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Abstract: Based on the theory of performance potentials and the method of equivalent Markov process, the per-
formance optimization problem is discussed for a class of semi-Markov decision processes (SMDPs) with parameterized
randomized stationary policies and a simulation optimization algorithm is proposed. Firstly, a uniform Markov chain is
defined through the equivalent Markov process. Secondly, the gradient of the average cost performance with respect to the
policy parameters is then estimated by simulating a single sample path of the uniformized Markov chain, so that an optimal
(or suboptimal) randomized stationary policy can be found by iterating the parameters. The derived algorithm can meet
the requirements of performance optimization of many different systems with large-scale state space, an artificial neural
network is also used to approximate the parameterized randomized stationary policies and avoid the curse of dimension-
ality. Finally, convergence of the algorithm with probability one on an infinite sample path is considered, and a numerical
example is provided to illustrate the application of the algorithm.

Key words: randomized stationary polices; equivalent Markov process; uniformized Markov chain; neuro-dynamic
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1 ÚÚÚóóó(Introduction)
�MarkovûüL§´�aÉ��X���ûü

°Ä��MarkovXÚ,ÙG�=£5ÆÚ��ûü
¤æ^�1Ä�p�^û½
XÚ�üz,L§3
z�G��Ï3�m´��Ñl��©Ù��ÅC

þ.�XÚ�.®��,Ù5U`z¯K�|^Ä�
5y�{ïáBellman�§5°(£ãÚ¦),¿®
k�A��{5¦)�`²üÑ[1∼3].
�ééõ�.Ø�����¢SXÚ½ö�

3/�ê/0£curse of dimensionality)��G��m
SMDPs, ~5Ä�5y�{Ø2·^, I��ÄÄ
u�ý�`z�{. �CAc, �
�Ñ/�ê
/0¯K, ²�Ä�5y(neuro-dynamic program-
ming, ½¡rzÆS–reinforcement learning)�{�
Ú\
lÑ�mMarkovûüL§(DTMDP)�5U
`z¯K¥[4,5], ÙÄ�g�´|^ ²��ä�
%C(�5%CXÚ�5U�½üÑ,±!�O�
ÅS�. cö=�NDP�{¥�Critic�., �ö=

ÂvFÏ: 2004−10−10;Â?UvFÏ: 2005−10−21.
Ä7�8: I[g,�ÆÄ7]Ï�8 (60274012);�®ó��ÆÆ¬�ïéÄÄ7]Ï�8 (00194).
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�NDP�{¥�Actor�.. ©z[6]òNDP�{í2
�
Markov�ÅL§¥. ©z[7]?Ø
NDP�{3
ëY�mMarkovûüL§(CTMDP)¥�A^. ùp,
ò©z[7]��{í2��MarkovûüL§,?ØÙ
3Actor�.e�`z�{,|^�dMarkovL§�
�{,3ëêz�Å²üÑ��S,òÙ=z¤�
�zMarkovó,,�ÏL�ýù�Markovó�ü�
��;�5�O�MarkovL§�5U³Ú²þO
K'uüÑëê�FÝ,¿±d5S�¦)�`(½
g�`)�Å²üÑ.

2 ¯̄̄KKK£££ããã(Problem description)
2.1 ���MarkovûûûüüüLLL§§§(Semi-Markov decision

processes)
�Ä���MarkovL§Y = {Yt; t > 0}, §k

��k��G��mΦ = {1, 2, · · · ,K}Úk��1
Ä�mD. é∀a ∈ D, Y��MarkovØ´Q(a, t) =
[A(i, j, a, t)], X Ú 3 G �iÀ J 1 Äa� � d

