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an axially moving string system by Lyapunov method

ZHANG Wei1,2, CHEN Li-qun2,3

(1. College of Mechanical Engineering and Automation, Fuzhou University, Fuzhou Fujian 350002, China;
2. Shanghai Institute of Applied Mathematics and Mechanics, Shanghai 200072, China;

3. Department of Mechanics, Shanghai University, Shanghai 200436, China)

Abstract: Vibration control of an axially moving string system consisting of a controlled span coupled to a tensioner
is investigated in this paper. The axially moving string system is divided into two spans, i.e., a controlled span and an
uncontrolled span, by a tensioner located in the middle section of the string. The transverse vibration of the controlled
span of the string is controlled by the control force acting on the tensioner, and the constrained point is considered as the
right boundary of the controlled span. The Lyapunov method is then employed to design the controlled law for ensuring
the vibration reduction of the controlled span, and the exponential stability of the closed loop system under the boundary
control is also proved. Finally, results for the response of the controlled string under initial disturbance and excitations are
presented, and the effectiveness of the controller is demonstrated by simulations.
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g·A��Æ, ¿�Ñ
ìC½���^�.
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^uu�p��Ä���°�g

·A��ì.

�©¥,¶�$Äu��Ü;ì©�É�Ú��

üÜ©,Xã1¤«. ÏL�^3Ü;ìþ���å

éÉ�Ü©�î��Ä?1��.éuÜ;ì9É

�Ü©,��Ü©��Ä�Ù	Ü6Ä,�å:�É

�u��>.. 3©Û��Ü©î��Äk.5�

Ó�,æ^Lyapunov�{�O��ì,¿y²É�u

��Ä��ê½5. 3ê��ý¥, éXÚ3Ð

©6ÄÚ-yå�^e�î��Ä�ÌÄ��?1

ïÄ.

1 $$$ÄÄÄ���§§§(Equations of motion)
¶�$Äu�É�XÚ��.Xã1¤«. d

�.�)��u�Ú��Ü;ì. �©ÏL�^

3Ü;ìþ���å,��u�3�å:xa?��

ã(0 6 x 6 xa)u��î��Ä.�	Ü6Äåf(x,

t)�^3�å:xa�m�ã(xa 6 x 6 l)u�þ. d

Ü;ìòu�©¤üÜ©,=É�Ü©Ú��Ü©.

XJ=�ÄÉ�Ü©,KÜ;ìÄåÆ�§�É�

u��m>.^�.�Ä�Ý�l!ü �Ý�ρ!¶

�Üå�P ,±þ!$ÄÏL�å�l�ü��½�

��þ!u�î��Ä.

ã 1 �kÜ;ì�$Äu�

Fig. 1 Moving string with a tensioner

�{zXÚ�.,b�

1)�ÑXÚ���pm�{ZK�;

2)�Ñu��|�fÝ;

3)�ÑÜ;ì�Ü;Ó�éÙ�%�.5Ý.

3þãb�^�e,$^Hamilton�n�í�Ñ

u�ÚÜ;ì�ÄåÆ�§:

ρwtt(x, t) + 2ρcwxt(x, t)− P0wxx(x, t) +

cv(wt + cwx) = 0, 0 6 x 6 xa, t > 0, (1)

ρwtt(x, t) + 2ρcwxt(x, t− P0wxx(x, t) +

cv(wt + cwx) = f(x, t), xa 6 x 6 l, t > 0, (2)

Iθ̈(t)=P0(wx(x+
a , t) cos θ2−wx(x−a , t) cos θ1)b−

kθ(t)−me(t), t > 0. (3)

>.^�ÚÐ©^�©O�{
w(0, t) = 0, χ(t) = bθ(t), w(l, t) = 0,

w(x−a , t) = w(x+
a , t) = χ(t) sin ϕ,

(4)

{
w(x, 0) = u0(x), wt(x, 0) = v0(x),
θ(0) = α, θt(0) = β.

(5)

Ù¥: w(x, t)�u��î��Ä £, c�u��

p�$Ä�Ý, cv�u��Ê5{ZXê, P0 =
P − ρc2, IÚb©O�Ü;ì�k�.5ÝÚk��

Ý, θ�Ü;ì�éu²ï ��=�, me��^3

Ü;ìþ���åÝ, k�Û=��fÝ, θ1Úθ2©

O�Ü;ìüý�u�3²ï �x = xa?ÚÜ;

ìm�Y�, φ�Ü;ì�YR�m�Y�, χ�Ü

;ì3x = xa?� £. l�§(1)∼(4)��, u�

ÄåÆ�§(1)(2)ÚÜ;ì�ÄåÆ�§(3)ÏL>

.^�(4)�ÍÜ,/¤��ÍÜ�ÄXÚ.

