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New development of UKF and its applications
in target tracking on re-entry

ZHANG Shu-chun, HU Guang-da, LIU Si-hua
(Department of Control Science and Engineering, Harbin Institute of Technology, Harbin Heilongjiang 150001, China)

Abstract: Compared with the widely used extended Kalman filter (EKF) in tracking and control community, the advan-
tages of recently developed filtering algorithm called Unscented Kalman filter are significant with its ease to tune, better
accuracy and same order of computational complexity. Based on the Unscented transformation, two new filtering algorithms
are presented, intending to improve the precision and to raise the speed respectively. Performance and implementation in
target tracking on reentry show their efficiency.
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1 ÚÚÚóóó(Introduction)
lk�ùJÑÙÍ¶�ÈÅ�{±5, �5X

Ú��O¯KÒ®²��
�{�)û.�´l8
I�l��1ì�Ê,lzóL§�ã�?n—-A
�¤k�y¢XÚÑ�¹ù�½@����5.î
����5XÚ�O´���©(J�¯K,d¯
K3��dµee�`)�¦D4�VÇ�Ý¼

ê(pdf),dudVÇ�Ý¼ê�\�å,´ØU^k
��ëê5L«�,Ïd?Û¢^��Oì7Læ
�,«%C�{.Ò8c5w,¤æ^�%C½öO
�þ�J±¢y,½öæ^�b�Lu{ÑØÎÜ
¢S�L§Ú���.,ÏdA^u�5XÚ�k
�ùÈÅE´A^��2���O�{.3òk�
ùÈÅí���5�.�A^L§¥,�~A^�
�{Ò´ò��5�.�5z,�����(JÒ
´í2k�ùÈÅìÚ��ÈÅì[1]. �´A�c
�A^²�L²,í2k�ùÈÅ�,�±
�È
Å(��`{/ª,�´°ÝØp,�´3Ð©Ø�
ÚD(Ø��,âLy�Ð[2].��ÈÅì�,Jp

°Ý,�´du�\\�VÐm����,ÏdÈ

Å�{w��\E,Ø¢^.
Úí2k�ùÈÅ�%C��5¼êØÓ, SI-

MON J.JULIER�<JÑ�Unscentedk�ùÈÅæ
^
�«��ØÓ�g�, =: %C��VÇ©Ù
'%C����5¼ê½C��5�N´.Ï,d
�{æ^�|÷vA½^�(X÷v�½�þ�Ú
��)�:(sigma points), ù
:��ÏL��5C
�,,�2^²LC��:%C��5C��VÇ
�ÝA5,nØí�L²,ù«%Cé?¿��5Ñ
��°(���.Ðwå5ù«�{�~�âfÈ
Å, �´: � ù|:Ø´?¿À½´÷v,
A
½�5�,ÚâfÈÅÄë¤Zþ��æ�:ê8
�',d�{�±^�~���|:Ó¼�©Ù�
p�&E; � z�:Ñ'éA½���, ù���
�$�Ø�½3(0,1)S��[3].
duØ7�O���5C���êÛ¹äk

��ÈÅì�°Ý, UKF�{á�mS3��5È
Å+���
2�A^[4∼6]. ERICA.WAN�<qò
d�{í2�ÅìÆS+�^±Ôö ²�ä,Ó
���-<÷¿��J[7]. UKF�{3IS�Åì

ÂvFÏ: 2005−04−25;Â?UvFÏ: 2005−10−13.
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�Æ¤�É,8c�u�r�Æâ¤JÌ�´d�
�5ÈÅ�{O�í2k�ùÈÅì3ØÓ�A^

+�S�Ny.
��UKF�{Ä:�UnscentedC�(UT)g�´

{ü|©�,3¢SA^¥�kXDÚ�{J±
è9�`:,XÛ�\mud�{,)ûäN�.¥
A½�¯K(=é°ÝÚ�Ý�äN�¦), ´��
#�]Ô.
�
Jpé��5©Ù¼ê��O°Ý, Äk

���Ò´O\æ�:ê÷vp�©Ù&E,ù�
�¡�)�{��ö3S�NõÆö®²?1
&

¢,�©3Jp�{°Ýþæ^
#�g�,=ØO
\æ�:ê8,´3^IO�{��G��O�
�Ä:þ?1S�,?�EÑ�«ÄuUKF�S
��{IUKF(iterated UKF);,	JÑ
�«'IO
�{À^æ�:ê���ÈÅì(�RUKF(reduced
sigma points UKF),^±JpÈÅ�Ý.

