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Robust H-infinity control for a class of nonlinear uncertain systems
with disturbance observer

CHEN Mou, JIANG Chang-sheng, WU Qing-xian
(Automation College, Nanjing University of Aeronautics and Astronautics, Nanjing Jiangsu 210016, China )

Abstract: In order to reduce the restrain conditions on the disturbance restrained condition, a robust H-infinity controller
is designed based on disturbance observer for a class of multi-input and multi-output uncertain nonlinear systems in this
paper. The compound disturbance consists of the inner uncertainty and the external disturbance. The compound disturbance
observer is designed with the wavelet networks, and the parameter’s update law is also given for monitoring the compound
disturbance. Synchronously, a robust control term is introduced to restrain the influence of the error of disturbance observer
in the controller. The designed controller can make the tracking error of the system smaller than a given performance index.
Finally, an example is given to demonstrate the availability of the proposed control scheme.
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1 ÚÚÚóóó(Introduction)
3y���+�,éäk�«Z6���5Ø(

½XÚ���¯KÉ�2�ïÄ[1∼6]. �ù
ïÄ
¥ÑéZ6�
�«��,'Xb�Z6k(½.
½(½�L�ª. Ïd�OZ6*ÿìuÿXÚZ
6,,�ÄuZ6*ÿì�OXÚ���Æ,l
ü
$éXÚZ6��¦,ù´y���+�¥���
ïÄ9:.8cZ6*ÿì^u�OXÚ�Ø(½
Z6,®3õ�¢S��+�,X3ó�Åì<[1]!

O�Å^�°Äì��XÚ[2]!����XÚ[3]�

+�¥kX­��A^. ©z[4]Äu�
Ü6XÚ
JÑ
�«�
Z6*ÿì,¿A^�üÑ\üÑ
ÑXÚ���¥.
�©ò��5XÚ�SÜØ(½5Ú	ÜZ6

|¤EÜZ6,æ^�Å ²�ä�OEÜZ6*

ÿì,¿ÄuZ6*ÿìJÑ
�aõÑ\õÑÑ
Ø(½��5XÚ�°�g·AH∞���{,¿3
��ì¥Ú\°����^5³�*ÿìØ��X

Ú�5�K�.

2 ¯̄̄KKK���JJJÑÑÑ(Problem statement)
�ÄXe/ª�MIMO��5XÚ







y1(r1)
...

ym(rm)


 =

f(x)+∆f(x)+(G(x)+∆G(x))u + d=

f(x) + G(x)u + ω(x),

y1 = x1, · · · , ym = xn−rm+1.

(1)

Ù¥: r1 + r2 + · · ·+ rm = n, x ∈ Rn�G��þ,

ÂvFÏ: 2004−11−29;Â?UvFÏ: 2005−10−25.
Ä7�8: I[g,�ÆÄ7]Ï�8 (90405011).
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f(x)=




f1(x)
...

fm(x)


 , G(x)=




g11(x) · · · g1m(x)
... · · · ...

gm1(x) · · · gmm(x)


 ,

∆f(x)=




∆f1(x)
...

∆fm(x)


 ,d=




d1

...
dm


 ,u=




u1

...
um


 ,

∆G(x)=




∆g11(x) · · · ∆g1m(x)
... · · · ...

∆gm1(x) · · · ∆gmm(x)


 ,

Ù¥: u1, · · · , um���Ñ\, y1, · · · , ym�XÚ

Ñ Ñ, f(x), G(x)© O � ® � � ¼ ê � þ
Ú Ý 
, d1, · · · , dm� ä k � � þ . � 	 Ü

Z6,∆f(x),∆G(x)�XÚ�SÜØ(½5.
ω(x,u) = [ω1(x,u), · · · , ωm(x,u)]T�XÚ(1)�
SÜØ(½5Ú	ÜZ6|¤�EÜZ6,
�ω(x,u)=∆f(x) + ∆G(x)u + d.
555 1 dω(x, u)�L�ª��, §´x�¼ê, Ïd

�±�âG�Cþx5�OÙý�.
éXÚ(1)�Xeb�:
bbb��� A
A1)3;8S ⊂ Rnþ, G(x)�ÛÉ�Ù�êk

.,=k±eªf¤á:

σG(G(x)) > b > 0,∀x ⊂ S,

‖G(x)‖2 = σG(G(x)) 6 a < ∞.
(2)

Ù¥:σG, σ̄G©O�Ý
G(x)���ÛÉ�Ú��
ÛÉ�, b, a�?¿�K~ê.

