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Note on free endpoint stochastic optimal regulator
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Abstract: This paper discusses the relation between the infinite horizon free endpoint regulator of stochastic systems
and the solution of the corresponding generalized algebraic Riccati equation. It is shown that an infinite hotizon optimal
regulator with free endpoint corresponds to a minimal nonnegative solution of the generalized algebraic Riccati equation.
Moreover, the kernel space of this minimal solution equals to the exact unobservable subspace of the stochastic systems.
In addition, an error in earlier literature in proving the existence of a maximal solution of the generalized algebraic
Riccati equation is pointed out and analyzed.
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1 5] E (Introduction )
FAEE B BOE LR R (LQ) &
ERIEESE D T ARZEENXE, CARh R
RS RIS —. WXk [1~6,8,9]. FeH12
KT Io RERIFEN LQ AL LB TIFE 5t
ARHEBAARERN IR, B50 475 5 eh 5P i
HFIRE FHAR S E T A€ FH, FEYL Ito REM
LQ L E 2™ X — EMEREIIRT K
B EETR, J7E B0 4 Rk 2= 5 AR B N H A g
Trop MR, SCHR( 2 | X O RR IS [B1AS 22 FE AL LQ Jffi =
i ) R R FEAH B B ) A HK Riceati 7% (GARE)
AIBRMR 2 B B OC R EAT T WA RIS, SCER(3 ]
#t— M T GARE BB K B— 1M IR &
SCRRATTRARYE 3 R S AR SRR B e UF

W B - 2004 - 07 - 285 4Bk # H B 2005 - 06 - 24.

Ak (e . T2 i A B B A FE AL LQ B A 5 8%
BB, °HE T RIS AL a1 88 A9 2= S LA B 5 00 g Y
GARE fZ MR, BIF T ML nE B 1 4
TER] AR AP Ay —Se gy (3R] B AR 4, A SCRR T
IBIENFEL LQ St hil (FH FES).
2XHEATIES:A>0(A=20):4 BIEXE
CRIER) MFRMERE; A mBSER A MEE;
Ker A: 77 A MR =3 [A].
2 o) ERIAR ( Problem statement)
FIET AR o #=H| RAE (B A& ¢ &8%)
{dx = (Ax + Bu)dt + (Cx + Du)dW, (D
x2(ty) = %5,% € R".
Hex(1) e R"ERGEHRE, u(t) e R™BIEHR
ALALB,C,DRE SR L FHIERE, W) B

HEWA: BR HABES BB E (60474013) 5 IIARF BT & ERF 58S B BIT H (2004BS01010) .
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NEM R 6 (Q,F,P) E AP ifE— 4 Wiener 1
TR0 F, B WA ARIEDR BT F, = o(W(s):
0<s=<t). BriETohRAsAIFEDL LQ Bt o] A
AR (1) TR T FRR G kb5

V(ty,®) = Ef“(x'ox +u'R)d,  (2)

Hp Q= 0,R > 0 4 HIFR AR F A HIAUA
T HERMEGH RELERENAXEXTE
BEPLRGEINT -

EX 1 EARFKM (1) THRAER

V (ty,0) = inf EF(x'Q“
0

we UGN iudim E | x(z) |2=0] [
t—x

u'Ru)dt (3)
M2 AFREB R AR EAREHE ()T
(! &=t

Vi (tg,0) = inf V(ty, 0 ,u(+)) =
we iy

inf E|” (x'Qx + u'Ru)dt (4)

uelZ i

Bz 0 B AR B0, 5w e U N
uslimE |x(1) | 7= 0F 8! e U 2(3) 5(4)
BRI RS u; 58wy AR 38 A — A
BAGIHL B U3 A% TF F, TEER AT
I BBEBLIL BT A S 4. BFSEBEHLIR O 98
B I — A ROE T L BFI T A1) GARE (1.5

FZ3wk (1, 2, 6])
PA + A'P + C'PC - (PB + C'PD)N"".
(B'P +D'PC) +Q =0, (5)

N=R+D'PD>0,0=0,R>0.

EX 2 PFRAE GARE(S)— M E KM, 10
RN FRG)MEBLMHRBEP,EP<P.P=0F
AHRR(S) B—B/NERE, RXFAAH P
=0,FP<P

AT REBPT, RITEFTETIE L.