Çf(i, a)´½Â3ΦÚD þ�¢�¼ê. yb�
?¿üÑëê�þθ = (θ1, θ2, · · · , θK) ∈ Θ j RK

Ñû½
�����Å²üÑµ(θ),ùpΘ ��
NüÑëê�þ�¤�8Ü, ¡�üÑëê�m,
P�N�Å²üÑ8�Π = {µ(θ)|θ ∈ Θ}.
���Å²üÑµ(θ)Ò´rG�i ∈ ΦN�
�D þ�VÇ©Ù���¼ê, PXÚ3G
�iÀJ1Äa �VÇ�µa(i, θ) , ù«d�C
ëêL«�üÑ¡�ëêz�Å²üÑ. ù
p��ÄY ´Ø��!�±ÏÚ�~��, K
�â©z[8]¥�½n10.5.22��, 3üÑµ(θ)
e, Y�3����©Ùp(i, θ) > 0 , i ∈ Φ,
^p(θ) = (p(1, θ), p(2, θ), · · · , p(K, θ))L«Y�

�VÇ�þ. PX̄�Y �i\Markovó, KÙ��
3����©Ùπ(θ) = (π(1, θ), · · · , π(2, θ)),�
÷vπ(i, θ) > 0, π(θ)(p(θ) − I) = 0, π(θ)e = 1,ù

pp(θ) = [p(i, j, θ)]K×K�üÑµ(θ)eX̄ ��Ú=

£VÇÝ
.
3 ü Ñµ(θ)� ^ e, ½ Â Ý 
Q(θ) =

[Q(i, j, θ, t)]K×KÚ�þf(θ)=(f(1, θ),· · ·, f(K, θ))T

Xe:



Q(i, j, θ, t) =
∑

a∈D
µa(i, θ)Q(i, j, a, t),

f(i, θ) =
∑

a∈D
µa(i, θ)f(i, a),

∀i, j ∈ Φ.

(1)
w,Q(θ)k½Â, §´¦^üÑµ(θ)�XÚ�
�MarkovØ. ¡Y (θ) = {Yt,Φ,D ,Q(θ), f (θ)}��
å3Θþ��MarkovûüL§. Y (θ) 'uëê�

þθ�²þ�d5U�I�

η(θ) = min
T→∞

E{ 1
T

w T

0
f(Yt, θ)dt}.

Ï�Y´H{�,�k

η(θ) =
∑
i∈Φ

p(i, θ)f(i, θ) = p(θ)f(θ). (2)

�©�8�´�ÀJ���ûü�Y, ¦L§3
²þ�d5UOKe���`�$1�J,=Ïé
�θ∗,¦�

η(θ∗) ∈ min
θ→Θ

η(θ).

2.2 ���dddMarkovLLL§§§(Equivalent Markov processes)
P

Q(i, θ, t) =
∑
j∈Φ

Q(i, j, θ, t).

-S(i, θ)�3üÑµ(θ)eL§3G�i�²þÏ3

�m,=

S(i, θ) =
w ∞

0
tdQ(i, θ, t). (3)

-Λ(θ) = diag(S−1(1, θ), S−1(2, θ), · · · , S−1(K, θ)),
λ = sup

i∈Φ,θ∈Θ

{S−1(i, θ)},½Â

A(θ) = Λ(θ)(p(θ)− I). (4)

Kw,, A(θ)e = 0. d©z[8]¥½n10.5.22��

p(i, θ) =
π(i, θ)S(i, θ)∑

j∈Φ

π(j, θ)S(j, θ)
, (5)

½^Ý
L«�

p(θ)Λ(θ) =
1∑

j∈Φ

π(j, θ)S(j, θ)
π(θ)I. (6)

�k

p(θ)A(θ) = p(θ)Λ(θ)(p(θ)− I) =
1∑

j∈Φ

π(j, θ)S(j, θ)
π(θ)I(p(θ)− I) = 0,

Ïd, A(θ) = Λ(θ)(p(θ) − I)�±�����
dMarkovL§�Ã¡�Ý
.

