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Performance analysis of policy of heuristic for the stochastic flexible
flow shop weighted completion time scheduling problem
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Abstract: Due to the large size of scheduling problem in reality, it is more difficult, sometimes impossible, to analyze
the absolute performance ratio of its approximation algorithm. It is thus necessary to study the asymptotical performance
ratio of approximation algorithm for scheduling problem. By using single machine relaxation and probabilistic analysis,
this paper proves that the policy of heuristic based on weighted shortest expected processing requirement is asymptotically
optimal for the stochastic flexible flow shop weighted completion time scheduling problem.
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1 ¯̄̄KKK£££ããã(Problem description)
3ð�?nÅ¥%��ÅR5Flow shop\�

�¤�mNÝ¯K(P�FFSP)¥, k�n����

8J ={1, 2, · · · , n}I��g\ó?n3�½�s�

?nÅ¥%þ,?nÅ¥%idli�ð�?nÅMi =
{mi,1,mi,2, · · · ,mi,li} |¤, Åìmi,l��Ý�si,l.
Ø���5, b½si,1 > si,2 > · · · > si,li > 0.�
�j(j ∈ J) ds�óSoj,1, oj,2, · · · , oj,s|¤, z�
óSd�A?nÅ¥%�?��Åì?1\ó,ó
Soj,i�?n�mI¦pj,i����Å?n�mI

¦,����wj ,�����m�Ó.�����
wjÚ��?n�mI¦�Ï"E[pj,i], ¢S�
�óS?n�mI¦pj,i����óS�¤�â�

�. z����g=U\ó?n3,�?nÅ¥%

���Åìþ,¿�7LU?nÅ¥%1�?nÅ¥
%s�^S�g?1\ó?n. ?nÅ¥%�?�
ÅìU?n?Û����AóS,�z�Åì�g
�U\ó?n����.ü�ëY�?nÅ¥%�
mkÃ¡����;ü�. �`NÝövk¢S�
?n�mI¦�£,¿���\ó?nL§¥Ø#
NUC��©�. ¯K�8�´(½���1��
NÝüÑ,±¦¤k��3����?nÅ¥%�
\��¤�mÏ"ÚE[

∑
wjCj]��, ùpCjL«

��j��¤�m. �P�T¯K, E[Z∗]�§��`
Ï"8I�, E[ZH]�éuªüÑH¤�)�Ï"8
I�.
w,,ù«¯K´rNP-J¯K[1,2]. Ø©e¡Ä

k0��'ïÄó�,,��ÑéuªüÑ,¿y²

ÂvFÏ: 2004−12−16;Â?UvFÏ: 2005−09−22.
Ä7�8: S �g,�ÆÄ7]Ï�8 (050460404);¥I�ÆEâ�ÆïÄ)M#Ä7]Ï�8(KD2004056).
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TéuªüÑ´ìC�`�.

2 ���'''ïïïÄÄÄ(Related work)
Rothkopf[3]y²
éuªüÑWSEPT ( \�

�áÏ"?n�m`k ) ´�Å¯K1|pj ∼
stoch|E[

∑
ωjCj]��`üÑ. Chou[4]y²
�Å¯

K1|pj ∼ stoch, rj|E[
∑

ωjCj]�éuªWSEPTA(k
���\��áÏ"?n�m`k)´ìC�`
�. Mohring, Schulz and Uetz[5]ÄuLP�{©Ûy
²
�Å¯KP |pj ∼ stoch|E[

∑
ωjCj]�éuªü

ÑWSEPT´ìC�`�. éu�ÅFlow shop¯
KFm|pj,i ∼ stoch, rj|E[

∑
ωjCj],3�½VÇb�

^�e, Liu[6]y²
ÄuWSEPT�éuªüÑ´ì
C�`�.

