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Abstract: The robust H-infinity stability is studied for uncertain systems with multiple time-varying delays and
nonlinear perturbations. The uncertainties are norm-bounded, and the nonlinear perturbations meet linear constraints.
Based on Lyapunov-Krasovskii functional, two new delay-dependent results are presented in terms of matrix inequalities
technique and nonlinear dealing method. In the end, two examples are given to illustrate that the presented method is less
conservative and more effective than the existing ones.
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1 ÚÚÚóóó(Introduction)
é�¢Ø(½XÚ�ïÄ®k�õ�(J, ù


ïÄ(JÌ�´'u½5Ú	½�ü��

¡: ��¡´�¢�'�(J,XLi[1∼3],'[4], Su[5],
Yan[6], Park[7], Lee[8]¶,��¡´�¢Ã'�(J,
XKim[9]ÚLi[10,11]. Cc5�¢�'�½5ïÄ
áÚ
NõïÄö�5¿, ¿���
�
È4�
(J.du�¢�'�½5(JJø
¦�XÚ
�±½��¢���, Ï'�¢Ã'�½5
(Jäk����Å5. duØ(½3nØÚ¢�
þkXNõØÓ�Ly/ª, �Z6�Ø(½XÚ
Úå
2��'5, XGuan[4]ÚSu[10]. Guan[4]¼�


����¢Ú��56Ä�Ø(½XÚ��¢�

'�½5(J, Li[10]JÑ
��õ�¢Ø(½�
�5XÚ��¢Ã'�½5(J.�©ïÄ��
�56Ä�õ�C�¢Ø(½XÚ��¢�'°�

½5.
ÄuLyapunov-Krasovskii�¼ÚÝ
Ø�ªE

â, �©JÑ
����56Ä�õ�C�¢Ø(
½XÚ��¢�'H∞°�½5(J.��ÏLü
�ê�«~`²
�©��{���(J�k�5

Ú����Å5.

2 OOO���999XXXÚÚÚ£££ããã(System description and
preliminary)
�Ä±e���56Ä�õ�C�¢Ø(½

XÚ

ÂvFÏ: 2004−07−02;Â?UvFÏµ2005−11−11.
Ä7�8: I[g,�ÆÄ7]Ï�8 (60334010);2À�g,�ÆÄ7]Ï�8(31406);p�Æ�Æ¬Æ�:;��ïÄ7]Ï�8

(20030561013).
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ẋ(t) = (A0 + ∆A0(t))x(t) + Hw(t)+
k∑

i=1

(Ai + ∆Ai(t))x(t− τi(t))+

f(t, x(t), x(t− τ1(t)), · · · , x(t− τk(t))),

x(t) = φ(t), t ∈ [− max
i=1,2,··· ,k

τ̄i, 0],

y(t) = Cx(t).
(1)

Ù¥: x (t) ∈ Rn ´G��þ, u (t) ∈ Rm´���

þ, w (t)´áuL2 [0,∞)�6ÄÑ\, y (t) ∈ Rm´

É�ÑÑ, φ (t)´Ð©^�; τi (t), i = 0, 1, · · · , k,
L«�C�¢,�÷v0 6 τi (t) 6 τ̄i, τ̇i (t) 6 ηi <

1; Ai, C,ÚH , i = 0, 1, · · · , k´äk·��ê�¢

Ý
; ∆Ai, i = 0, 1, · · · , kL«�CëêØ(½�,
¿�L«�

∆Ai = DF (t) Ei, i = 0, 1, · · · , k,

F (t) = diag (F0 (t) , F1 (t) , · · · , Fk (t))
(2)

Ù¥: D ÚEi, i = 0, 1, · · · , k ´äk·��

ê�¢Ý
, �Fi (t) ∈ Rni×ni , i = 0, 1, · · · , k

´Lebesgue�ÿ���¢�CÝ
,�÷v

FT
i (t) Fi (t) 6 I. (3)

{üå�,�

f (t) := f(t, x(t), x (t− τ1 (t)) , · · · , x (t− τk (t))).

