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Abstract: Empirical study shows that most of complex networks are scale-free, and the node degrees of which obey
the power-law distribution with the absolute value of the corresponding power exponent (known as degree distribution ex-
ponent) lying between 2 and 3. However, there is no research result on why the degree distribution exponent lies between 2
and 3 so far. The authors prove that the degree distribution exponent is greater than 2 and thus partially solve the problem
mentioned above. First, the degree-rank exponent is introduced, the relation between the degree-rank exponent and the
degree distribution exponent is also given. Through the characterization on the relation between the degree-rank exponent
and the network structural entropy, functional dependent relations among the degree-rank exponent, the network structural
entropy and the number of nodes of the network are then obtained and the result that the degree-rank exponent approaches
one is proved. Finally, simulation results are given to illustrate the theoretical result.
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tropy

©©©ÙÙÙ???ÒÒÒµµµ1000−8152(2006)04−0503−05

1 ÚÚÚóóó(Introduction)
g,.¥�3X�þ�E,�ä, X���

(WWW)!ÏA�!>å�!�Æ[Ü��!ÆâØ
©Ú©�±9>K²(Ü��ä��. ù
�ä
5�
�, (:'XE,, (:m'X�(�5
êâJ±¼�. 3Erdos, Renyi�<Ú\�Åãn
Ø�, ïÄ<
��òù
�ä���Åã?1
ïÄ. 3�ÅãnØ¥, �ä¥(:�Ý©ÙÑl
Poisson©Ù[1].
�XO�ÅEâ!êâ?nEâ±9O�Å

�ä�uÐ, ïÄ<
�±¼��«E,�ä�
(�5êâ. Barabasi, Faloutsos�<3éWWW,
Internet�E,�ä?1
¿©�¢yïÄ��

uy[2∼4], ù
�ä¥(:�Ý©Ù¿Ø´Ñ
lPoisson©Ù, 
´Ñl�Æ©Ù, =ù
�ä
´ÃIÝ(scale-free)�ä. ?�ÚïÄuy, Ø=
=WWWÚInternet�ÃIÝ�ä, g,.�õêE
,�ä¥(:�Ý©ÙÑÑl�Æ,=g,.�õ
êE,�äÑ´ÃIÝ�ä[2,4].
ïÄ(J�L²,Ø=E,�ä¥�(:�Ý©

ÙÑl�Æ,�ä¥��3NõÙ¦/ª��Æ[3],
X(:é�m�Hopê[2]!Internet�ë�Ç[5,6]��.
�
Qã�B, 3d0��eFaloutsos�<Ú\�
Ý��ê�Vg[3]. Faloutsos�<uy,òE,�ä
¥�(:UìÙÝ���üS��, (:�Ýdi�

ÙSÒi�m�¼ê'X÷v�Æµdi ∝ i−α,

ÂvFÏ: 2004−10−26;Â?UvFÏµ2005−10−09.



504 � � n Ø � A ^ 1 23ò

i = 1, 2, · · · , N , Ù¥α > 0¡��ä�Ý��ê,
N��ä¥�(:oê(=�ä�5�). ¢yïÄ
uy, 3g,.��õêE,�ä¥, (:�Ý©
Ù¤Ñl��Æ���ê�ýé�β u2Ú3�
m[2,4], 
Ý��êα���ê�ýé�β�m÷v

'Xα =
1

β − 1
(ë�©z[7]). Ïd,Ý��êAT

 u0.5Ú1�m.
Barabasi, Albert�<?�ÚïÄ
E,�ä�

üzL§, JÑ
Í¶�BA�äüz�.[8]. T�
.b½,�ä¥�Ð�3m0�(:,� i)zLü �
m,�äO\��#(:±9d#(:Ú��ä¥
®k(:�m(m < m0)^>¶ii)#(:��ä¥
�k(:�mÚ\�^#>�VÇ�'u�k(:

®²Pk�ë�>ê(ë� Ð).�âBA�.¤ü
zÑ��ä´ÃIÝ�ä, �Ù(:�Ý©Ù��
�ê�ýé�β�3.
g,.¥�õêE,�ä�Ý��êþ 

u0.5Ú1�mù�¯¢`², E,�ä  ´Uì
,«|¤�K(organizing principle)?1üz�, ù
«|¤�K�½
Ý��ê�Cz��,l
�½

