM ARV R R SRR
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x(k+1) = Ax(k) + Bw(k), 1
y(k) = Cx(k) + v(k).
H: x(k) € =", w(k) € =", y(k),v(k) € =P,
A, B, CRHEA N AR & FHERE, w(k) M v(k)
AR B S B9 R XA T T MR ) &, B O 22 4 A
H QMR EEFBET RN EREY A
x,(k+1) = A x,(k)+ Bw(k),

y.(k) = Cx.(k) + v(k)
FEMIERSE . K x, (k) € =/,1 < n,y,(k) €
=PLA,,B,,C, H RN AR .

TERBERITE A, x (k) RN EEERS
x (k) MERRE R & (aggregated state vector) , H

x, (k) = Ax(k). (3)
Hrp A € =" B8 B I (aggregation matrix) , A
FTHEERAY BD rankA = [, H(AAD) ' BN ITTEE
RIEHmH.

(1)~ (3)ATLI8%] AA = A,A,B, = AB.
RO AL FAE LR, B y, (k) ~ y(k),F
RAEE C, A ~ C.NERIR B I (BRI ) 1
KRR EEM AR ST LI y, (k) = y(k), W
CA = C'™ % A+ 3l A 119 Moore-Penrose i , %4
rankA = [ B, AOTAY = AT(AAT)'. XRE, TERR
BER L AT LRI T 6896 Rk KRB M A
B@’Eﬁ?ﬁ[y—?m'm]:

A, = AAA*, B, = AB, C, = CA*. (4)

TR RGERERE A ME/MsERK
Fk.

3 =/MEE#HK T iE (Method of minimizing
information loss)

RA S S F i A SO E, X T
BN ER W R RGRE E A1) 2
M ELRGEM 2 #HA, EF#ER NS FEER
BRI & o (k) bR, BRI(2) BMHESER
SGERICRER” R, BRTHER 30 15 B W R B TEAR
B x (k) BB Y = {y(1),y(2),,y(b)} A
HERGZHBE AWM. FEFEE p(x(k +
DY) BB 7 MR TR F S YRy 3
E) FBTXTELZREN MR, p(x,(k +
D | Y*) Wit TR T EELRSR R E .
TP MRS T B L R UR W2 BT R X5
AR AR -

lnP(x,(k + 1) ¥5) ~
p(x(k + 1) Y

(2)

Inp(x,(k + 1)| Y*) - Inp(x(k +1)| ¥*). (5)

X RE(5)XTF p(x,(k + 1) | Y*) BU2
AR R 5L FALR (1) A (2) RS Kullback-
Leibler {5 B[

KL(x,(k + 1);x(k + )| ¥) =
p(x,(k+ 1| Y
T O
U B R MR R AR R B (6) A B B /Net L 18 B9
FERTBIEITE K-LIE BB ES2MERE S
/N XA R SCEK [ 9 J A 10] BT R R Y 7 ik (BT R IR Y
FEER[9IF[10] TR MR X FHILM K-LES.,
Tk B R RERRE) .

BRI ER(S) KT plx,(k + D] Y*) B
W MEXR(S) F5 0 AME—TAE I
SRIETF p(x, (k+ )| YO M p(x(k+1) | Y*) B
=23 1o P X

IL(x(k +1),x,(k +1)| Y*) =
>0 p(x(k + D] ¥)lnp(x,(k + D] ¥¥) -

x (k+1)-

2 p(x(k + )| Y)np(x(k + 1)] ¥*) =

x(k+1)

H(x(k + 1) Y) - H(x,(k + 1) | Y*). (7)
o F 2 A5 Y REE 8, BT ERE A%
SRS R H(- | -) TR %R A A
MG, A5 AERESAEYHNERSSHEREWN
k.

WR(k+1) = Elx(k+ 1] Y] HTOHWMFE
5 YE(Y* BE, b BBR)ZKEGTIFEMER(1)
HI R GORAS B — 2 A BT Kalman {811, 9 &4 21814
Hoigek+1) =x(k+1) -2k +1),Z(k+1) =
E[x(k+ Dx™(k+ D] y0) = y(i) - C£(i),
i=1,2, kBT x(i) My (i) HEEE SR, B
BEA Y = {5(1),5Q), .5k A—1EHH
MR, H p(x(k + DY) = p(x(k +
DY) 3 Pt vh, dfh iR A LA
P ATHLE(k+ 1) = 2 (k+ 1), 2 Z 9k +
1) = covix(k+1),x(k+1)| Y HEH Y &4 T
x(k+ 1) b E. B TFEHMWMFS Y hEE
B, 5 B IS iR Ay g L4 5]

H(x(k + 1) Y) =

S p(x(k + D] ¥)lnp(x(k + D] ¥) =

x(k+1)