��56Ä´�C�¿÷v

fT (t) f (t) 6
a2

0x
T (t) GT

0 G0x (t) +
k∑

i=1

a2
i x

T (t− τi (t))GT
i Gix (t− τi (t)). (4)

Ù¥: ai(i = 0, 1, · · · , k)´Iþ~ê, Gi(i =
0, 1, · · · , k)´äk·��ê�~¢Ý
.
±e�Ún´��Ì��(J7L¦^�.
ÚÚÚnnn 1[8] �a (·) ∈ Rna , b (·) ∈ RnbÚN (·) ∈

Rna×nb½ Â 3 « mΩ , K é ? ¿ Ý 
X ∈
Rna×na , Y ∈ Rna×nbÚZ ∈ Rnb×nb , ±eØ�ª
¤á:

−2
w

Ω
aT(s)Nb(s) 6

w
Ω

[
a(s)
b(s)

]T[
X Y −N

Y T −NT Z

][
a(s)
b(s)

]
ds. (5)

Ù¥ [
X Y

Y T Z

]
> 0. (6)

ÚÚÚnnn 2[11] �D, F,E ÚA´äk·��ê�¢

Ý
,�kFFT 6 I ,Ké?¿Iþε > 0,±eØ�
ª¤á:

DFE + ETFTDT 6 εDDT + ε−1ETE. (7)

ÚÚÚnnn 3[12] �Ω0 (x) ,Ω1 (x)´Rnþ�?¿�g

.¼ê, XJ�3?¿Iþρ > 0¦�é?¿��
"x ∈ RnkΩ0 (x) − ρΩ1 (x) < 0¤á,Ké?¿÷
vΩ1 (x) 6 0�x ∈ Rn − {0}kΩ0 (x) 6 0¤á.
½½½ÂÂÂ é�½�~êγ > 0, XJw (t) = 0�,

XÚ (1)´½�; �3"Ð©^�e9w (t) ∈
L2 [0,∞) 6= 0�¹e, k‖y (t)‖2 6 γ ‖w (t)‖2, K
¡XÚ (1)´äkH∞�ê.γ > 0°�½�.

3 ÌÌÌ���(((JJJ(Main Results)
�!ÄkïÄ�∆Ai = 0, i = 1, · · · , k�, X

Ú (1)�½5, ¿�����¢�'H∞°�½
�¿©^�.
½½½nnn 1 XÚ(1)�∆Ai = 0, i = 0, 1, · · · , k�

é?¿÷v0 6 τi (t) 6 τ̄i, τ̇i (t) 6 ηi < 1��C
�¢´äkH∞�ê.γ > 0°�½�, XJ�3
kP > 0, Qi > 0, ρ > 0, Xi, YiÚZi¦�±eØ�

ª¤á:


Ω L1 · · · Lk PH P AT
0 Z̄

LT
1 L11 0 0 0 0 AT

1 Z̄
... 0

... 0 0 0
...

LT
k 0 0 Lkk 0 0 AT

k Z̄

HTP 0 0 0 −γ2I 0 HTZ̄

P 0 0 0 0 −ρ Z̄

Z̄A0 Z̄A1 · · · Z̄Ak Z̄H Z̄ −Z̄




< 0, (8)

[
Xi Yi

Y T
i Zi

]
> 0. (9)

Ù¥

Ω = PA0 + AT
0 P + CTC + ρa2

0G
T
0 G0+

k∑
i=1

(
τ̄iXi + Yi + Y T

i + Qi

)
,

Lii = − (1− ηi) Qi + ρa2
i G

T
i Gi, Li = PAi − Yi,

Z̄ =
k∑

i=1

τ̄i

1− ηi

Zi, i = 1, · · · , k.

yyy du

x (t− τi (t)) = x (t)−
w t

t−τi(t)
ẋ (s) ds, (10)

�k

ẋ (t) = (A0 +
k∑

i=1

Ai)x (t) + Hw (t) +

f (t)−
k∑

i=1

Ai

w t

t−τi(t)
ẋ (s) ds. (11)
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À�Lyapunov�¼

V = V1 + V2 + V3. (12)

Ù¥

V1 = xT (t) Px (t) ,

V2 =
k∑

i=1

1
1− ηi

w 0

−τi(t)

w t

t+r
ẋT (s) Ziẋ (s) dsdr,

V3 =
k∑

i=1

w t

t−τi(t)
xT (s) Qix (s) ds.