2 ¯̄̄KKK£££ãããÚÚÚOOO���(Problem statement and
preparation)
ÄkòXÚ�Ä��.Úþÿ�.£ãXe:

x(k + 1) = f [x(k), u(k)] + w(k), (1)

z(k) = h[x(k), u(k)] + ν(k). (2)

ùp: x(k)´XÚ�G�, u(k)´Ñ\�þ, ω(k)´
d6ÄÚ�.Ø�Úå�L§D(, z(k)´*
ÿþ, ν(k)´\5�þÿD(. b�D(�ω(k)
Úν(k)"þ�¿�∀ i, j,




E[w(i)wT(j)] = δijQ(i),

E[ν(i)νT(j)] = δijR(i),

Ew(i)ν(j)] = 0.

(3)

��þ�²�Ø�(MMSE)�Ox(k)´�«^�
þ�. -x̂(i|j)�3�����*ÿþj^�e

�x(i)�þ�,

x̂(i|j) = E[x(i)|Zj]. (4)

d?Zj = [z(1), · · · , z(j)], ù��O���L«
�P (i|j).
k�ùÈÅì48/D4x(k)©Ù�cü�

Ý,3n��¹e,ýÿþ�

x̂(k + 1|k) = E[f [x(k), u(k)]|Zk], (5)

P (k + 1|k) = E{x(k+1)−x̂(k+1|k)} ×
{x(k+1)−x̂(k+1|k)}T|Zk]. (6)

3O�Ùþ�Ú���¤�^��©Ù¼êØ

U^k��ëêL«Ñ5,¤±Ï~�¹e�æ�

�
%C�{.XJb�3?Û��k�©ÙÑ´p

d�,ýÿ��#Ueª�Ñ:

x̂(k + 1|k + 1) =

x̂(k + 1|k) + W (K + 1)V (k + 1), (7)

P (k + 1|k + 1) =

P (k+1|k)−W (k+1)Pzz(k+1|k)WT(k+1). (8)

ùp

V (k + 1) = z(k + 1)− ẑ(k + 1|k),

W (k + 1) = Pzz(k + 1|k)P−1
zz (k + 1|k).

5¿�G����Ú�OØ����´���,ù
´Ï��O´^�þ���Ï.
í2k�ùÈÅ(EKF)3O�ýÿ¥�Ø

�x̃(i|j) = x(i) − x̂(i|j)�, æ^��{�òX
Ú(1)3�O:x̂(k|k) þ?1�VÐm, òÐmª
3��?�ä��

x̃(k + 1|k) ≈ ∇fxx̃(k|k) + w(k). (9)

ùp: ∇fx´f [·]'ux(k)�ä�'Ý
, w(k)´L
§D(.¦^ù�%C,G�ýÿ�§�

x̂(k + 1|k) = f [x̂(k|k), u(k)], (10)

P (k + 1|k)=∇fxP (k|k)∇Tfx+Q(k+1). (11)
ÚEKF��, UKF�´�«48�MMSE�O

ì, �´ÚcöØÓ, §æ^
�«��ØÓ�

g�5%CG��þ���©Ù. G�E,b�

�pd©Ù,�´G�d2nx + 1�(½ÀJ�æ�
:(nx´G��þ��ê,3�©±�Ñy��LÓ

��¿Â). ù
æ�:��Ó¼
pd�Å�þ�

þ�Ú��, �ÏL��5XÚ, æ�:é��þ

�Ú���%C3?Û��5þÑ�±��°(�

��.Ï^�UKF�{�±8B�±eÚ½:

1)Ð©z.�½

x0 = E[x(0)], P0 = E[(x(0)− x0)(x(0)− x0)T]

�Ä:þ,UìXe5KÀ�æ�:Ú§����:



χ0 = x0, ω0 = κ/(nx + κ), i = 0,

χi =x0+(
√

(nx+κ)P0)i, ωi =1/[2(nx+1)],

i = 1, · · · , nx

χi =x0−(
√

(nx+κ)P0)i, ωi =1/[2(nx+1)],

i = nx + 1, · · · , 2nx.