2 ������uuu���îîî������ÄÄÄ���kkk...555(Bounded-
ness of the transverse vibration of the uncon-
trolled string)
3�O��5Æ�,ÄkïÄ��u��î��

Ä´Äk.. �Bu©Û,À^�C�ëê

u(x, t) = w(x, t)− x− l

xa − l
w(xa, t). (6)

dª(6)��, u(xa, t) = u(l, t)=0, ut(xa, t) =
ut(l, t) = 0. òª(6)�\ª(2),��

ρutt(x, t) + 2ρcuxt(x, t)− P0uxx(x, t) +

cv(ut + cux) = F (x, t). (7)

Ù¥

F (x, t) = f(x, t)− ρ(x− l)
xa − l

ẅ(xa, t)−
2ρcẇ(xa, t)

xa − l
− ccv

w(xa, t)
xa − l

−

cv

x− l

xa − l
ẇ(xa, t). (8)

3�����u�î��Ä £k.5©Û,±9

É�u��½5©Û¥,I¦^e¡�Ø�ª:

u2(x, t) 6 xa

w xa

0
u2

x(x, t), (9a)

u2(x, t) 6 (l − xa)
w l

xa

u2
x(x, t)dx, (9b)

w l

xa

u2(x, t)dx6 4(l−xa)2

π2

w l

xa

u2
x(x, t)dx, (9c)

ab 6 γ2a2 +
1
γ2

b2, a, b, γ ∈ R, γ 6= 0. (9d)
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3��u�î��Äk.5©Û¥, À�Xe
�Lyapunov¼ê

E+(t) = E+
1 (t) + E+

2 (t). (10)

Ù¥

E+
1 (t) =

1
2
ρ
w l

xa

u2
tdx +

1
2
P0

w l

xa

u2
xdx,

E+
2 (t) = β1ρ

w l

xa

uutdx. (11)

Ù¥β1 > 0���~ê, ¿���þ. 3ª(11)¥
�d~ê±(�E(t) > 0. òØ�ª(9c)(9d)�\
ª(11)¥,¿�γ = 1,��

∣∣E+
2 (t)

∣∣ 6 2β1ρ
max(1, 4(l − xa)2/π2)

min(ρ, P0)
E+

1 (t).

(12)
e�

β1 <
min(ρ, P0)

2ρ max(1, 4(l − xa)2/π2)
,

K

0 6 λ1E
+
1 (t) 6 E+(t) 6 λ2E

+
1 (t). (13)

Ù¥

λ1 = 1− 2β1ρ
max(1, 4(l − xa)2/π2)

min(ρ, P0)
> 0,

λ2 = 1 + 2β1ρ
max(1, 4(l − xa)2/π2)

min(ρ, P0)
> 1.(14)

òª(10)é�mt¦�:

Ė+(t) = Ė+
1 (t) + Ė+

2 (t). (15)

|^ª(7)(9a)∼(11),¿$^©ÜÈ©��

Ė+
1 (t) 6

−(cv − γ2
1 −

ccv

λ2
2

)
w l

xa

u2
tdx +

ccvγ
2
2

w l

xa

u2
xdx +

1
γ2

1

w l

xa

F 2dx, (16)

Ė+
2 (t) 6

β1(ρ +
2ρc

γ2
2

+
cv

γ2
4

)
w l

xa

u2
tdx− β1(P0 −

4(l − xa)2

π2
γ2

3 − 2ρcγ2
2 −

4cvγ
2
4(l − xa)2

π2
−

4ccv(l−xa)2

γ2
5π

2
−ccvγ

2
5)
w l

xa

u2
xdx+

β1

γ2
3

w l

xa

F 2dx.

(17)

òª(16)(17)�\ª(15),��

Ė+(t) 6

−A
w l

xa

u2
tdx−B

w l

xa

u2
xdx+(

1
γ2

1

+
β1

γ2
3

)
w l

xa

F 2dx6

−λ3E
+
1 (t) + ε. (18)

Ù¥



λ3 = min(
A

ρ
,

B

P0

) > 0,

A = cv − γ2
1 −

ccv

λ2
2

− β1(ρ +
2ρc

γ2
2

+
cv

γ2
4

),

ε = (
1
γ2

1

+
β1

γ2
3

)
w l

xa

F 2dx,

B = β1(P0 − 4(l − xa)2

π2
)γ2

3 − 2ρcγ2
2−

4cvγ
2
4(l − xa)2

π2
− 4ccv(l − xa)2

γ2
5π

2
−

ccvγ
2
5 −

ccvγ
2
2

β1

.

