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Design and application of
multivariable digital robust optimal controllers
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(National Laboratory of Industrial Control Technology, Institute of Modern Control Engineering, Zhejiang
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Abstract: For linear multivariable discrete-time control systems, a new design approach to robust optimal controllers
is developed in this paper. By presenting a new design concept to select row characteristic functions for a multi-variable
system, a robust decomposition method is built up to guarantee the normalization of the closed-loop transfer function
matrix. The H-infinity robust stability and the optimal time domain indices for the closed-loop system are then achieved
simultaneously by utilizing the l-infinity optimal control approach in its decoupling equivalent system. Finally, optimization
and robustness of this digital controller are verified by an on-line application in a paper-making control system for three
different indices of quantity and moisture.
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1 ÚÚÚóóó(Introduction)
d�5XÚnØ[1]��, éu��dm × m �

kn©ªÝ
£ã��5õCþXÚ Ĝ,�3ü�
Ý
Û , V̂ , ¦�P̂ = ÛĜV̂ ¤�Smith-McMillanI
O/ª. duù«©)´kn©ªÝ
��«5�
/ª, Ïd, NõïÄõCþ�5XÚ�`z¯K
ÑÄuù��©)�{,XïÄXÚ�lÚ|Z6
5U`z�l∞/l1 `z¯K

[2]. ,
,duü�Ý

Ø´jÝ
,Ïd,ù«5�/©)Ø·u°���
¯K�ïÄ. ©z[3]¥�Ñ, du�5Ý
�Ì�
»�uÙ��ÛÉ�,XJU¦XÚ�4�D4¼
ê��5Ý
,KXÚU¢y�`H∞�ê°�­½

5. Ïd,XÛÀJÜ·�Ö�Ý
,¦�4�XÚ
Ý
��5Ý
,´�O°���ì���'�¯
K.©z[3]�Ñ��5Ý
ëêz�O�{,�±¦

4�XÚ3�� H∞ °�­½5�Ó�,qäk÷
¿�Ä�5U�I;�´,´Ä´XÚU
����
`Ä�5U,T�{ØU�y. XÛ¦4�XÚQ¼
�H∞°�­½5qk�`�l∞Ä�5U, 3®²
k�ÄuD4¼ê�.��O�{¥�vk���

(J.
�©ÏLJÑõCþXÚ1A�¼ê��Og

�,Ú�éõCþXÚ�°�(�©),�����
�XÚ�d�Ä�)ÍXÚ,l
©Ú¢yõCþ
XÚ�H∞°�­½5Ú�`�l∞Ä�5U.

2 ½½½ÂÂÂ���ÚÚÚnnn(Definitions and lemma)
½½½ÂÂÂ 1 (zC�x̂) ��ÏJS�x(n)�zC�½

Â�

x̂ =
∞∑

n=0
x(n)z−n. (1)

ÂvFÏ: 2004−12−20;Â?UvFÏ: 2005−10−14.
Ä7�8: I[g,�ÆÄ7]Ï�8 (60274036).
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Ù¥z´ECþ. Ïd,��m ×m��5lÑXÚ

� zD4¼ê�L«�P̂ .

½½½ÂÂÂ 2 (1A�¼ê) éu��m×m��5l

ÑXÚP̂ , Ù,�1�1A�¼ê´��NT1�

�¥úkA5�kný©ª; ��A�¹T1¥�

¤k���� ":úÏf�©fõ�ªÚ¤kØ

­½4:�©1õ�ª|¤�kný©ª1úÏ

f�.

éuõCþ��XÚ,1A�¼êé­�,§�

À�´ÄÜn,é°���ì�{�5ké�K�.

ÚÚÚnnn éu3E²¡ü 		vk4:¿�

A�¼ê�Ó�Ã¼êÝ
, �5�¼êÝ


�H∞�ê��.

½ny²ë�©z[3]¥�Ún5.7.4.

3 °°°������`̀̀������XXXÚÚÚ���OOO(Design of a robust
optimal controller)
�O°��`��XÚ�8I´¦õCþ��

XÚQ¼�°�­½5, q¼��`���I. �

��m×m��5lÑXÚ� P̂ , m×m�êi�

�ì� K̂, ��XÚ´��IO��"��XÚ.