EX 3" 24 (1)8 (4,B;C,D) HRHAR:
RERR Y, WARAFTEE ¥ FURTE M v = Ka fEHIIR R
4,

dx = (A + BK)xdt + (C + DK)xdW
REITRRER. X8 KR — N8 U R .
X A T HH T R BN R
{dx = Axdt + CxdW,x(t,) = x,,
y = Qx.
MRS 2y e RPFRHRIETHABEMMY , B LR
0 T = 1o FEXT /9 YRI5 72 1 2

y(t!w) = O’a‘ 8, Vt € [O’T] .

WRER T FWERSI, AFERRARMAIPI G
RS [A,C| Q] FRAENEHREILAY.

KRR Py R SR BR R R IR A T i
—MEL 2L RE REAREE. X2
MpEHRAN T LEWE—NH. HREHBIE
B8 A REXR A PT GRS AR R "2 [ By —A>F23 ],
fRIEN No(A,C,Q) . BN X 5 28 I B A1 18 345 2% )
REFN B i R O I 5 2R A THI45

EE 1Y % (A,B;C,D) REERK, WX TF
LKL ER A, A

DV (t,») = x(’)PmaxxU;

2)P,,. & GARE(S) Wi K% ,P,, =0.

i 2 (A,B;C,D) AR/, X T
B B i T 48 B8, B

1) V) (ty,0) = xyPyxy;

2) u; (t) = - (R+D'P,D)™" -

(B'P, + D'P,C)x(t) .
b Py = 0 J& GARE (5) By

1M 2 HHTE (A,B;C,D) RERRBY K {F
T, GARE (5) EFIEE—NERMBHM— IR AR
KM SCHRIS 1 e BRER S FE ] LUE S, Py SR E
JERHN)T LMY Riccati JTRRAIIRFRME (T— ) .

P+PA+A'P+CPC-(PB+CPD)N"'-

(B'P+D'PC) +Q =0,

N=R+DPD>0,0=0,R>0,P(T) =0.
3  FE4i$(Main results)

— RV, Vi (15,0) # VS (5,0 ) TEBEIf
Vi (ty,0) BIE uf WA—EFHE, TRBE—1
e ARG B FRIFJEH(C =D =0) . (A,B;
C,D) RERRIETIRIL A (A,B) fER.

1 EE et RS

dx = (ax +u)dt, x(0) =x,#0.
I LRARGIERETEN. a=08f, EH 1, 2,

Vy(0,0) = V; (0, ) = inf :uzdt = 0;

u, (¢) =0,P,,. =P, =0.
B8 u” AFE, BRI AR REARREN.
HiKA R e = 1,15 1

Vl* (O!w) =2x(2)’u1*(t) :"'zx(l);
V;(0,0) =0,u (1) =0, P, =2,P, =0.
RiaEMa=-1,M4501
Vl*(o’w) = V;(wa) :09
u, =u =0,P, =P, =0.
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T HASIEE 2 i) Py S5FF 1 GARE (5) i)
w/ME R

EE3 3 (4,B;C,D) BAEfam N

1) 5 B h# om0 1 25 R AR X RL Y P, 2
GARE (5) #—&/NMEFRMR ;

ii) Ny(A,C,Q) = Ker P,.

iE % P =0R GARE (5) WiEE -1k
%R , D03 ok B AT A

ELT(x’Qx +u'Ru)dt = x\Px, - Ex'(T)Px(T) +

EJOT[ (x'Qx + u'Ru)dt + d(x' (1) P(2))] =

xgPxy — Ex'(T)Px(T) +

ELT(u +Kx)’(R + D'PD) (u + Kx)dt,
HhK=-(R+D'PD)"(BP+D'PC). 5T,
u =i = Kv, N\ ERXFTU153

EL‘“ (x'Qx + WR)dt = Py - limEx'(T)Px(T).

(6)

R(6)ERE u e Uy, BIEBINEREMEHE2,

0V, (t,o) = xPyxy <

Efo“’ (+'Ox + 2'RE) dt =

x)Px, - ;LrgEx'( T)Px(T) < x{Px,. (7)
T %, BUEEME, N ERT T80 < P, < PRI
P, B— " E/pERMR. 1) BRIE.

