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Abstract: The robust H-infinity control problem for uncertain switched nonlinear systems is discussed in this paper.
First, based on multiple Lyapunov function technique, for all admissible uncertainties, the state feedback controllers for
each subsystem and switching laws to guarantee both internal stability of the resulting closed-loop systems and prescribed
L2-gain from disturbance input to the controlled output are designed respectively. The sufficient condition for the problem
to be solvable is also derived in terms of partial differential inequalities with scale functions, which are more feasible to
be solved than general Hamilton-Jacobi inequalities. This method is suitable for the case where none of subsystems is
asymptotically stable. Then, as an application, a hybrid state feedback technique to solve the robust H-infinity control
problem for non-switched nonlinear systems is presented. Finally, a simple example is given to illustrate the proposed
method.
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1 ÚÚÚóóó(Introduction)
��XÚ´d�|ëYfXÚ±9�NfXÚ

m�����5K|¤. duNõ¢SXÚ��Ò
I�/ÏuA�Ä�XÚ5£ãÙ1�,±9��
��ì�±���ü�ëY��ìäk�r��`

³,�U��=´ÄuØÓ��ìm���g�.Ï
dNõïÄ8¥u��XÚ5U©ÛcÙ´½5

©Û[1∼4].
ëYÄ�ÚlÑÄ��m��p�^¦���

XÚ¥yÑ��´L�E,�1��ª. �E��
Æ¦���XÚìC½´�9��XÚ½5�

��Ä�¯K.õLyapunov¼ê�{´©Û��X
Ú3,���ÆeìC½��~^óä[5]. oÑ
/`, õLyapunov ¼ê=´: z�fXÚéA��

¼ê,T¼ê�k3TfXÚ�-¹��mãS´
ÙLyapunov¼ê, ��3Ó�fXÚ�-¹���
�mãþ�Ð©:?�A�Lyapunov¼ê´üNü
�, Ò��y��XÚìC½. ù«�{�I�
�fXÚ3Ù$1��3Lyapunov¼ê,Ø73
��$1ÏmS�3Lyapunov¼ê,¤±z�fX
ÚÑØ7´½�. dõLyapunov¼êEâ®�)
Ñ
�«����{,XI���{[6],73�m�
{[7], �55y�{[8]�þ^5?Ø��XÚ�

½5.
���XÚ�½5(J�', 'u��X

ÚH∞��¯K�(J��©k�. ©z[9]/Ïu
õLyapunov ¼ê�{±LMI/ª�é�5��X
Ú?Ø
H∞��¯K. ��Ø½fXÚ�Ê3
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�m�éá, |^²þ73�m�{, Ò��yf
XÚØ�´Hurwitz½���XÚ�H∞��¯K
�)[10,11]. ©z[12]©O|^�ÓLyapunov¼ê9
üLyapunov¼êEâïÄ
�a?é��5��X
Ú�H∞��¯K.
�©?ØXÚG�9Ñ\Ï�þ¹kØ(½

5���5��XÚ�°�H∞��¯K. Äu
õLyapunov¼ê�{, ÏL�OG��"��ì
±9�O��Æ¦��A���XÚìC½Ó

�äk�½�L2–OÃ.�©�Ñe�|¹kXþ¼
ê� �©Ø�ª�gÑk),KùaXÚ�H∞�
�¯K�).duëYG��"H∞��¯KÏ~�
¦)Hamilton-JacobiØ�ª, Hamilton-JacobiØ�
ªØ´¦)§�vkÏ^�){,�/Ïu·,G
��"üÑ�©q?Ø
Ø(½��5XÚ�°

�H∞��¯K.

2 ¯̄̄KKK£££ããã(Problem formulation)
�ÄØ(½XÚ




ẋ = fi(x) + ∆fi(x) + [gi(x)+
∆gi(x)]ui + pi(x)w,

z = hi(x) + ki(x)ui,

i = 1, · · · ,m.

(1)

Ù¥: x ∈ Rn´G�, z ∈ Rs���ÑÑ,
wi ∈ Rl�Z6Ñ\, ui ∈ Rq´��Ñ\,
fi(x), gi(x), pi(x), hi(x), ki(x)´ ® � � 1 w ¼
ê,�fi(0) = 0, hi(0) = 0,∆fi(x),∆gi(x)´��
�1w¼ê, i = 1, · · · ,m. 'uØ(½5, ¦^©
z¥~^�b�^�[13,14]µ

bbb��� 1 ∆fi(x) = ei(x)δi(x), δi(0) = 0,
‖δi‖2 6 ‖vi‖2, δi´��¼ê, vi´®�1w¼

ê,i = 1, · · · ,m.
bbb��� 2 ∆gi(x)∆gT

i (x) 6 Gi(x)GT
i (x), ∆gi´

��¼ê,Gi´®�1w¼ê, i = 1, · · · ,m.
bbb��� 3 kT

i [hi, ki] = [0, I], i = 1, · · · ,m.