(12)

2)ò��æ�:©OÏL��5XÚ�.

ξk+1|k(i) = f [χi, u]. (13)
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3)O�ýÿG�þ�Ú��:



x̂(k + 1|k) =
2nx∑
i=0

ωiξk+1|k(i),

P (k + 1|k) =

Q +
2nx∑
i=0

ωi[ξk+1|k(i)− x̂(k + 1|k)]×

[ξk+1|k(i)− x̂(k + 1|k)]T.

(14)

4)ýÿþÿþæ�::

ζk+1‖k(i) = h[ξk+1|k(i), u]. (15)

5)ýÿþÿþ!��ÚÙ�G��p���:



ẑ(k + 1|k) =
2nx∑
i=0

ωiζk+1|k(i),

Pzz = R(k + 1) +
2nx∑
i=0

ωi[ζk+1|k(i)− ẑ(k+

1|k)][ζk+1|k(i)− ẑ(k + 1|k)]T,

Pxz =
2nx∑
i=0

ωi[ζk+1|k(i)− x̂(k + 1|k)]·

[ζk+1|k(i)− ẑ(k + 1|k)]T.

(16)

6)O�UKFOÃ,�#G�Ú��:



W (k + 1) = PxzP
−1
zz ,

x̂(k + 1|k + 1) =

x̂(k+1|k)+W (k+1)[z(k+1)−ẑ(k+1|k)],

P (k + 1|k + 1) =

P (k + 1|k)−W (k + 1)PzzW (k + 1)T.

(17)

ÚEKF�{�', UKF�°(!�B¿��ö�O�

þ��.

3 ÄÄÄuuuUnscentedCCC������###���{{{(New algo-
rithms based on UT)
�,UKFäk��°Ý,�¿Ø�y3A^¥U

ºXäN���5A5. lù��{���5`,X
Jk�
)��5XÚ�p�©Ù&E,�±|^
�õ�æ�:5ÓPXÚ�p�&E[3], �´¢S
A^¥÷vù��¦�XÚ¿Øõ�,N�l�Ê
H¿ÂþJpéXÚ��O°Ý,Ó�¦À�æ�
:�L§ØC���E,,´��k¿Â��K.
�©3?nù�¯KÉ�
S�k�ùÈ

Å(IKF)g��éu. S�k�ùÈÅ3O��#
G��òÙÀ��«����(MAP)�O, 3þg
ÈÅ����O��Ä:þ?1�5z,���«
S�k�ùÈÅ(�,Ò´�«����%C,�±

y²ù«%CÚpd–ÚîÏ`�{´�d�[8].
k{�£��eIKF�#úª.é?Û��dk

��£½ÂñIO(½�g,êi,k�#:

x̂+ = x(i + 1), P+ = P (i + 1).

x(i)ÚP (i)´ù�½Â�:



x0 = x̂, P0 = P,

xi+1 = x̂ + Wi(z − h(xi)−Hi(x̂− xi)),

Pi+1 = (I −WiHi)P.

(18)

ùp

Hi = h
′
(xi), Wi = PHiS

−1, S = HiPHT
i + R.

þ ¡ � � { X J � ? 1 � g S � Ò

´EKF. lIKF�{�±wÑ#?1�5z�:
�°Ýé�§Ýû½
IKF�{�°ÝÚ3Ó�
IOe�Âñ�Ý, )ö®²��²LEKF�{
����O°ÝØp, XJ|^�©J��UT �
{, |^Ù3°ÝÚ�Bþ¡�`³, �Ñ�«Ä
uUnscentedC��S�ÈÅ(�,ò´�«Ø��
ÀJ.e¡�Ñ�{g´(äNë�ã1).