A2)XÚ�G��þÿ.
555 2 b�A1)´�
�yG(x) �_�3; A2)´�

�yZ6�±�âG�Cz5?1uÿ.
dXÚ(1)��é1i�Ñ\ÑÑkXe'X:

ẋri
= fi(x) + gi(x)u + ωi(x). (3)

Ù¥gi(x) = [gi1(x), · · · , gim(x)].
b�XÚ��8I´�O°�g·A�

�ì¦XÚ���ÑÑyi 9Ù�ri − 1��
êy, · · · , y(ri−1)�lk.�ë�&Òyid 9Ù�A

���ê. ½Âei = yi − yid, i = 1, · · · ,m.
b�^ω̂�L��5Z6*ÿì�ÑÑ, X

Jω̂UéÐ�uÿω,K�éXÚ(1)�EXe/ª
���ì:

u = G−1(x)(−f(x) + v − ω̂ + ua). (4)

Ù¥ua�°����,3�¡½Â,�½Â





v1 =y
(r1)
1d +λ1,r1−1(y

(r1−1)
1d −y

(r1−1)
1 )+· · ·+

λ11(y1d − y1),
...

vm =y
(rm)
md +λm,rm−1(y

(rm−1)
md −y

(rm−1)
1 )+· · ·+

λm1(ymd − ym).

(5)

Ù¥λij(j = 1, · · · , ri)A¦õ�ªhi(s) = sn +
λi,ri−1s

n−1 + · · ·+ λi1�¤k� u��m²¡þ.
Kòª(4)(5)�\ª(1)��


e
(r1)
1 +λ1,r1−1e

(r1−1)
1 +· · ·+λ11e1

...
e(rm)

m +λm,rm−1e
(rm−1)
m +· · ·+λm1em


 =




u1a

...
uma


−[ω̂1, · · · , ω̂m]T+[ω1, · · · , ωm]T. (6)

3 ÄÄÄuuu���ÅÅÅ   ²²²���äääZZZ666***ÿÿÿììì���H∞���
���ììì���OOO(Design of H-infinity controller
based on nonlinear disturbance observer with
wavelet networks)
?1��5Z6*ÿì�Oc,�Xeb�:
bbb��� B éu?¿x ∈ Mx, Ù¥Mx ��;8,

K ²�ä��`��½Â�

w∗
i = argmin

ŵi∈Ωi

[ sup
X∈Mx

|wi − ŵi|], (7)

Ωi = {ŵi : ‖ŵi‖ 6 Mi}. (8)

Ù¥: Ωi�ëê��1�, Mi��Oëê, ŵi� 

²�ä���.
�©æ^�Å ²�ä�¤��5EÜZ6*

ÿì,Ó�Äu*ÿìÑÑ�O°�H∞��ì¦�

XÚ�lØ��u�½�5U�I.
½Âeip = [ei, · · · , e

(ri−1)
i ]T,dª(6)��XÚ�

1i�Ø�kXeéA'X:

ėip = Aieip + Biuia + Bi(ω̂i − ωi). (9)

ª¥

Ai =




0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
...

−λi1−λi2 · · · −λi,ri−2−λi,ri−1




, Bi =




0
0
...
1




.

�Ø��H∞��ì�

uia = −BT
i Pieip/γi. (10)

Ù¥Pi = PT
i > 0´Xe�§�):
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PiAi + AT
i Pi + Qi = 0, (11)

�Qi > 0.
½½½nnn 1 1i�Z6*ÿìXÚ�O�Xe/ª:

żi = −σizi + pi(x, ŵi). (12)

Ù¥Z6*ÿì�ÑÑ�ŵT
i Φi(x), pi(x, ŵi) =

σixri
+ fi(x) + gi(x)u + ŵi(x, ŵi). ½Â*ÿì

¶ÂØ��ζi = xri
− zi. XJ�Å ²�ä���

g·AÆÀ�

˙̂wi = γie
T
ipPiBiΦi(x) + γiζiΦi(x). (13)

K*ÿìØ��ª��k.,�3��Æ(4)�^e
XÚ(1)��lØ��u�½�5U�I:

1
4

w T

0
eQedt 6

1
2
e(0)Pe(0) +

m∑
i=1

1
2γi

w̃T
i (0)w̃i(0) +

m∑
i=1

(
1
2
ζ2

i (0)+
w T

0
(
λ2

max(Pi)
λmin(Qi)

‖Bi‖2ε̄2
i +

1
2σi

ε̄2
i )dt).

(14)

Ù¥:γi > 0�ÆSÇ, σi > 0��Oëê, ŵi

��Å ²�ä���, Φi(x)��ÅÄ¼ê,
e = [eT

1p, · · · , eT
mp]

T, P = diag(P1, · · · , Pm), Q =
diag(Q1, · · · , Qm), ε̄i�%CØ�þ..

yyy �EXe/ª�Lyapunov¼ê:

Vi =
1
2
eT

ipPieip +
1

2γi

w̃T
i w̃i +

1
2
ζ2

i . (15)

éþªü>¦�¿�Ä�

ėip = Aieip + Biuia + Bi(w̃T
i Φi(x) + εi).