�©?ØXÚ(1)�°�H∞��¯K, =:
é?��~êr > 0, Ïé��5G��
"ui(x), ui(0) = 0(i = 1, · · · ,m), �O��
Æσ(x(t)) : [0,+∞) → m = {1, · · · ,m},¦�é
?Û#N�Ø(½5§4�XÚ




ẋ = fσ(x) + ∆fσ(x) + [gσ(x)+
∆gσ(x)]uσ(x) + pσ(x)w,

z = hσ(x) + kσ(x)uσ

(2)

÷v

i)�w ≡ 0�,ìC½;

ii)�x(0) = 0�,lZ6Ñ\���ÑÑ�L2–
OÃØ�ur,=

‖z‖T 6 r ‖w‖T , ∀w ∈ L2(0, T ).

ÎÒ‖x‖2
, ‖x‖T©OL«xTx, [

∫ T

0
xTxdt]1/2,

L2(0, T )L«÷v‖x(t)‖T < ∞��þ�¼ê�8
Ü.PV (x(ti))�V (ti),i = 0, 1, 2, · · · .
ek��fXÚ�°�H∞��¯K�),K�

�XÚ(1)�°�H∞��¯KÒ´²��. �b�
z�fXÚ�°�H∞��¯KÑØ�).

3 ÌÌÌ���(((JJJ(Main results)
½½½nnn 1 eb�1∼3¤á,��3Iþ¼ê

λi(x) > 0, ξi(x) > 0, βij(x) > 0(i, j = 1, 2, · · ·
,m)Ú � ½ » � Ã . 1 w ¼ êVi(x)(i =
1, 2, · · · ,m)÷v

∂Vi

∂x
fi +

∂Vi

∂x
(

1
4λ2

i

eie
T
i +

1
4r2

pip
T
i +

1
4ξ2

i

GiG
T
i −

1
4(1 + ξ2

i )
gig

T
i )

∂TVi

∂x
+ (λ2

i v
T
i vi + hT

i hi) +

m∑
j=1

βij(Vi − Vj) < 0,∀x 6= 0, (3)

K��XÚ(1)�°�H∞��¯K�).

yyy éi = 1, · · · ,m,�

ui(x) = − 1
2(1 + ξ2

i )
gT

i (x)
∂V T

i (x)
∂x

. (4)

-{
Ω i = {x ∈ Rn |Vi(x) > Vj(x),∀j ∈ m,x 6= 0},
i = 1, · · · ,m.

(5)
é ∀x ∈ Rn\{0}, � i = arg max

j∈m
{Vj(x)}, K x ∈

Ωi. ´� Rn\{0} =
⋃

i∈m

Ωi. - Ω̃1 = Ω1, Ω̃i =

Ωi −
i−1⋃
j=1

Ω̃j, i = 2, · · · ,m. Kk Ω̃i ∩ Ω̃j = φ ,

∀i, j ∈ m, i 6= j,Rn\{0} =
⋃

i∈m

Ω̃i .� x ∈ Ω̃i �,d

Ø�ª(3)k
∂Vi

∂x
fi +

∂Vi

∂x
(

1
4λ2

i

eie
T
i +

1
4r2

pip
T
i +

1
4ξ2

i

GiG
T
i −

1
4(1 + ξ2

i )
gig

T
i )

∂TVi

∂x
+ (λ2

i v
T
i vi + hT

i hi) < 0.

(6)

�ÄXÚ(2),���Æ�

�x(t) ∈ Ω̃i�, σ(x(t)) = i. (7)

Uì��Æ(7),�±x(0)�Ð©G����S��
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Σ = {x(0), (i0, t0), (i1, t1), · · · , (ij, tj), · · ·
|ij ∈ {1, · · · ,m} , j ∈ N}, (8)