(19)

XJf(x, t) ∈ L∞, ∂nw(xa, t)
∂tn

∈ L∞,Ù¥n =

0,1,2,@o,éux ∈ [xa, l],Kw(x, t) ∈ L∞.
yyy �âdb�,KF (x, t) ∈ L∞[xa,l].
eÀ�T��β1, γ1, γ2, γ3, γ4, γ5, ¦A > 0,

B > 0¿�÷v

ε = (
1
γ2

1

+
β1

γ2
3

) sup
w l

xa

F 2dx < ∞,

Kdª(13)(18)��

E+(t) 6 E+(0)e−λt +
ε

λ
∈ L∞. (20)

Ù¥λ =
λ3

λ2

,dª(9b)(13)��

λ1P0u
2

l − xa

6 E+(0)e−λt +
ε

λ
∈ L∞. (21)

dª(21)��u ∈ L∞. �âª(6)��w ∈ L∞. Ïd,
e÷vþ¡�b�, K��u��î��Ä £´
k.�.

3 ������555ÆÆÆ���OOO(Design for the control law)
3�!¥, ò|^Lyapunov�{�OÉ�u�

���5Æ. 3�O���5Æ�^e, ¦É�u
��î��Ä £Âñ�". 3d�{¥, T�
�Lyapunov¼ê�À�Úk����5Æ��O´
�~��. Ï�É�u��î��Ä�6uÙ>
.=�Äì�ÄåÆ1�,�O���5ÆÚÉ�
u��ÍÜ,¤±3�å:xa?�î��Ä £�

AÂñ�".
�
�B��5Æ��O,À^Xe�9ÏCþ

ζ = wt(xa, t) + wx(x−a , t). (22)

dª(4),�Äì�ÄåÆ�§(3)z�

Iẅ(xa, t) =

P0b
2 sinϕ(wx(x+

a , t) cos θ2 − wx(x−a , t) cos θ1)−
kb sinϕθ(t)− b sinϕme(t). (23)
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òª(22)�\ª(23)��

Iζ̇(xa, t) = P0b
2 sinϕ(wx(x+

a , t) cos θ2 −
wx(x−a , t) cos θ1)− kw(xa, t)−
b sinϕme(t) + Iwxt(x−a , t). (24)

�

me(t) =
{
P0b

2 sinϕ
(
wx(x+

a , t) cos θ2−
wx(x−a , t) cos θ1

)− kw(xa, t) +

Iwxt(x−a , t) + kcζ
}

/b sinϕ, (25)

dª(24)(25)��

Iζt = −kcζ. (26)

XJ��åme(t)Xª(25)¤�, w(x, t) ∈ L∞[0,xa],r xa

0
w2

t ∈ L∞, me(t) ∈ L∞, Ù¥n = 0, 1, 2, @o,

éux ∈ [xa, l],É�u��î��Äw(x, t)´�ê
½�.

yyy À�Xe�Lyapunov¼ê

E−(t) = E−
1 (t) + E−

2 (t) +
1
2
Iζ2. (27)

Ù¥

E−
1 (t) = α(

1
2
ρ
w xa

0
w2

t dx +
1
2
P0

w xa

0
w2

xdx),

E−
2 (t) = 2βρ

w xa

0
xwx(wt + cwx)dx. (28)

òØ�ª(9d)�\ª(28),¿�γ = 1,��
∣∣E−

2 (t)
∣∣ 6 4βρxa(1 + c)

α min(ρ, P0)
E−

1 (t). (29)

ÏLÀ�T���êαÚβ,¿dª(27)(29)�

0 6 λ1c(E−
1 (t) + ζ2) 6 E−(t) 6 λ2c(E−

1 (t) + ζ2).
(30)

Ù¥

λ1c = min(1− 4βρxa(1 + c)
α min(ρ, P0)

,
I

2
) > 0,

λ2c =1+2β1ρ
max(1, 4(l − xa)2/π2)

min(ρ, P0)
>1. (31)