XJP̂´��ÏJXÚ, KP̂´��kný©ªE

Ý
.

½½½nnn ��m × m�kný©ª�ÛÉEÝ


P̂ð�©)�

P̂ = Û T̂1L̂. (2)

Ù¥: Û´¢~êjÝ
, T̂1 ´é��kný©ª

EÝ
, L̂´�ÛÉkn©ªEÝ
.

yyy P̂�mMFD©)�P̂=N̂D̂−1; N̂ , D̂´Eõ

�ªÝ
. o�±ÀJ��Ü·�¢~êjÝ
Û ,

AO/,�ÀJÛ=I ,¦�

N̂ = Û T̂0.

Ù¥T̂0´N̂²Û{����ÛÉEõ�ªÝ
.

lÝ
T̂0D̂
−1��1¥©O�ÑÜ·�1A�

¼ê,��é�
 T̂1,=

T̂0D̂
−1 = T̂1L̂.

L̂´�ÛÉkn©ªEÝ
, T̂1´é��kný©

ªEÝ
. ?
��

P̂ = D̂T̂1L̂.

A^½n, m×m��5lÑXÚP̂�©)�

P̂ = D̂T̂1L̂.

Ù¥: Û´¢~êjÝ
, T̂1 ´é��kný©ª

EÝ
, L̂´�ÛÉkn©ªEÝ
.

4�XÚD4¼ê
�

Q̂ = (I + P̂ K̂)−1P̂ K̂ = (I + Û T̂1L̂K̂)−1Û T̂1L̂K̂.

(3)

,��¡,XJ��é�´ T̂1,
��ì´

K̂1 = L̂K̂Û . (4)

4�XÚD4¼ê
�

Q̂1 =(I + T̂1K̂1)−1T̂1K̂1 =

(I + T̂1L̂K̂Û)−1T̂1L̂K̂Û =

Û−1(Û−1 + T̂1L̂K̂)−1T̂1L̂K̂Û =

Û−1(I + Û T̂1L̂K̂)−1Û T̂1L̂K̂Û , (5)

Ïd��

Q̂1 = Û−1Q̂Û = Û∗Q̂Û . (6)

Û∗´Û��Ý=�Ý
. ¡Q̂1´Q̂��d4�XÚ.

±þ©Û�±wÑ,éué��m×m�é�T̂1,

XJ�O��ìK̂1�m ×m�é�Ý
,K�d4

�XÚQ̂1�D4¼êÝ
�´é�Ý
; d(6)ª

��, 4�XÚQ̂�D4¼êÝ
��5Ý
, �

âÚn,���d4�XÚQ̂­½,K4�XÚQ̂¢

yH∞�ê��;
�,��yXÚ��`��5U,

ÛAÀ�¢~êjÝ
;A^¥,��À�¢~ê�

�Ý
. T̂1
�À�é­�,Ø=�¦�U/�NX

ÚA�,��o��Ý
 L̂��{.

éum × m�é����é�T̂1, XÛ�

Om × m�é���ìK̂1, ¦�4�XÚ­½�

äk�`���I, �ë�©z[4,5]0���55

y�O�{,Ï��d4�XÚQ̂1®²��Ä�)

Í,��ìüCþ��/Å��O.nÜ±þ,õC

þ°��`êi��ì��O�{�8BXe:

1) ^½n�Ñ��{½Ù¦Ü·��{,

m×m��5lÑXÚP̂�©)�

P̂ = Û T̂1L̂.

Ù¥: Û´¢�jÝ
, T̂1´d Û∗P̂ ��1A�¼

ê|¤�é��kný©ªEÝ
, L̂ ´�ÛÉ

kn©ªEÝ
. �O¥A¦�U¦Ý
L̂��g

��.

2)éum×m�é����é�T̂1,UüCþ�
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��`��ì��55y�O�{,�Om ×m�

é���`��ì K̂1,ë�©z[4,5].

3)O� Û−1, L̂−1.

4) ·�?� K̂1 ��g, �y°��`êi�

�ì

K̂ = L̂−1K̂1Û
−1 = L̂−1K̂1Û

∗ (7)

´m×m�kný�EÝ
.

��yÝ
L̂�ÛÉ,�¦XÚP̂�ÛÉ,ù3ó

§¢�¥�Øõo´¤á�.