§L«3 tj��, 1 ij�fXÚ�-¹. é ∀j =
0, 1, · · · , �1 ij�fXÚ�-¹�§5¿�

ª(4) (6)Úb�1∼3,k

zTz − r2wTw + V̇ij
=

∂Vij

∂x
(fij

+ ∆fij
+ (gij

+ ∆gij
)uij

+ pij
w) +

hT
ij
hij

+ uT
ij
uij

− r2wTw 6
∂Vij

∂x
fij

+
1

4λ2
ij

∂Vij

∂x
eij

eT
ij

∂TVij

∂x
+ λ2

ij
vT

ij
vij

+

1
4r2

∂Vij

∂x
pij

pT
ij

∂TVij

∂x
+r2wTw − r2wTw+hT

ij
hij

+

∂Vij

∂x
gij

uij
+

1
4ξ2

ij

∂Vij

∂x
Gij

GT
ij

∂TVij

∂x
+ξ2

ij
uT

ij
uij

+uT
ij
uij

6

∂Vij

∂x
fij

+
1

4λ2
ij

∂Vij

∂x
eij

eT
ij

∂TVij

∂x
+ λ2

ij
vT

ij
vij

+

1
4r2

∂Vij

∂x
pij

pT
ij

∂TVij

∂x
+ hT

ij
hij

+ (1 + ξ2
ij
)[uij

+

1
2(1 + ξ2

ij
)
gT

ij

∂TVij

∂x
]T[uij

+
1

2(1 + ξ2
ij
)
gT

ij

∂TVij

∂x
]−

1
4(1+ξ2

ij
)
∂Vij

∂x
gij

gT
ij

∂TVij

∂x
+

1
4ξ2

ij

∂Vij

∂x
Gij

GT
ij

∂TVij

∂x
6

∂Vij

∂x
fij

+
∂Vij

∂x
(

1
4λ2

ij

eij
eT

ij
+

1
4r2

pij
pT

ij
+

1
4ξ2

ij

Gij
GT

ij
− 1

4(1 + ξ2
ij
)
gij

gT
ij
)
∂TVij

∂x
+

(λ2
ij
vT

ij
vij

+ hT
ij
hij

) < 0,

=

zTz − r2wTw + V̇ij
< 0,∀x 6= 0. (9)

b� t0 = 0, x(0) = 0, T ∈ [tM , tM+1), - J =∫ T

0
(‖z‖2 − r2 ‖w‖2)dt,K

J =
M−1∑
j=0

[
w tj+1

tj

(zTz − r2wTw + V̇ij
)dt + Vij

(tj)−

Vij
(tj+1)] +

w T

tM

(zTz − r2wTw + V̇iM
)dt +

ViM
(tM)− ViM

(T ) =
M−1∑
j=0

w tj+1

tj

(zTz − r2wTw + V̇ij
)dt +

w T

tM

(zTz − r2wTw + V̇iM
)dt +

M−1∑
j=0

(Vij+1(tj+1)−Vij
(tj+1))+Vi0(t0)−ViM

(T ),

du3����kVij+1(tj+1) = Vij
(tj+1)(j =

0, 1, · · · ,M − 1),±9Vi0(t0) = 0,�

J 6
M−1∑
j=0

w tj+1

tj

(zTz − r2wTw + V̇ij
)dt +

w T

tM

(zTz − r2wTw + V̇iM
)dt. (10)

dª (9) (10)kJ 6 0, � ‖z‖T 6 r ‖w‖T . � w ≡
0�,dª (9)k V̇ij

6 zTz + V̇ij
< 0, qd

ª (5) (7)´�Vσ(tj)(tj) 6 lim
t→t−j

Vσ(t)(t), ¤±��

XÚ (2) (4) (7)ìC½. y..
555 1 duÚ\
Úª

mP
j=1

βij(Vi − Vj), TÚª¬

�Xx(t)�ØÓUCÎÒ,qduXþ¼êλi(x), ξi(x)�

Ú\, ¦�Ø�ª(3)���Hamilton-JacobiØ�ª�ä
�)5[13,14].
555 2 d½n1��, eé∀x ∈ Rn/{0}, ª(6)k)Ò

U
¦�1 i�fXÚ�°�H∞��¯K�). 3½
n1¥, �k� x ∈ Ω̃i�â�yª(6)¤á. ù`²ª(3)¿
Ø�¦fXÚ�°�H∞��¯K�). =�©(J�±
3fXÚ�°�H∞��¯KÑØ�)�¤á. Ó��n
½n1Ø�¦?Û��fXÚ´ìC½�.
555 3 3�5��XÚ�/§½n1�©z[10]¥(

J�¬Ü.

4 ØØØ(((½½½������555XXXÚÚÚ���···,,,°°°���H∞���
���(Hybrid robust H∞control for uncertain
nonlinear systems)
�!�ÄØ(½XÚ{

ẋ = f(x) + ∆f(x) + [g(x) + ∆g(x)]u + p(x)w,

z = h(x) + k(x)u
(11)

�·,°�H∞��¯K,Ù¥: x ∈ Rn´G�, w ∈
Rl�Z6Ñ\, z ∈ Rs���ÑÑ,f(x), g(x), p(x),
h(x), k(x)´®��1w¼ê,� f(0) = 0, h(0) =
0. XÚ (11)÷ve¡^�:
bbb��� 4 ∆f(x) = e(x)δ(x), δ(0) = 0, ‖δ‖2 6