3 éééuuuªªªüüüÑÑÑ(Policy of heuristic)
Äk,�E���P'é��ÅüÅ¯K1|pj ∼

stoch|∑ωjCj , P�Pq. ùp: q÷vsq = min
16i6s

si,

si =
li∑

k=1

si,k, m = lq. Pq�EXe: k�n��

��8N = {1, 2, · · · , n}, ��j(j ∈ N)��
�P¥��j(j ∈ J)���Ó, ?n�mI¦
�P¥��j3?nÅ¥%q�?n�mI¦�Ó,
=pj = Pj,q.XJPq?n3�Ý�sq�üÅþ,K§
��`Ï"�P�E[Z∗

1 (Pq)]; XJPq?n3�Ý

�sq,1 > sq,2 > · · · > sq,lq�ð�²1Åþ,K§�
�`Ï"�P�E[Z∗

m(Pq)].
Ùg, �E����ÅR5Flow shopÅì�.

'é�AÏ�ÅFlow shopÅì�., P�FSP, §
ks�?nÅ¥%,?nÅ¥%id���Ý�si�Å

ì|¤. P3FSPþd�`üÑÚéuªüÑH¤�

)�Ï"�©OP�E[Z∗
FSP],E[ZH

FSP].
Pq¦^éuªüÑWSEPR(\��áÏ"

? n � m I ¦): U �  � Ï " ? n � m

I ¦ � 'ωj/E[pj]� � O S \ ó ? n � �.
�π�WSEPR¤�)���NÝS�(b½π =
1, 2, · · · , n); E[Zπ

1 (Pq)]�WSEPR3�Ý�sq�ü

Åþ¤�)�Ï"8I�.
éééuuuªªªüüüÑÑÑ H Uìπ3FFSP, FSPþ\ó?

nP , =3FFSP, FSPþ�¤k?nÅ¥%þ���
\óS��π�Ó.

4 ìììCCC��� `̀̀½½½nnn999ÙÙÙyyy²²²(Asymptotically
optimal theorem and its proof)
½½½nnn 1 ��Å¯KPk�n����8J =

{1, 2, · · · , n}, ��j(j ∈ J)3?nÅ¥%i(i =
1, 2, · · · , s)�?n�mI¦�pj,i, ����ωj .

b�:
1)����½Â3«m(0, 1]þ�ÅCþ;
2) z����?n�mI¦pj,i�½Â3«

m(0, 1]þ�Ó©Ù��ÅCþ,ØÓ���m�p
Õá. 3þãVÇb�e,éuªüÑH´ìC�`
�,=VÇ�1�k lim

n→∞
E[ZH]/n2 = lim

n→∞
E[Z∗]/n2.

3y²½n1�c,Äk�ÑA�Ún.
ÚÚÚnnn 1 3½n1�b�e, KE[Z∗

1 (Pq)] =
E[Z∗

1 (Pq)] 6 E[Z∗
m(Pq)].

yyy �ªw,¤á[3].
�π1�Pq3ð�²1Åþ��`��NÝS

�, K3ð�²1ÅþPqdπ1¤�)����¤

�m��~S�)#���NÝS�π2, ¿�3
�Ý�sq�üÅþPq�âπ2é��?1\ó. ´
yZπ2

1 (Pq) 6 Zπ1
m (Pq). dÏ"5��E[Zπ2

1 (Pq)] 6
E[Zπ1

m (Pq)],�

E[Z∗
1 (Pq)] 6 E[Zπ2

1 (Pq)] 6
E[Zπ1

m (Pq)] = E[Z∗
m(Pq)].

ÚÚÚnnn 2 3½n1�b�^�e, KVÇ�1�
k lim

n→∞
E[Zπ

1 (Pq)]/n2 = lim
n→∞

E[ZH
FSP]/n2.

yyy �Cπ,1
j �Pq¥��j3üÅþ��¤�m,

Cπ,1
j,s�P¥��j3FSPþ��¤�m,K

Cπ,1
j =

j∑
r=1

pr/sq,

Cπ,1
j,s = max

16t16t26···6ts=j
{

t1∑
r=1

pr,1/s1 +

t2∑
r=t1

pr,2/s2 + · · ·+
j∑

r=ts−1

pr,s/ss} =

Cπ,1
j + (2/sq)

∑
k∈[s],q

·

max
16l6j

|
l∑

r=1

(pr,k − pr,q)|+ (s− 1)/sq,

E[ZH
FSP] = E[

n∑
j=1

ωjC
π,1
j,s ] 6 E[Zπ

1 (Pq)] + (2n/sq) ·

E[
∑

k[s]\q
max
16l6n

|
l∑

r=1

(pr,k − pr,q)|] +

n(s− 1)/sq.