�Ä��Ø���MarkovL§X = {Xt; t >
0}, äkG��mΦ, Ã¡�Ý
�A(θ) =
Λ(θ)(p(θ) − I), Kù�MarkovL§X äk��

��©Ù, �dþ¡�?Ø��, ù��©Ù

Ò´��MarkovL§Y ��©Ù,�é�Ó�5

U¼ê, MarkovL§X Ú�MarkovL§X 3²þ

�d5UOKe´�d�, Ïd�ò�MarkovL

§Y 3²þ�dOKe�`z¯K=z����d

�MarkovL§X �`z¯K.
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é?¿�½�θ ∈ Θ , ½ÂCTMDPX(θ) =
{Xt,Φ,D ,A(θ), f (θ)}�Poisson�§[9]�

(−A(θ) + ep(θ))g(θ) = f(θ). (7)

Ï�−A(θ) + ep(θ)�_, Kþ¡�§�3��)

�þ

g(θ) = (−A(θ) + ep(θ))−1f(θ). (8)

ke�b�:

bbb��� 1
1) é∀i ∈ Φ, a ∈ D ,¼êµa(i, θ)'uθ üg�

�,���Ú���êk.;

2) é∀i ∈ Φ, a ∈ D , θ ∈ Θ ,Ñ�3��k.�

¼ê�þLa(i, θ),¦�

Oµa(i, θ) = µa(i, θ)La(i, θ). (9)

ùpOL«'uëê�þθ�FÝ.

3) PP�8Ü{p(θ)|θ ∈ Θ}�4�, �Aup¥

�z������MarkovL§þ´H{�.

3 ÄÄÄuuuüüü���������;;;���������ýýý `̀̀ zzz���

{{{(Simulation optimization algorithm based
on single sample path)

3.1 ������zzzMarkovóóó(Uniformized Markov chain)
½Â

p̃(θ) = I + λ−1A(θ). (10)

´ �p̃(θ)� � Å Ý 
[10]. ½ Â � �DTMDP

X̃(θ) = {Xn,Φ,D , p̃(θ), f (θ)}, ¡X̃(θ)�X(θ)�
��zMarkovó, λ���zëê. �â©z[2],

DTMDPX̃(θ)�¢yÏf�deª�Ñ:

d̃ij(θ) =E{
Nij(θ)−1∑

n=0

[f(Xn, θ)− η(θ)]|X0 = i},

∀i, j ∈ Φ.

Ù¥Nij(θ) = min{n : n > 0, Xn = j, X0 = i}
�EbNij(θ)c < ∞.X̃(θ)�5U³�½Â�[2]





g̃(j, θ) = d̃i,j(θ) + c =

E{
Nij(θ)−1∑

n=0

[f(Xn, θ)−η(θ)]|X0 =j}+c,

∀i, j ∈ Φ.

(11)

aqu©z[7],ke�½n:

½½½nnn 1 é�½�ëê�þθ, c¡½Â

�CTMDPX(θ)ÚDTMDPX̃(θ) äk�Ó�²©
Ùp(θ),Ù²þ�dOK¼ê3�Å²üÑ��S

��,�k

Oη(θ) = p(θ)(Of(θ) + Op̃(θ)g̃(θ)). (12)

T½n`², é��CTMDPX(θ)�5U`z
¯K, �r§=�¤��zMarkovóX̃(θ) 5¢
y, ØUCÙ�5U. 3nØþ, �ÏL¦)

ª(8)Ú(12)¼�°(�FÝ��, ,�^�Íeü

{?1ëêÏ`, ±Ïé�`(½g�`)üÑëê.