S p(x,(k + 1] ¥)In

x(k+1)

Hx(k+1)) = —g—ln(Zne) + %ln detX(k + 1).


http://www.cqvip.com

e

TN BB U R B I ) B D AR A5 BARUR T vk 921

R R £,(k+ 1) = E[x,(k + )| Y] HES
W FF ¥ &4 X FRER ()M RGREN
B/ — 0] i Kalman fhif, H &,(k +1) = x,(k +
1) - 2(k+1),2(k+1) = E[£(k + DET(k +
D] m
H(x,(k+ 1| Y) = Hx(k+1)) =

’éln(Zne) + é—ln detE, (k + 1),

HimA
IL(x(k +1),x,(k +1)| Y) =
H(x(k+1)) - Hx(k +1)). (8)

HAG)TH, REEREMR A ERETRY,
HMAEAHERRSER B P R FEEREGE
BRI .

HTRGERTERREN . B limZ(k+1) = X,
}irilzr(k +1) = X, BRHEFERE. H Kalman {41t
FIg AT A, R A E N 2/ X 2 Riccatti
HE
X = A(X - XC"(CEC" + R)"'CE)A™ + BOB".

9)

154

Xk = [27(),27(2), -, ()T,

Xt = (27, 27Q2), 2Tk,
%E X Toeplitz [&

Ty = [QG — D) jic b 1000k
He @(-i) € 2 e (k) Bth i 0. X* B4
A

H(X’k) = %ln(Zne)"k + %ln detT,

Ha (k) AZFHENTFREHFH, HEBREX
Toeplitz P& Szegd i B & FH Ay 15 116)

H(%) = lim %H(i") = Zln(2me) + é—m detX.

(10)
[ 3 A 45

H(x,) = hl_lg: iH(.«i’f) = ‘é‘ln(ZTte) + %ln detX, .

(11)
KA H(-) FRBENLERAR R SR T 8
REEE I E R .

PR (8) ST B T 4 B B 2 1 o iy B Y = i) ) 5%
DG BB, TR R i e ) 38 Ak 1 AR o B F 1
FHEEN B0 F ()R . BT L —4%
FECFIE B BR RE R

IL(x,x,) = H(¥) - H(%,). (12)
L FERES A FIL(x,x,) BIIB/NE 2R
N2 A5 BARR BIRR AL
BT £ (k) = E[Ax(k) | Y*'] = A2 (k),BFLU
(k) = Ax(k). hX10) ~ (12) 7%
IL(x,x,) =

(—n—;l—)ln(%‘re) + %(m det¥ — In detX)) =

(_"_—l_>ln(21re) + %(ln detX — In det (AZAT)).

2
(13)
B’ o100 9 AZAT BT E, W)
det(AZAT) = pyprrp. TR

!
H(%®) = %ln(21re) + %Zlnpi.
i=1

RO3)EFESHNBE TR B T R G LR R
HIEEGEEHL, SERER TR OEEL L, W

T (e x,) BRSO T A8 D o, SBURK.

T D Ino; ¥ B BA 4 R R 112

A=[p 73 - 771]T~ (14)
KH g1, g0, ABINAHM FETHRZE D 248
R X B A B RFFIE R IE3SHFIE R & , T Hh Riccat-
i FRO)EH.

Z bt BEHER () S ETEE R (4) K5 E
BRI 14) 4 B E R R h IESCHHE R B AR
B, ERWE (AAD ' MBS TERBEMNL
4 ERENERMMRAENBER T, 1X(2),4)
M(14) 75 IR BRI T 2 R 405 B KR/

4 57511 (Analysis and discussion)
4.1 FEM(Stability)

W D(a,y) AEVE LR AIE N —4UASEH
B o« RELG .y AEE RS

SI3E 117 EEEE R

— aAP — oPAT + APAT + (&% - YP)P = - W.
(15)
Hot W ERIEEEM. WS EMY 5 16) 7
IEERE PO, AERE A WAHEMEERI D (2, 7) .

WA ()% ER(15), BT EEE RS
(DBFHEEERS D(a, ) . XRO15) Bh LR
A FEFEAT (K(14)),18

- aAAPAT — aAPATAT + AAPATAT &
(a®> = YHAPAT = - AWAT.
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HT AA = AA, HA
— eAAPAT - atAPATAT + AAPATAT +
(a® - YH)APA" = - AWA'. (16)

BA = [AT g, 7 )5
e AR F X W n - [ B/ NMFOEE K ESSRFE []
B BT A BHIEXREHRMY, S FIEEE P, AJ
HAPA)"HRIEEW. T APAT M A'P(A)T £
AL LR x IR TS PRIWIEERS, APAT
MAWAT W RIEER. 53 1 FX (16) ATHIBEN
BRI (2) BURFIE B ERSE D(a, y) N EHT, M5
LHERRANERRE T, A S AR R FERB
Rt R EETRE /Y.