‖v‖2
, δ´��¼ê, v´®�¼ê.
bbb��� 5 ∆g(x)∆gT(x) 6 G(x)GT(x), ∆g´�

�¼ê,G´®�¼ê.
bbb��� 6 kT[h, k] = [0, I].
l©z[13]�, e,�Hamilton-JacobiØ�ª

k)§K�3ëYG��"¦�XÚ(11)�°
�H∞��¯K�). �Hamilton-JacobiØ�ªØ´
¦)½Ø�)�, ùpæ^�«·,G��"¦
)XÚ(11)�°�H∞��¯K§=: é?��~
êr > 0,Ïé��5G��"ui(x), ui(0) = 0, i =
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1, · · · ,m,�O��Æσ(x(t)) : [0,+∞) → m =
{1, · · · ,m},¦�é?ÛØ(½5,4�XÚ{

ẋ = f(x)+∆f(x)+[g(x)+∆g(x)]uσ(x)+p(x)w,

z = h(x) + k(x)uσ

(12)
÷v i)� w ≡ 0�,ìC½;

ii) � x(0) = 0�, lZ6Ñ\���ÑÑ
�L2–OÃØ�ur,=

‖z‖T 6 r ‖w‖T , ∀w ∈ L2(0, T ).

d½n1N´��e¡(J.
½½½nnn 2 eb� 4∼6¤á, ��3Iþ¼

êλi(x) > 0, ξi(x) > 0, βij(x) > 0(i, j =
1, · · · ,m)Ú�½»�Ã.1w¼êVi(x)(i =
1, · · · ,m)÷v

∂Vi

∂x
f +

∂Vi

∂x
(

1
4λ2

i

eeT +
1

4r2
ppT +

1
4ξ2

i

GGT −
1

4(1 + ξ2
i )

ggT)
∂TVi

∂x
+ (λ2

i v
Tv + hTh) +

m∑
j=1

βij(Vi − Vj) < 0, ∀x 6= 0, (13)

K·,G��"��ì ui(x) = − 1
2(1 + ξ2

i )
gT(x)

∂V T
i (x)
∂x

(i = 1, · · · ,m)±9��Æ σ(t) = min
i
{i :

i = arg max
j∈m

{Vj(x(t))}}¦�XÚ(11)�°�H∞�

�¯K�).

5 ~~~fff(Example)
�ÄXÚ{

ẋ = −x |x|+ ∆δ + w + (
√

3 + x2)u,

z = u.
(14)

Ù¥|∆δ| 6 |x|. |^Hamilton-JacobiØ�ªØ´¦
ÑTXÚëYG��"H∞��¯K�). ¢Sþ§
Ø�ª

−x |x| ∂V

∂x
+

1
4
[2+

1
r2
−(
√

3+x2)2](
∂V

∂x
)2+

1
2
x2 60

(15)

�XÚ(14)�Hamilton-JacobiØ�ª. e�r = 1,K
þª�

−x |x| ∂V

∂x
+

1
4
[−(2

√
3x2 + x4)](

∂V

∂x
)2 +

1
2
x2 6 0.

(16)

duV´1w�½¼ê, k
∂V

∂x
|x=0 = 0, w,

ª(16)Ã).
±e/Ï14!��{�XÚ(14)�O·

,H∞��ì. �x 6 0�, -V1(x) = −x; �x >
0�,-V2(x) = x. K�x 6 0�,k

−x |x| ∂V1

∂x
− 1

4
(2
√

3x2 + x4)(
∂V1

∂x
)2 +

1
2
x2 =

−1
2
x2 − 1

4
(2
√

3x2 + x4) 6 0.

�x > 0�,k

−x |x| ∂V2

∂x
− 1

4
(2
√

3x2 + x4)(
∂V2

∂x
)2 +

1
2
x2 =

−1
2
x2 − 1

4
(2
√

3x2 + x4) 6 0.

d½n2,·,H∞��ì



u1 = −1
2
gT ∂V1

∂x
=

1
2
(
√

3 + x2), x 6 0,

u2 = −1
2
gT ∂V2

∂x
= −1

2
(
√

3 + x2), x > 0
(17)

Ú��Æ

σ(x(t)) =

{
1, x 6 0,

2, x > 0,

¦�XÚ(14)SÜ½Ó�äkL2–OÃr = 1.

6 (((ØØØ(Conclusion)
�©|^õLyapunov ¼ê�{, ?Ø
Ø(½

��5��XÚ�°�H∞��¯K.3z�fXÚ
�°�H∞��¯KÑØ�)�, ÏLG��"�
��O,Ó��O��Æ,��
°�H∞��¯K
�)�¿©^�.T^�±�| �©Ø��§/
ª�Ñ.?�Ú?Ø
�����5XÚ�·,°
�H∞��¯K.
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