E,�ä�ÿÀ(�,¦�E,�äØ=«Ou
�Å�ä,
��«Ou��¿Âe�ÃIÝ�ä.
,
, �8��, ÿ���ïÄ<
éd?1ïÄ.
�©�ö3©z[9]¥$^¤JÑ�E,�äáÚ
ÇVg,y²
Ý��ê�.�ªu1. �©|^�
ä(��Vg[10],l�ýÚnØïÄü��¡�Ñ

Ý��ê��ä(��[10]�m�S3éX,JÑ

Ý��ê��.�Vg,¿�éØÓ5��ÃI
Ý�äO�Ñ
�A�Ý��ê��.�,���
Ñ
�ä5�ªuÃ¡��Ý��ê��.��1.
ù�(Ø?�Úy²
�õêE,�ä�Ý��ê

����.�ªu1�¢y¯¢,l
Ü©/£�

þã¯K.

2 ÝÝÝ������êêê������äää(((���������mmm���'''

XXX(Relation between degree-rank exponent
and network structural entropy)
�!�éÃIÝ�ä½Â�ä(��,¿ïÄ�

ä(���ÃIÝ�ä¥�Ý��ê�'X.
b�G = (V, E)�ÃIÝ�ä¤éA�ã, Ù

¥(:8�V = (v1, v2, · · · , vN), (:�Ý½Â�
�T(:�ë�>�ê8. b½(:¤éA�Ý
�D =(d1, d2,· · ·, dN). Ø�b½d1 >d2 > · · ·>dN .
du�©ïÄ�´ÃIÝ�ä,��3α>0¦�[3]

di = Ci−α, i = 1, 2, · · · , N. (1)

ùp�ëêα > 0¡�T�ä�Ý��ê.
½Â(:vi�Ý�VÇ©Ù�

pi = di/
N∑

j=1

dj , i = 1, 2, · · · , N. (2)

Barabasi, Albert�<¤JÑ�BA�äüz�.[8]�

´|^þãVÇ©Ù5Ú?“ë� Ð”�Vg. �
âBarabasi, Albert�<�(Ø,þãVÇ©Ù¢Sþ
�x
XÚ¥#O\�(:XÛë��XÚ¥®k

(:� Ð�¹. �âþãVÇ©Ù,½Â�ä(�
�Xeµ

E = −
N∑

i=1

pi ln pi. (3)

�ä(����,`²ª(2)�VÇ©Ù�þ!, Ï

�ä¥#O(:�XÚ¥¤k�(:�ë���

U5Ä�þ�, �äò�X��(:�Ý�ªu�
����uÐ.��,�ä(����, `²VÇ©
Ùª(2)¥�k�ê(:k���VÇ,Ù{VÇÑ
��, Ï
�ä¥#O(:ò±���VÇë��
�ä¥�ê(:,�äò�X(/(����uÐ.
e¡5�	�ä(���Ý��ê�m�'X.

dª(1)(2)Ú(3),k

E(α, N) =
α

N∑
i=1

i−α ln i

N∑
i=1

i−α

+ ln
N∑

i=1

i−α. (4)

dª(4)�, �ä(���6u�ä�5�N±9�

ä�Ý��êα.
e¡�\ïÄª(4)¥�¼ê'X±�«�ä(

����ä�5�N±9�ä�Ý��êα�S3

éX.
�éN=10, 000, 50, 000, 100, 000, 200, 000,

400, 000, 800, 000, 3α ∈ [0, 5] ���S£±
ÑE(α, N)�­�Xã1¤«. ã1¥�6^­�le
�þ�géAN=10,000, 50,000, 100,000, 200,000,
400,000, 800,000��ä(��–Ý��ê­�.�w
�,�ä(��´Ý��ê�4~­�.ù�:�Ô
n¿Âé²wµÝ��ê��,`²�ä¥õê(
:þë���5����ê(:þ, �äC��5
�kS,Ï
�ä(��7½~�¶�Ý��êª
u0�,�ä¥(:�(:�më�'X��É�5
�Ø²w,�ä�ÃS5Or,Ï
�ä(��7½
O�.
,	, lã1��±w�, þã­�3²