ù«ÄunØO���{,3�5�SMDP¥,du

XÚ�G��mé�,Ý
¦_òÓ^�õO�Å

S�,$�E¤S�ÄÑØ�1,Ïd�ÄÄu�

�;���{, 3X̃(θ)þ, ^O�Å�ý�^��

;�,¿�â��&E5�O³ÚFÝ,,�?1ë

ê�#. du ²��ääk�r�¼ê%CUå,

���^��õ�a�ì½»�Ä¼ê�ä�ÑÑ

5�E�ÅüÑ,G����ä�Ñ\,ëê�þθ

=��A��ä�Xê,du%C(��ëêê8

'XÚ�G�ê��,lå�!�O�ÅS��

8�. ùÒ´ ²�Ä�5y`z�{¥�Actor�

.. e¡?1�[©Û.

3.2 ���ýýý`̀̀zzz���{{{(Simulation optimization algo-

rithm)
é?¿�½�ëêθ(=�½�ÅüÑµ(θ)), �

ýd�ÅÝ
p̃(θ)û½�DTMDPX̃(θ)���^�
�;�(Xu0 , Xu0+1, · · · , Xu1 , Xu1+1)¿�½Â

u0 = 0, Xu0 = i∗,

uk+1 = min{n : n > uk, Xn = i∗}, k > 0.

w,, uk�1kg£�Ð©G�i∗���, �u1 −
u0, u2 − u1, · · ·�ÕáÓ©Ù�ÅCþ.

3ù^��;�þ,éØÓ�k > 1,r

ĝ(Xn, θ) =





0, XJn = uk−1,

uk−1∑
t=n

(f(xt, θ)− η̃), Ù¦.

(13)

��³g̃(Xn, θ), uk−1 6 n < uk��O,Ù¥η̃�²

þ�dη(θ)���3n ��®²����O, §Ø

�6u�c���G�Xn,��n��±c�{¤

k'. aqu©z[7],ª(12)���

Oη(θ) =
∑
j∈Φ

E[Xi(Xn)Of(i, θ)] +
∑

i,j∈Φ

∑
a∈A

E[Xi(Xn)·

Xj(Xn+1)Xa(an)La(i, θ)ĝ(j, θ)]. (14)
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ùp: anL«XÚ3G�Xn��âVÇ µa(Xn, θ)
�ÅÀ��1Ä, Xi(·) ÚXa(·)©O´G�iÚ1

Äa�«5¼ê. P

F (k)(θ, η̃) =
uk−1∑

n=uk−1

∑
a∈A

µa(Xn, θ)(f(Xn, a)−η̃)zn(θ).

Ù¥

zn(θ) =

{
Lan

(Xn, θ), XJXn = i∗,

αzn−1(θ) + Lan
(Xn, θ), Ù¦.

α�¢#Ïf. �âª(14), �rF (k)(θ, η̃)��FÝ
����O.

u´��e��#�{:



θk+1 = θk − γk

(k+1)T−1∑
n=kT

(f(Xn, an)− η̃k)zn(θk),

η̃k+1 = η̃k + βγk

(k+1)T−1∑
n=kT

(f(Xn, an)− η̃k).

(15)

ùp: {γk}´Ú�S�¶β��IþXê, ±N

�θÚη̃ ��é�#�Ç. Ù¥ëêη̃ ��#��

u�«g·AN�. äN��{L§Xe:

ÚÚÚ½½½ 1 -X0 = Xu0 = i∗, ÀJÜ·��êT

Ú�IþXêβ±9Ú�S�{γk},-k = 0,¿Ð©

zëê�þθ0, η̃0;

ÚÚÚ½½½ 2 3�*ÿ�Å²üÑµ(θk)�^e�
XÚ,���^��;�(XkT , XkT+1, · · · , X(k+1)T );
ÚÚÚ½½½ 3 Uª(15)?1ëê�#;

ÚÚÚ½½½ 4 �ä�{´Ä÷vª�^�,eØ÷v,

-k := k + 1 ,£�Ú½2;e÷v,KÊ�.