ã 1 �{6§

Fig. 1 Flowchart of the algorithm

�Ä�IOUKF�{,Ó�©�ýÿÚ�#ü�
�ã, �±ù�@�, ýÿ�Ñ��|sigma:®²
´é��5XÚG�VÇ�Ý¼ê�%C,3�
#L§¥,|^���*ÿþÚ*ÿ�.éýÿ�
?1
�,XJéþÿ¼ê'X��½ÚþÿDa
ì�5Uëê(3þÿ�.¥Ly�þÿD()�k
�
)´�(�,@où«
�´k��,=:�#
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�´é��5XÚG�VÇ�Ý¼ê�O(�%

C, ±d�#�¤�)�sigma:��ýÿ�, #
²L*ÿ�.|^k�ùÈÅÅ����ÈÅ��

½�`uØ²S��ÈÅ�.�{6§ã(�ã1)¥
b½®²��ýÿ�, m�ÈÅìS�gê.
3?Ø�{¯��¯Kþ, )ö£�UT��

©g�þ5, =UKFO�þ���ûu¤�æ�
:ê�õ�, ùp(Ü~��æ�ê:UT[9]Úk

�ùÈÅg�, JÑ�«¯�ÈÅ�{RUKF. n
Øþnx + 1�æ�:�±Ó¼nx ��þ�þ�Ú

��, �´3A^¥, �Ä�ó§A^¥p�©Ù
&E(ùpÌ�´n�¥%Ý)�5�3�¯K, æ
^nx + 2�:3÷vþ����Ä:þ, 5¦n
�¥%Ý��, ¯K�±8(�: �Ñ�|��
:S = {ωi, χi}, Px(x)�LVÇ�Ý¼ê,÷v

g[S, px(x)] = 0,

g[S, px(x)]=




p∑
i=0

ωi − 1
p∑

i=0

ωiχi − x̄

p∑
i=0

ωi{χi−x̄}{χi−x̄}−Pxx




, (19)

min
S

c[S, px(x)]. (20)

c[S, px(x)]´Ún�Ý�'é�¨v¼ê.�,3(
½¨v¼ê��ÿIOØ�,ùpæ^©z[3]��
{, §À�æ�:��ÿlIþ�p��þ,zg3
÷vª(19)�Ä:þ,�¦n�Ý¥k���",;
�
�P��þ¦`L§.ÀJ�æ�:�,ÈÅì
¢yÚIO�UKF´���.

4 \\\���ííí���888III���lll¯̄̄KKK(Target tracking
on re-entry)
� Ü © ±  \ � í � 8 I � l ¯ K �

~[1,2], òü«#�{Ú��5ÈÅ¥~^
�EKF, UKF, IKF?1A^Ú'�.AÛ'X�ã2.

ã 2 �l¯K�AÛ'X

Fig. 2 Geometrical relationship of the problem

x1(t)�pÝ, x2(t)��Ý, m��þ(constant),
CD� { å X ê(constant), A� Ô N ë � ¡

È(constant), ρ��í�Ý, H�X�pÝ, M�X

�Úá/:Y²ål, r(t)�X�ålÔN¢Så
l.
b�å�K��ÑØO, �í�Ýρ =

ρ0e−γx1(t), Ù¥γ = 5 × 10−5, ½Â��ëêx3 ,
CDAρ0/2m�~ê.3ù
b�e,G��§�±L
«� 




ẋ1 = −x2 , f1(x),

ẋ2 = −e−γx1x2
2x3 , f2(x),

ẋ3 = 0 , f3(x).

(21)

ÑÑ�§r(t)�

r(t) =
√

M 2 + [x1(t)−H]2. (22)

3lÑ��þÿ�§´

zk =
√

M 2 + [x1(t)−H]2 + νk. (23)

ùpνk´lÑpdD("þ�~��, E{ν2
k} =

R.é²w,G��§Úþÿ�§Ñäkî���
5.�½��8IÐ©;�Ð�x(0)=[3 × 105 2 ×
104 10−3],Ð©�OÚ�O��©O�

x̂(0|0) = [3× 105 2× 104 3× 10−5],

P (0|0) =




106 0 0
0 4× 106 0
0 0 10


 .