Lα�1�1.5¥m,�:�, Ù]à5dþàC¤
eà. =þã­�3α�1�1.5¥m�3��$:,
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�Ý��ê�uT$:�, �ä(��eü�¯¶

�Ý��ê�uT$:�, �ä(��eüC�
²�.Ïd,T$:�¤
Ý��ê��.:. �

?�ÚïÄÝ��ê��.:�5�, �©�éØ
Ó��ä5�N ,£±Ñ�ä(��–Ý��ê­�
'uα����ê�ã/Xã2¤«. ´�, z^­
��$:�½´T­�����ê�":, ­�²
L$:�]à5u)Cz.

ã 1 N = 10, 000, 50, 000, 100, 000, 200, 000, 400, 000,
800,000�,�ä(��–Ý��ê­�

Fig. 1 Network structural entropy vs.degree-rank
exponent, N = 10, 000, 50, 000, 100, 000,

200, 000, 400, 000, 800, 000

ã 2 N=10,000, 50,000, 100,000, 200,000, 400,000,
800,000�,�ä(������ê­�

Fig. 2 Second derivative of network structural entropy,
N=10,000, 50,000, 100,000, 200,000,400,000,
800,000

ã2¥, �X�ä5�N�O�, �ä(���
���ê­�Åì�lî¶. lã1�±w�,�ä
(��–Ý��ê­��$:´�3�, ¿��X
�ä5�N�O�,$:�1�C.¯¢þ,�±O�
Ñ�AN=10,000, 50,000, 100,000, 200,000, 400,000,
800,000��$:�1.0918, 1.0694, 1.0622, 1.0560,
1.0508, 1.0462. ù�:, l¼ê'Xª(4)��±¼
�. �âª(4),�α > 1�,�ä(��E(α, N)3N

→ ∞��4�´k��¢ê¶�α < 1�, �ä(
��E(α, N)3N → ∞��4�´Ã¡�.'u3
�ä5�N →∞�Ý��ê��.:¯K,�©�
ö3ïÄÃIÝ�ä�,��­�ëêáÚÇ��

�9�,¿�����©�Ó�(Ø[9].

3 nnnØØØïïïÄÄÄ(Theoretical study)
�!òlêÆþy²þ!�eZ(Ø.Äky²

��9ÏÚn.
ÚÚÚnnn 1 �α > 0, m��K�ê, K4

� lim
N→+∞

(
N∑

i=1

i−α(ln i)m −
w N

1
x−α(lnx)mdx)�3.

yyy �ZN =
N∑

i=1

i−α(ln i)m−
w N

1
x−α(lnx)mdx.

�©òy²�3��êN0, ¦��N > N0�,
{ZN}´��üN4~�k.S�,l
4��3.
�âÈ©¥�½n,�±��

ZN+1 − ZN =

(N + 1)−α(ln(N + 1))m −
w N+1

N
x−α(lnx)mdx =

(N + 1)−α(ln(N + 1))m − ρ−α(ln ρ)m.

Ù¥

N < ρ < N + 1. (5)

-g(x) = x−α(lnx)m,K

g′(x) = −αx−α−1(lnx)m + mx−α−1(lnx)m−1 =

−x−α−1(lnx)m−1(α lnx−m). (6)

N´wÑ, �3��êN0, ¦��x > N0�, g′(x)
< 0, l
g(x)üN4~, u´éuN0 < N < ρ <

N + 1,��g(N + 1)− g(ρ) < 0.
�âª(5), ZN+1 < ZN . =�N > N0�, {ZN}

üN4~.
yy²{ZN}´��k.S�. ¯¢þ, du

�N > N0�, {ZN}üN4~, ��y²{ZN}ke
�=�.
�N > N0 + 2�,

ZN =
N∑

i=1

i−α(ln i)m −
w N

1
x−α(lnx)mdx =

N∑
i=1

i−α(ln i)m −
N−1∑
i=1

w i+1

i
x−α(lnx)mdx =

N−α(lnN)m+
N−1∑
i=1

(i−α(ln i)m−
w i+1

i
x−α(lnx)mdx)=

N−α(lnN)m+
N−1∑
i=1

(i−α(ln i)m−ρ−α
i (ln ρi)m) =

N−α(lnN)m +
N0∑
i=1

(i−α(ln i)m − ρ−α
i (ln ρi)m) +

N−1∑
i=N0+1

(i−α(ln i)m − ρ−α
i (ln ρi)m). (7)