4 ÂÂÂñññ555(Convergence of the algorithm)
Äk�Ñe�b�,±�y�{�Âñ5:

bbb��� 2 Ú�S�{γk}�K!üNØO,��3

��êpÚ�IþB,¦�
∞∑

k=0

γk = ∞,
∞∑

k=0
γ2

k < ∞,

n+t∑
k=n

(γn − γk) 6 Btpγ2
n, ∀n, t > 0.

bbb��� 3 éG�iÚ(½5��êT , �3��

êN0 , ¦�éΦ ¥�z�G�iÚP¥�zN0�Ý


�8Üpl(θ)(l = 1, 2, · · · , N0) , dª(10)½Â�

�AÝ
p̃l(θ)(l = 1, 2, 1 · · · , N0)÷v
N0∑

n=1

[
n∏

l=1

P̃T
l ]ii∗ > 0.

ù�, ke¡�Âñ5½n, Ùy²�ë�©z[6],

d?Ø2�[Qã.

½½½nnn 2 3b�1∼3e, é?¿��êT ,

P{θk}��{�)�ëê�þS�, Kη(θk) ±V
Ç1Âñ,�Oη(θk)±VÇ1Âñu".

5 ¢¢¢~~~(Example)
�Ä��31�G��É��MarkovL§, Φ =

{1, 2, · · · , 31}, A = {1, 2}.31Äa ∈ A e, i

\Markovó��Ú=£VÇÝ
�

pij(a) =




exp(−a/j)/(31(1 + exp(−a))), j 6= i + 1,

1−
∑

j 6=i+1

pij (a), j = i + 1.

�dÇ�

f(i, a) = ln[(1 + i)a] +
√

i/(2a).

®�L§Y?uG�ie�g=£�G�j�, 3G

�i�Ï3�mÑl«m[0, ja]þ�þ!©Ù,=©

Ù¼ê�

F (i, j, a, t) =





t

ja
, 0 6 t 6 ja,

1, t > ja.

�MarkovØ�Q(i, j, a, t) = P (i, j, a)F (i, j, a, t).
3ª(1)¥,½Âf(i, a) =

∑
j∈Φ

pij(a)f(i, a, j) ,K

���d�A�Bellman�§)��`üÑ�: 3
G�1, 2, · · · , 13æ�1Ä1�VÇ©O�0.95, 0.84,
0.72, 0.64, 0.58, 0.49, 0.37, 0.28, 0.22, 0.17, 0.13, 0.08,
0.03;Ù{�0. éA��`²þ�d�η = 0.32.
3�ýO�¥, æ^��5@3@1�c� ²�

ä5%C�ÅüÑ,�ä�Ñ\�G��?è,Û!
:vk�½ �Ñ\,ÑÑ��!:æ^ð�¼ê,
�ÑÑL«æ^1Ä1�VÇ,ù�, �ä��Në
ê�15�, �uXÚ�G�ê. ÀJ"Ð©ëê�
þ,=Ð©üÑ±��VÇÀ^1Ä1Ú2,Ù¦�{
ëê�T = 3, α = 0.99, β = 0.2. éA2000gG�
=£��ýÅ/�ã1¤«,Ù¥î�IL«S�Ú
êt, þã�L«²þ�d��O�η̃, eã3^
�©OL«3G�1, 2, 3æ^1Ä1�VÇρ.

(a) ²þ�d��O�
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(b) 3G�1, 2, 3�¹eæ^1Ä1�VÇ

ã 1 �ý(J�

Fig. 1 Curve of simulation results

lã¥��,�{3²L�Ð�N��,33�G
�Ñ±��VÇæ^1Ä1,�A�²þ�d��n
ØO��(J�C.

6 ooo((((Conclusion)
�©?Ø
�ak�G��MarkovûüL§

3�Å²üÑ��S�`z¯K, |^ ²�
�ä5%C�ÅüÑ, ÃIP¹�þ&E, !�

O�ÅS�, ;�
�ê/¯K. ©¥�Ñ��{
��í2�äk�êG��mÚ��1Ä�m�

�MarkovûüL§.
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