Ù¥εi� ²�ä%CØ�,u´��

V̇i = eT
ipPiAieip+eT

ipPiBiuia+eT
ipPiBiw̃

T
i Φi(x)+

eT
ipPiBiεi+w̃T

i
˙̃wi/γi−σiζ

2
i +ζiw̃

T
i Φi(x)+ζiεi.

(16)

òª(10)Úª(11)�\þª=��

V̇i 6 −1
2
eT

ipQieip+eT
ipPiBiεi−σiζ

2
i +ζiεi. (17)

du

−σiζ
2
i + ζiεi 6 −σi

2
ζ2

i +
1

2σi

ε2
i . (18)


Ó�qk

−1
2
eT

ipQieip + eT
ipPiBiεi 6

−1
4
eT

ipQieip +
λ2

max(Pi)
λmin(Qi)

‖Biεi‖2. (19)

éÜª(18)Úª(19)k

V̇i 6

−1
4
eT

ipQieip+
λ2

max(Pi)
λmin(Qi)

‖Biεi‖2+
1

2σi

ε2
i 6

−1
4
λmin(Qi)‖eip‖2+

λ2
max(Pi)

λmin(Qi)
‖Bi‖2ε̄2

i +
1

2σi

ε̄2
i .

(20)

�‖eip‖ >
2λmax(Pi)
λmin(Qi)

‖Bi‖ε̄i+

√
2

σiλmin(Qi)
ε̄i�,K

k

V̇i < 0. (21)

é��XÚ�ELyapunov¼ê�V = V1+V2+· · ·+
Vm, Vét��ê��

V̇ = V̇1 + V̇2 + · · ·+ V̇m, (22)

Ïdk

V̇ = V̇1 + V̇2 + · · ·+ V̇m < 0. (23)

¤±3¤�O���ì��^e,4�XÚäk�
Û­½5.Ó���ζi k.,Kk*ÿìØ��ª�
�k..
éª(20)1��Ø�Òü>lt = 0�t = T�È

©��

Vi(T )− Vi(0) 6

−1
4

w T

0
eT

ipQieipdt+
w T

0
(
λ2

max(Pi)
λmin(Qi)

‖Bi‖2ε̄2
i+

1
2σi

ε̄2
i )dt.

(24)

dª(15)��Vi(T ) > 0,éÜª(24)k
1
4

w T

0
eT

ipQieipdt 6
1
2
eT

ip(0)Pieip(0)+
1

2γi

w̃T
i (0)w̃i(0)+

1
2
ζ2

i (0)+
w T

0
(
λ2

max(Pi)
λmin(Qi)

‖Bi‖2ε̄2
i +

1
2σi

ε̄2
i )dt.

é��XÚ
ó,ª(14)¤á.
¤±3¤�O�ÄuZ6*ÿì���ì�

^eXÚ���½�H∞ �l5U.Ó�dþª�
�,N!γi, σi����ØÓ��l�J.

4 ���ýýý���~~~(Simulation example)
�ÄXe{ü�õÑ\õÑÑ��5XÚ[

ẋ12

ẋ22

]
=

[
x12 + x2

22

x2
12

]
+

[
1 + x2

22 1
1 1 + x2

12

]
u+d,

�kẋ11 = x12 = y1, ẋ12 = x22 = y2. d����E

ÜZ6,3�ý¥b�Ù�
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d=

[
cos x12 + sin(x12x22)

1 + cos(x12x
2
22)

]
,

¿^�Å ²�äZ6*ÿì5uÿXÚ�EÜ

Z6.XÚÑÑ�ë�&ÒÀ�y1d = sin t, y2d =

cos t,�OëêÀ�σ1 = σ2 = 10; γ1 = 20; γ2 =
5;λ11 = λ22 = 50, Q = I. Uª(12)�OZ6*ÿ
ì,Uª(4)�E��ì,3T��ì�^e�ý(J
Xã1, 2¤«.

ã 1 XÚÑÑ�l­�

Fig. 1 Plots of output tracking of nonlinear system

ã 2 Z6*ÿì�Ø�­�

Fig. 2 Error plots of disturbance observer

d�ý(J�±wÑ,ÄuZ6*ÿì�°
�H∞��ìU¦XÚ�ÑÑéÐ/�l�½ë
�&Ò, Ïd§éäkEÜZ6�õÑ\õÑÑ
��5XÚ��l��´�~k��.
5 (((ØØØ(Conclusion)
�©Äu�Å ²�ä�O
Z6*ÿì,¿

òÙA^u�a��5XÚ�°���ì�O¥.
¤�O�Z6*ÿì�uÿØ�3�½�ëêN

!Æe��k., Ó��
�ÑuÿØ�¤�5
�Ø|K�,3��ì¥Ú\
°���ì�.d
�ý�~��3¤�O���ì�^e, Ø(½
��5XÚäk�½�5U°�A5.
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