Ù¥i < ρi < i + 1.
dug(x) = x−α(lnx)m�x > N0�üN4~,
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�±wÑ,ª(7)¥�����Úª�u0,u´�â
ª(7),�N > N0 + 2�,

ZN >
N0∑
i=1

(i−α(ln i)m − ρ−α
i (ln ρi)m), (8)

={ZN}�3e�.
o�, �3��êN0, ¦��N > N0�, {ZN}

´��üN4~�k.S�,l
4��3.
y..
�âª(4), �±¦��ä(��'uÝ��

êα����ê�

E′(α, N) =

−
α(

N∑
i=1

i−α(ln i)2
N∑

j=1

j−α − (
N∑

i=1

i−α ln i)2)

(
N∑

i=1

i−α)2
. (9)

y²e�½n1.
½½½nnn 1 'uE′(α, N),ke�(Ø:
1)�α > 0�, E′(α, N) < 0;
2)�0 6 α < 1�,

lim
N→+∞

E′(α, N) = − α

(1− α)2
;

3)�α = 1�, lim
N→+∞

E′(α, N) = −∞;

4)�α > 0�,4� lim
N→+∞

E′(α, N)�3;

5) lim
α→+∞

E′(α, N) = 0.

(Ø1)�y²:
�âª(9),k

E′(α, N) =

−
α(

N∑
i,j=1

i−αj−α(ln i)2 −
N∑

i,j=1

i−αj−α ln i ln j)

(
N∑

i=1

i−α)2
=

−
α(

N∑
i,j=1

(ij)−α ln i(ln i− ln j))

(
N∑

i=1

i−α)2
=

−α(
∑
i<j

(ij)−α ln i(ln i− ln j) +

∑
i>j

(ij)−α ln i(ln i− ln j))/(
N∑

i=1

i−α)2. (10)

3ª(10)©f�1��Úª¥,��CþiÚj���

E′(α, N) =

−α(
∑
i<j

(ij)−α ln i(ln i− ln j)−

∑
i<j

(ij)−α ln j(ln i− ln j))/(
N∑

i=1

i−α)2 =

(−α
∑
i<j

(ij)−α(ln i− ln j)2)/(
N∑

i=1

i−α)2 < 0.

(11)

(Ø1)�y.
(Ø2)�y²:
-

UN =
N∑

i=1

i−α −
w N

1
x−αdx, (12)

VN =
N∑

i=1

i−α ln i−
w N

1
x−α lnxdx, (13)

WN =
N∑

i=1

i−α(ln i)2 −
w N

1
x−α(lnx)2dx. (14)

�âÚn1, UN , VNÚWN�N → +∞��4�
�3,AO/,ù3�S�´k��. ,��¡,

w N

1
x−αdx =

N 1−α

1− α
− 1

1− α
, (15)

∑
i<j

(ij)−α ln j(ln i− ln j))/(
N∑

i=1

i−α)2 =

w N

1
x−α lnxdx =

N 1−α

1− α
lnN − N 1−α

(1− α)2
+

1
(1− α)2

, (16)

w N

1
x−α(lnx)2dx =

N 1−α

1− α
(lnN)2 − 2N 1−α

(1− α)2
lnN +

2N 1−α

(1− α)3
− 2

(1− α)3
. (17)

-

ŪN =
N∑

i=1

i−α − N 1−α

1− α
, (18)

V̄N =
N∑

i=1

i−α ln i
N 1−α

1− α
lnN +

N 1−α

(1− α)2
,

(19)

W̄N =
N∑

i=1

i−α(ln i)2 − N 1−α

1− α
(lnN)2 +

2N 1−α

(1− α)2
lnN − 2N 1−α

(1− α)3
. (20)