4 EEE���ÅÅÅ½½½þþþ���YYY©©©������XXXÚÚÚ¥¥¥���AAA

^̂̂(Applications in the quantity and moisture
control system of a paper-making machine)
,��)�Ö����Å,�¦î����Ü�

½þ�Y©. ÏLÅn©Û�¢�, ��XeêÆ

�.:

G(s) =




1.0k1e−s

T1s + 1
0.35k2

T2s + 1
0.5k1e−s

T1s + 1
K2

T2s + 1


 . (8)

Ù¥��Cþ�¤��½þÚY©. ��Cþ�

ó�mÝÚ�íz�mÝ.T�Å~)�100 g/m2,

80 g/m2,Ú120 g/m2 3«ØÓ½þ5���«.²ÿ

½, 3«ØÓ½þ5�e��.ëêXL 1¤«.

L 1 3«ØÓ½þ5�e��.ëêÿ½�

Table 1 Measure values of model parameters
for three quantity standards

�«5�(g ·m−2) K1 K2 T1 T2

100 2.0 3.0 4.0 10.0
80 1.5 4.0 5.0 10.0

120 2.5 2.0 3.0 10.0

æ�±Ï�1 min, ÀJ½þ�100 g/m2��.

�I¡�.,lÑz���.�

Ĝ =




0.4424
z(z − 0.7788)

0.0999
z − 0.9048

0.2212
z(z − 0.7788)

0.2856
z − 0.9048


 .

�OÚ½:

1)�jÝ
Û = I , Ĝ�©)�

Ĝ = Û T̂1L̂,

T̂1 =




1
z − 0.7788

0

0
1

z − 0.9048


 ,

L̂=




0.4424/z
0.0999(z−0.7788)

z−0.9048
0.2212(z−0.9048)

z(z−0.7788)
0.2856


 ;

2)U©z[4]0�����`��ì��O�{,

éuü ��&Ò�Ñ\,�O�`��ì

k̂1 =




z − 0.7788
z − 1

0

0
z − 0.9048

(z − 1)


 ;

3)O� L̂−1:

L̂−1=




2.7395z
−0.9583z(z−0.7788)

z−0.9048
−2.1218(z−0.9048)

z−0.7788
4.2436


;

4)�Ä���ì��¢y59XÚ�A�¯�

5,V\Ïf 1/(z + 1),��°��`êi��ì

K̂ = L̂−1K̂1 =


2.7395z(z−0.7788)
(z−1)(z+1)

−0.9583z(z−0.7788)
(z−1)(z+1)

−2.1218(z−0.9048)
(z−1)(z+1)

4.2436(z−0.9048)
(z−1)(z+1)


 .

5)��(J(�ã1).

ã 1 �Å)�3«½þ5��«�3����A­�

Fig. 1 On-line response curves of a paper-making machine for three quantity standards
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T2850�Å)�¥A^T��ì�, ¢y

3«½þ5��«)��3�=�, ��Jp

)��Ç,ü$
��¤�,¤��þJp4.2%,
¤�½þ �ü$50%, ¤�Y© �ü$45%,
E��ð�Ñü$11%,��(Jã1¤«,3l½
þ80 g/m2��«=��½þ100 g/m2��«�

½þ�Y©LÞL§��
�`; 3Ù¦ü��
«�)�=�¥¢y
°�­½9·�Ã�, ¿
��
�Nþ.

5 (((ØØØ(Conclusion)
�©�Ñ
�«#�õCþ°��`��X

Ú��O�{. ù«�{ÏLA^õCþXÚ�
1A�¼ê��Og´, ²LXÚ��dÖ�C
�,¦4�XÚ�D4¼ê
��5Ý
,l
¢
y4�XÚ�H∞°��`; Ó�, ÏLA^üC
þ��l∞�`��ì��O�{(�u�Ì,�©
Ñ),¿�½XÚ��IeÝ
�¢~êjÝ
,õ
Cþ4�XÚq�±¢y���Il∞�`. ��
?�ÚïÄ�´XÛÀJ�Ün�1A�¼ê,
¦mIeÝ
äk�{z/ª, ?
���{z
�õCþ°��`��ì�O��{.
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