3½n1�b�^�e, Liu[6]y²VÇ�1�k

lim
n→∞

E[max
16l6n

|
l∑

r=1

(pr,k − pr,q)|]/n = 0,

k ∈ [s]\q, [s] = {1, 2, · · · , s}. (1)

q´y

E[Z∗
1 (Pq)] 6 E[Z∗

FSP] 6 E[ZH
FSP].
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2dÚn1,Ún2�y.
ÚÚÚnnn 3 XJb½Pqk�����mrj , rj =

O(n),�π3 = 1, 2, · · · , n�Pq����1NÝüÑ,
Cπ3,m

j , Cπ3,1
j ©O��âπ33ð�²1ÅÚüÅþ

��j��¤�m§K

Cπ3,m
j 6 Cπ3,1

j + 2/sq,lq − 1/sq. (2)

yyy �âπ3, �T������¤�m���

þ., [j] �p`k?�cj���, ¼êRπ3,m
[j] (t)�

3�mt��8[j]3ð�²1Åþ�{�?n�m
I¦, ¼êRπ3,1

[j] (t)�3�mt��8[j]3üÅþ�
{�?n�mI¦. �d�y{y²éu?¿�
mt ∈ [0, T ],ü��{?n�mI¦�¼ê÷v

Rπ3,m
[j] (t) 6 Rπ3,1

[j] (t) + lv − 1. (3)

3�mt = Cπ3,1
j − pj/sv�, [j − 1]¥�¤k

� � ® ² � �, � d ª(3), Rπ3,m
[j−1](t) 6

Rπ3,1
[j−1](t) + lv − 1 = lv−1. Ïddπ3, [j−1]¥��
3ð�²1Åþ��¤�mØ´ut + 1/sv,lv ,=3
ð�²1Åþ��j��¤�mØ�ut + 1/sv,lv +
pj/sv,lv .
�Cπ,m

j,i ÚCπ,1
j,i ©O�3FFSP,FSPþ�âH, P¥

��j3?nÅ¥%i��¤�m.
ÚÚÚnnn 4 3½n1�b�e, KCπ,m

j,i 6 Cπ,1
j,i +

(1/s1,l1 − 1/s1) +
i∑

k=2

(2/sk,lk − 1/sk).

yyy y²¥�½i = 2, ���¹Ó�¤á.
�Cπ,m,1

j,2 L«�âNÝπ, 311�?nÅ¥%dð
�²1Å?1?n,312�?nÅ¥%d�Ýs2�

üÅ?1?n��¹e,��j 312�?nÅ¥%
��¤�m. é��j�8B{�ye�Ø�ª¤

á: Cπ,m,1
j,2 6 Cπ,1

j,2 + 1/s1,l1 − 1/s1.2dÚn3Úþ
ãØ�ª,�

Cπ,m
j,2 6 Cπ,m,1

j,2 + 2/s2,l2 ,

1/s2 6 Cπ,1
j,2 + (1/s1,l1 − 1/s1)+
2∑

k=2

(2/sk,lk − 1/sk).

ÚÚÚnnn 5 3½n1�VÇb�e,K

lim
n→∞

E[ZH]/n2 = lim
n→∞

E[ZH
FSP]/n2.

yyy dÚn4�

Cπ,m
j,s 6 Cπ,1

j,s + (1/s1,l1 − 1/s1) +
s∑

k=2
(2/sk,lk − 1/sk),

�

E[ZH] = E[
n∑

j=1
ωjC

π,m
j,s ] 6

E[ZH
FSP] + n× s× max

16i6s
(2/si,li − 1/si),

¤±

lim
n→∞

E[ZH
FSP]

n2
= lim

n→∞
E[Z∗

1 (Pq)]
n2

=

lim
n→∞

E[Z∗
m(Pq)]
n2

6 lim
n→∞

E[Z∗]
n2

6

lim
n→∞

E[ZH]
n2

6 lim
n→∞

E[ZH
FSP]

n2
.

½n1y..
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