òª(27)é�mt¦�

Ė−(t) = Ė−
1 (t) + Ė−

2 (t)− kcζ
2. (32)

|^ª(1)(9a)(28),¿$^©ÜÈ©��
1
α

Ė−
1 6 −ρcw2

t (xa, t)− P0

2
(w2

t (xa, t) +

w2
x(x

−
a , t)) +

P0

2
ζ2 +

ccv

γ2
6

w xa

0
w2

t dx + ccvγ
2
6

w xa

0
w2

xdx, (33)

1
β

Ė−
2 (t)6ρxaw

2
t (xa, t)−ρ

w xa

0
w2

t dx+

P0xaw
2
x(x

−
a , t)−P0

w xa

0
w2

xdx+

2cvxa

γ2
6

w xa

0
w2

t dx+2γ2
6cvxa

w xa

0
w2

xdx. (34)

òª(33)(34)�\ª(32),�

Ė−(t) 6

−(
αP0

2
+ αρc− βρxa)w2

t (xa, t)−

(
αP0

2
− βP0xa)w2

x(x
−
a , t)− (kc − αP0

2
)ζ2 −

(βρ− β2cvxa

γ2
6

− αccv

γ2
6

)
w xa

0
w2

t dx−

(βP0 − 2βγ2
6cvxa − αccvγ

2
6)
w xa

0
w2

xdx. (35)

eÀ�T��α,βÚγ6,¦�



α > 2βρxa, kc >
αP0

2
,

C = min(
2
αρ

(βρ− β2cvxa

γ2
6

− αccv

γ2
6

),

2(βP0 − 2βγ2
6cvxa − αccvγ

2
6)

αP0

)>0,

(36)

Kª(35)�z�

Ė−(t) 6 −(kc − αP0

2
)ζ2 − CE−

1 (t) 6

−λ3c(E−
1 (t) + ζ2). (37)

Ù¥λ3c = min(kc − αP0

2
, C) > 0,|^ª(30)(32)

(37)��

Ė−(t) 6 −λcE
−(t). (38)

Ù¥λc =
λ3c

λ2c

. dª(38)��

E−(t) 6 E−(0)e−λct. (39)

dª(9a)(37)��
αP0λ1c

2xa

w2 6 αλ1c

2
P0

w xa

0
w2

xdx 6

λ1cE
−
1 6 E−(t) 6 E−(0)e−λct. (40)

dª(40)��, e06 x 6 xa, ÏLÀ�T���

êα,βÚγ6, �t → ∞�, w(x, t) → 0, =É�u�

�î��Ä´�ê½�.

��5Æ(25)==I�ÿþu���Äì�>

:?üý��Ç,��ý�Çé�m��ê9�>

:?��Ý.Ïd��5Æ�±é�B/ÏLOþ

ª?èìÚ �Daì�IO�Daì��Ôn

¢y.
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4 êêê������ýýý(Numerical simulation)
�©ÏLê��ýO�, �y²Lyapunov�{

�����5Æ�k�5. XÚëê[11] �I =
0.001165 kg·m2, P = 60 N, k = 54.37 N·m/rad,

l = 0.6 m, b = 0.097 m, ρ = 0.1029 kg/m, xa =
0.3 m, c = 23 m/s, cv = 0.001 N·m2·s. Ð©6Ä

�w(x, 0) = sin(4πx/l), Ù¥0 6 xa 6 l, �^3

��u�þ�	Ü-yå�f(x, t) = 100δ(x −
0.45) sin(ωt), Ù¥ω = 47.1. ê�O�æ^Crank-

Nicolson[12]��wªê�lÑ�{, d�{�½

��©�ª. �©O���u�3x = 0.15?�î
��Ä £. ã2�3Ð©6ÄÚ-yå�^e�X

Ú�A.lã2�±wÑ,3��å��^e,É�X

Ú�î��Ä��
k����,�Ä £×�P

~¿ªu"�.¤±�0 6 x 6 xa�,�©¤���

��5Æk�/��
u��î��Ä.

(a) ��u�

(b) É�u�

ã 2 -yåÚÐ©6Äe�XÚ�A
Fig. 2 Response under excitation and initial disturbance

5 (((ØØØ(Conclusion)
ÏL�^3Ü;ìþ���å,é¶�$Äu�

ÚÜ;ì|¤�ÍÜ�ÄXÚ�Ü©u�?1ÌÄ

��.æ^Lyapunov�{�O��5Æ.ê��ý(

JL²,eXÚu����Ü©�6Äk.,¤��

���ìk�/��
É�u��î��Ä,¿ä

k�ê½5.
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