Ð©��
L«�´éÐ©�O�Ø(½Ý,3¢
SA^¥,¦�À�  �ûu��êâ�Daì
�5U(X �X�Úÿ�X��5Uëê). X�
 upÝH(100000 ft),lá/:Y²ålM(100000
ft). �©�§|^o�9�¥©�{?1ê�È
©, Ú�h = 1/64 s, z�¦��?1*ÿ, �
�50g*ÿ�. þÿD(��R = 10000 ft2, du
´ùX�5zØ�, �L§D(��Ú\. IKFS
�9g, UIKFS�2g. ÏL50g�Akâ�ý, �
�5«ÈÅì�5ULy(Úë�©z[1, 2]éA, ©
¥Oþü æ^=�ü ,ü ÎÒftL«=º, sL
«¦).
ÑÑ��5�îLy310 s�m���þ(�

ã3∼5), 3d?XÚA�´Ø�*�, Ïd3d�
�NC¤kÈÅì�OØ�Ñ�~�.�±w�,�
��OL§¥, EKFÚ\
�O �,�´3��ã
â�úªu" ,ù´3��5?n¥æ^$�°
Ý�5z�(J,Ó���Ï, IKF3Ø��O¥�
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LyÑaq��¹,�duæ^S�%C�{,Ù5
ULy�ÐuEKF;duÛ¹���°Ý, UKF�L
y�²wÐucü«ÈÅì; RUKF�Ly�ÑÖ
uIO�{, ��5ù, �,G�Ð©�½´pd
�,�´²L��5C�,XÚG��Ù¦��¯¢
þ�Ø´pd©Ù�,ÏdÃØIO�{�"n�
Ýb½,�´RUKF�n�Ý��b½,ÑØ�½Î
Ü¢S�¹,�´IO�{�b½3ÚOþ�ÎÜ
�Å¯��5Æ,Ï3¢S¥�N´LyÑÐ�
5�.�ù«Ly¿Ø´ýé�,Ïd35ULy�
,
�ãþ, RUKF¿Ø'UKF�(Xéx3�5U�

O), �Ä�¤æ^æ�:êÚXÚ�ê�'X(©

O�2nx + 1Únx + 2�æ�:),ù«�{3p�X
Úp¬LyÑ���¯�`³; IUKF´¤kÈÅì
¥Ly�Ð�,�'IO�{õ�gS�,Ò�±�
��ûÐ�ÈÅ(J,�J�~n�,Ó�5¿�d
u�|^þÿ��5C�3*ÿ��?1k�g�

S�,é$��m�¦$�,Ø¬�O\æ�:êÓ
Pp�©Ù&E@���{3��$�ÏmÑÓ^

O�]. A«ÈÅìÓ^CPU�m�'�ã�`
²
ù�:.ã¥: Eh�pÝýéØ�, Eν��Ýý

éØ�, Ex3�x3�ýéØ�, Ct��EKFÓ^��
m�', Sf�ÈÅìaO.
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Ó��©�y
ÈÅì��N5�(�ã7),3
A�ÈÅì��O¥, ���ÈÅì�O��

é����m�, ��IO �.. XJÈÅì
´�N�, K�OØ�95%��mSAT ud
>.S.� ��O��µdIO.3ã¥�±w
Ñ, EKF�Ø��O¤£Ñ
>.,3$��5
zÄ:þ?1S�Ï`�IKF�{3ù«�¸�
½e�´Ø�N�, §�Ø·Ü3ù«�¹e�
A^; Ù¦3«ÄuUT�ÈÅìKLy
�Ð�
�N5.ã¥Ep� �Ø�.
5 (((ØØØ(Conclusion)

UKF�{FÃ¤��«IO���5ÈÅ�
{, �©�é3��5ÈÅ¯K¥Ñy�?�Ú
��¦, é�{�°(Ú¯�ü�¡�
��\
�&?, ¿ò�{A^u\�í��ã�8I
�l¯K,�ý(JL²,¤JÑ��{´y¢k
��.
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