�âª(12)∼(20)±9UN , VNÚWN�k.5,�
�ŪN , V̄NÚW̄N´k�S�. òª(18)(19)9(20)�
\ª(9)��

E′(α, N) = − α(∆1 −∆2)

(ŪN +
N 1−α

1− α
)2

. (21)
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Ù¥

∆1 =
N∑

i=1

i−α(ln i)2
N∑

i=1

i−α =

(W̄N +
N 1−α

1− α
(lnN)2 − 2N 1−α

(1− α)2
lnN +

2N 1−α

(1− α)3
)(ŪN +

N 1−α

1− α
) =

N 2(1−α)(lnN)2

(1− α)2
− 2N 2(1−α) lnN

(1− α)3
+

2N 2(1−α)

(1− α)4
+ O(N 1−α(lnN)2), (22)

∆2 = (
N∑

i=1

i−α ln i)2 =

N 2(1−α)(lnN)2

(1− α)2
− 2N 2(1−α) lnN

(1− α)3
+

N 2(1−α)

(1− α)4
+ O(N 1−α lnN). (23)

�âª(21)(22)9(23),��

E′(α, N) =

−
α

N 2(1−α)

(1−α)4
+O(N 1−α(lnN)2)

N 2(1−α)

(1−α)2
+O(N 1−α)

→− α

(1−α)2
. (24)

(Ø2)�y.
(Ø3)�y²:
-

UN =
N∑

i=1

i−1 −
w N

1
x−1dx, (25)

VN =
N∑

i=1

i−1 ln i−
w N

1
x−1 lnxdx, (26)

WN =
N∑

i=1

i−1(ln i)2 −
w N

1
x−1(lnx)2dx. (27)

�âÚn1, UN , VNÚWN�N → +∞��4�
�3,AO/,ù3�S�´k��. ,��¡,w N

1
x−1dx = ln N, (28)

w N

1
x−1 lnxdx =

(lnN)2

2
, (29)

w N

1
x−1(lnx)2dx =

(lnN)3

3
. (30)

òª(25)∼(30)�\ª(9)��

E′(α, N)|α=1 =

−
(WN +

(lnN)3

3
)(UN +lnN)−(VN +

(lnN)2

2
)2

(UN + lnN)2
=

(31)

−
(lnN)4

12
+ O((lnN)3)

(UN + lnN)2
→ −∞. (32)

=½n1¥�(Ø(3)�y.
(Ø4)�y²´²w�.
(Ø5)�y²´²w�.
�αN�E′(α, N)����:(���:��3

5�±d½n1�(Ø1)Ú(Ø5)í�), KαN7½

´�ä(��E(α, N)�$:,¡�Ý��êα��

.:. 3þ!®²ßÿÑαN → 1,e¡�Ñî��
êÆy².
½½½nnn 2 Ý��êα��.:÷v: lim

N→+∞
αN=1.

yyy duαN�E′(α, N)����:, �AO/
kE′(αN , N) 6 E′(1, N). duE′(1, N) → −∞(½
n1�(Ø3)), ��E′(αN , N) → −∞. 2|^½
n1�(Ø2)!(Ø4)Ú(Ø5),k lim

N→+∞
αN = 1.

y..
4 (((ØØØ(Conclusion)
�©ÏL�ýÚnØïÄü��¡éuÝ��

ê��ä(���m�'X�
�\�ïÄ,uy

e�(Jµ

1)�ä(��´Ý��êÚ�ä5��¼ê,�
XÝ��ê�O\
üN4~¶

2)ÃIÝ�ä¥�Ý��ê�3���6u�
ä5�N��.�αN ,�Ý��ê�uαN�,�ä
(���~��Ý�XÝ��ê�O\
O\, �
Ý��ê�uαN�,�ä(���~��Ý�XÝ
��ê�O\
~�¶

3) ��ä¥�(:oêNÃ�O\�, �.
�αN → 1.
�©�(J��©�ö3©z[9]¥¤¼��(

J, y²
E,�ä�Ý��êα��.�ªu1.
�uÝ��êα�,��.��0.5�¯K, k�u
?�ÚïÄ.
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