AN HARGREEEIRT A RRS (1) N
FEREN, YHMUYN THEELSEWESER W,
FHAPA" + W = PHFEIEERP. XN Z T EMAA
A MAEFAT, it 5 L FE K 5B a]
15 X RE R EEIE - A SO 15 Y R R B B B AR 47
TR E T .

4.2 XTFBEHr BB IR A% HF (Selection of the or-
der for approximation model)

EMEERSM IR ERNEEEEN
H(®) :%ln(Zne) + %ln detX =

ﬂln(27're) + LZIHAL». 17)
2 2 o

He (i = 1,2,,0) 0 2 HFEECHIESSED ,
WENHFIN A, > A, > -+ > A, > 0. 1 L AT A
BMHEEFHEREMTTEIAR. B F A BIE
A IE R AR, B LA

1
H(%,) =5In(2re) + 3 D lnp, =
i=1

!
iln(27te) + LZInAi. (18)
2 7 2

El] L15025°"" 501 ﬂqzmlﬁ\%j‘*§ﬁ{§/\lv'\2”'\l
TR PR R A F X B R R
IL(x,x,) = H(x) - H(%,) =

n2— lln(ZTte) + % z InA;. (19)

i=1+1

B (19) ATHL BR T R/ E R K (K
T 5, FHE B R AR £3”
RIRFIEIE 200103002, 54, E(RHPE I ,4,,5 =
L+ 1, n BREEMEBE. AXIMEEH L,
AR HAR BN AR SR RFAE LAY 22 BE R B A > A,
AT 5 8 11 VRN AL AR (BRI L = 11),

XFER“EFF" AR Ay 0 A2 A, WERKER
PRI BN X - BB 5 18] ATy
ML CE 18] T EF B R R E R
( canonical correlation matrix ) A 435 AF {E , T X B =%
KGTHR Z 7 ZRE AL . 4R, BRI AIIX
RIRAE B % B RTHTE 5 (BB B BB IR B
3R R SV B R BRI N SR I R R R
FHMHEE.
5 $1F (Example)

EEXSSCRR[3 ] BT 45 W BS HIC SISO HEAY ) 4 A SC Y
ZER 53N RHFITIHE . AR
BTTREE N

1.1 100 1
000 01 0 0
kal) = k k),
x(k+1) 0275 0 o 1|5 v
006 0 0 0 0
Elw(k) w(k)] =1,
(20)

{y(k) =[1 0 0 0)Jx(k)+ v(k),
Elv(k) (k)] = 1.
w(k) F o(k) AT RESESTEWRA. &
Sk AHM10.5, -0.8, - 0.5, - 0.3}, RGBT
ER. R— MR LR B A LE - 0.15(F
Sl B) MRS DL 0.6501 MEREE, iICH
D(-0.15,0.6501). 4= By #5 B Y 4 o5 &8 76 [ 58,
D(-0.15,0.6501) 4.
X F 2 (20) MDA 4 AL, CER(3]H
oy ZE ML A HRFEA 2 B E AN
My Myg:x(k+1) = Apx (k) + Byw(k),
Ymilk) = Crixni (k) + v(k),

(21)

i =1,2.
(22)
Hrp

0 1
Aml = ] ’

0.7640 - 0.0855

0 1

Am2 = ] ’

-0.7622 -1.7093

1
Bml:BmZZ[_II]’lezcmZZ[l 0]-

M, 1 M, B9 553510 10.8324, - 0.9179} #
{— 0.8547 + 0.1783i, — 0.8547 — 0. 17831} (FFATEE
B, D(-0.15,0.6501) ).

TGS A SO T R (20) (21) .
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AR (20) (21) , 38 115K ## Riceatti 78 (5
(9))REBHREMITRZE I 20, #— P 1HE D
I EERFFIEE R

A = 1.77332720, 4, = 0.03009852,

Ay = 0.02325786,4, = 0.00000333.
A LLE AR A S A AR R AR R UL, A5 FI 2,
RIZEBE R AL BD Ay > Ay 38 4.2 3R h 04T, ik %
FEMERIRIB K R [ = 30, (R EFE" $ L8
KRG BIRK TR/ (4 2R BB R B TR B AT 7T B
WORHE B R R/ BT XS EE, [
AT 53CHER[3] 15 A9 2 BB RS AT bR, X B AR
XHEH((2),(4) F(14)) 43345 H 3 Br A 2 B
IRERL M, T M,