HE i), BEEBEAMEENETHRE
KerPo,H:xxo = §,EIUEH$¥E2 %ﬂ

0=V, (0,0) = E'Lw(x"()x* + u, Ruy )dt =

§'P¢ =0. (8)
Hopr ™ BxR B EE. MR (8) ATLAE HxHE
BT =084
u, (t,w) =0,y =Qx" =0,as VYt e [0,T].
(9)
()W € € Ny(A,C,Q),BF No(A,C,Q) D Ker
Py B2, MEBRAEERE € € No(4,C,0) 34
EEMES REAR R AT IR RS A LB
IR 1A
0 ¢EPE=V,(0,0) <V(0,0) |u=0 =0.
(10)
L(10) ML ¢ e Ker Py, [HI Ny (4,C,0Q) C Ker
P, G E VA LEFIE, BATH Ny(4,C,Q) = Ker P,.
i) 5k

M(6) FI(T7) FTLAEH
#it 1 imEx"(T) Pox(T) = 0, Hrh (1) £
TR RS
{dx = (A + BKy)xdt + (C + DK,)xdW ,
%(ty) = %5,% € R"
K&, K, =~ (R + D'P,D) ' (B'P, + D'P,C) .
#it 2 5 (A,B;C,D) ZEERAM, [4.C|Q]
AR, ] B h Ao B LT B T A
PERAT SR EE M. AL, AT A TR
Vi(ty,0) = V) (45,%),
iE HR[A,C| Q] EXETEEMM, BT N, (4,
C,Q) = {9} HEE2M3IFP, >0. FhCmk
[6)/EM2.2 M3.25 P, =P, >0, XHHE
12 AR AR
TEEUAE, X1 EH 1 BRFLE
R BRIEHFASR F5 0, sk ) de
1 ARTEES A AT AR A SR [ 2 ] i — A —
PRI R R, SCE[3 ] X 1 WG R8s
ST —NEBRAIERE. SCER[ 1 e E T H
— MR IR T P, J& GARE (5) fE K fg.
THEBRAFLE 47— T CHR[ 1] B UEBR 45 1R Z 7
7 X E BA .
BLE, SCER[ 1] (2.3) AP
lim P§ = P, (11)
BRSO EE T ESHRNTEER AN T
B2 XF—-AmEHERSE
dx = (x +u)dt, =x(0) =1
BRI I FE A7 R 5L

V;(0,0) = inf | u’ds,

ue UmJ0

*_ *
u, = u;.

V(0,0 ,8) = ir:jfwﬁ)w(azxz +u?)dt, & >0,
HEH 2 f13 AT LIEE
P,=0, Po=1+/T+e.

BRLmP; =2 #P, =0. BRAX (1) RN,

BARSCER L1 1IER (11) Ry A9 3E B o Bt B 4R

A, XMERFE A TR m AR BIXE T R

2SR, AR R R, S HTA B > 0, A F]

LJ#/ZEIJ ul € U::i aﬁ

V; (1,0 )< Ej: (% Qx, +u/Ru,)dt < V' (1,,00)+ —;—ﬁ.
(12)

BRTHEARIE x, FI7 /51, AT X TR B A/
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w5 M OH HE2B %

138 oM =
e >0, FRHFABERBL
o[ wimdr < ;—/3. (13)
WA T ErHlF.

B3 XT RN RE dv = ude,x(0) =1
B HARNL TR AT R AL

V;(0,0) = inf | u?dt =0,

uelizyto

EZBEHIHEMB > 0,8 LBy, =e™,n (i

1
"B
R (12) BL, ERAR GBS ["2ix dt =
FrAz (13) RRAL.

3 453 iE(Concluding remarks )

FERATA B By LR T 8% LA K AH R
GARE (5) fjff 2 BI8 X R AT 708, 3F 74 2
BT CERD L R E T8 1 B IERI 4R IR, B LAl
BET WS LW IR. GARE (5) ME K#E
P, MHER B/ DE P, HIEFHFWMEE, HFBS RS
A5 RIRREERBE ML R RE Y, ¥ — 5 W%
7.
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