[ M Mo:x,(k+1)=A,;x,;+Bw(k),

yi(k) = Cixy + v(k), (23)
i=1,2.
Hrp
T—1.0835  0.8998 0.5215
A, = | -0.1296 - 0.4246 0.5075},
L 0.0875 - 0.419 0.6292
o 0.9942
B, =|- 0.0868}
L 0.0637
C,, = [0.9942 —0.0868 0.0637],
[_ 1.0835  0.8998
A2 =1 0196 _0.4246)"
0.9942
B, - ],C,z - [0.9942 - 0.0868].
~ 0.0868

FERMERL M, F1 M, RS S 5181 - 0.7802,
- 0.5829,0.48411}, 1 0.7541 + 0.0902i, - 0.7541 —
0.0902i} BARERLER B A D(- 0.15,0.6501), (A1
M M, BREOETRER . X5 4.1 a2
—H.

i MATLAB #1707 B . B ek AR 2
MR M, 50ER[3) Pam U RE BT 2 s Rl
M, BEFTECES. B 1 RN 2 0 B R B AR R M0, M,
HIFHAL ) Bode B (&% fif 25 g Nyquist SRR L F
WELHI S ARSFE) . BR M, 5 M, HIIESR AR
PR HETE D AR R B 5 IR R Y & R K30
A BTE S B M, SFEERULF-528—3, 10 M,
SRR A Z WA, BT LS T i SR RE AL e R,
M, B b M, BE 20 SR AR RY Gt 5 7E F ST i S
REIR D, M1 D, EARBABL). B . F AR,

M F3HE%s, P OAHRAL.

20 ‘
— iR
S 1O - pmay
= ot
T A ‘
102 107 10'
0
~ A4S} — it
= -90; o R AT
Q
~135}
-180 ‘ .
1072 107 10° 10}
F/(rad-s-")
B BEEERE M, 5FEEENR Bode B
Fig. 1 Bode plots of the reduced-order model M,
and the original model
20 : e —
— PR
@ 0] - BEprRON
S ]
T} A "
1072 107! 10° 10'
0 =R I Tl
_45F — I A ==
_ -
~ o0} S Rl
Q
~135¢
~180L RPTUTE— i .
102 107 10° 10

F/(rad-s1)

B2 MBEHER M, SFEER Bode B
Fig. 2 Bode plots of the reduced-order model M,
and the original model
HESEE RHAMREMA w(k)(k = 1,2,
-+, K) WAL . Bk BB B R 0 IR 22 Fe Al
D. = g 2~y (D).
Hep o« 2518 my,my,ry B ory IFELRS5 N
(K = 200)
D, = 0.6869, D,, = 0.3622,
D,; = 0.0025, D, = 0.0188.
Bl 3 B o3 3 R & RE BT A RU I iR B 1R 25 . y (k) —
Yt CE) ¥ (k) = yma(k) (k) = 5, (k) F1 y(k) -
yo(k). WTEHERTLUE S, R SCHk[3]18 H R
I EUAR B , B A SO 845 BT B R 3 T & i
T SR A A 11 O ] 1R 2 RS
TR, MBENL R 5 — Bk % I 54
ST L HE S AR AHIE BT, X LTS AR A (2
QD)3 TR » (k) T, BARSCER[3 1T 4
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5 N H 2%

Bl o A5 % CHAB R —B0 {8 i F 30k 3]
FEHMESS o(k) £X, BXBERERZHER
Bode [ . fi tH i i 13 22 (18] 3) AL ELR Z2 45 4 #6
A& v(k) T, B SCHRR 3 AU IT 255 S BT
AR /MR BRI IR TR (20) A1 (21) L
EA A .

—_ 5 T T T T T T T T
£
R e e e TN N T
A 5 A P . . A . . .

0 20 40 60 80 100 120 140 160 180 200
o~ 2 T T o T T T M M T
NI
|
N " . \ s i L L L N

0 20 40 60 80 100 120 140 160 180 200
- 0l ——— ——r
D0
>~ —01 1 \ N . . . . .

0 20 40 60 80 100 120 140 160 180 200
w 05 ———
T 0 et A
A 05

0 20 40 60 80 100 120 140 160 180 200
k
B3 MR RE
Fig. 3 Output errors of reduced-order models
6 £53RiE (Conclusion)

ASCE AT B R EBENL R G, 40T TRE -
ERIRE BRRILH T T RERSERL RS
B B CEE) {5 BB & . A2 BRI FEBY AY Kullback-
Leibler {5 B HEN B R & , A SCAS HE — FhoBT OB RURE
Uric BT E—HTREERNR/NFHFEER
KB, IS TRMERIN RS bR,
UERGABLLRRER, BiZ B A RER R
R BT RRE # . 5 H AR R By 5 24 b (a0 Sk
(3,4,8,10]) , AT MM s R AT HER
R 207 5 A R A AL B R B/ R i
RE.
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