Ïd,÷X(11)�)��

V̇1 =

2xT(t)P
k∑

i=1

Aix (t)+2xT(t)PHw (t) 2xT(t)Pf(t)−

2
k∑

i=1

xT (t) PAi

w t

t−τi(t)
ẋ (s) ds. (13)

é?¿t − τi (t) 6 s 6 t, ½Âª (5)¥�a (·), b (·)
ÚN �a (s) = x (t), b (s) = ẋ (s)ÚNi = PAi,|
^Ún1��

− 2xT(t)PAi

w t

t−τi(t)
ẋ(s)ds 6

xT(t)(τ̄iXi + Yi − PAi + Y T
i −AT

i P+

Qi)x(t) + 2xT(t)(PAi−Yi)x(t−
τi(t))+

w t

t−τi(t)
ẋT(s)Ziẋ(s)ds.

Ó�k

V̇2 6
k∑

i=1

τ̄i/ (1− ηi) ẋT (t) Ziẋ (t)−
k∑

i=1

w t

t−τi(t)
ẋT(s)Ziẋ(s)ds =

(A0x(t)+
k∑

i=1

Aix (t−τi (t))+f (t)+Hw (t))T×

Z̄(A0x (t) +
k∑

i=1

Aix (t−τi (t))+f (t)+Hw (t))−
k∑

i=1

w t

t−τi(t)
ẋT (s) Ziẋ (s) ds, (14)

V̇3 6
k∑

i=1

xT (t) Qix (t)−
k∑

i=1

(1− ηi) xT (t− τi (t))Qix (t− τi (t)) . (15)

��w (t) = 0,��

V̇ = V̇1 + V̇2 + V̇3 6 Ξ0 (t) = zT (t) Ξ0z (t) .

Ù¥

zT(t) = [xT (t) qT (t) fT (t)],

qT (t) = [xT (t− τ1 (t)) · · · xT (t− τk (t))],

Ξ0 =




G11 G12 G13

GT
12 G22 G23

GT
13 GT

23 G33


 , (16)

G11=PA0+AT
0 P+

k∑
i=1

(
τ̄iXi+Yi+Y T

i +Qi

)
+AT

0 Z̄A0,

G12=
[
PA1−Y1+AT

0 Z̄A1 · · · PAk− Yk+AT
0 Z̄Ak

]
,

G13=P + AT
0 Z̄, G33 = Z̄, G23=

[
AT

1 Z̄1 · · · AT
k Z̄

]
,

G22=




L̄1+AT
1 Z̄A1 AT

1 Z̄A2 · · · AT
1 Z̄Ak

AT
2 Z̄A1 L̄2+AT

2 Z̄A2 · · · AT
1 Z̄Ak

...
...

...
...

AT
k Z̄A1 AT

k Z̄A2 · · · L̄k+AT
k Z̄Ak




,

L̄i=− (1− ηi) Qi, i = 1, 2, · · · , k.

d	,Ø�ª(4)�±��

Ξ1 (t) = zT (t) · diag(−a2
0G

T
0 G0,−a2

1G
T
1 G1, · · · ,

−a2
kG

T
k Gk, I) · z (t) 6 0. (17)

dÚn3,XJ�3kρ > 0¦�

Ξ0 (t)− ρΞ1 (t) = zT (t) Ξz (t) < 0,

K¿�Xeª¤á:

Ξ =




Ḡ11 G12 G13

GT
12 Ḡ22 G23

GT
13 GT

23 Ḡ33


 < 0, (18)

[
Xi Yi

Y T
i Zi

]
> 0, i = 1, 2, · · · , k. (19)

Ù¥

Ḡ11 = G11 + ρa2
0G

T
0 G0, Ḡ33 = Z̄ − ρI,

Ḡ22=




L̄1+AT
1 Z̄A1 AT

1 Z̄A2 · · · AT
1 Z̄Ak

AT
2 Z̄A1 L̄2+AT

2 Z̄A2 · · · AT
1 Z̄Ak

...
...

...
...

AT
k Z̄A1 AT

k Z̄A2 · · · L̄k+AT
k Z̄Ak




,

L̄i = − (1− ηi) Qi + ρa2
i G

T
i Gi, i = 1, 2, · · · , k.

�ké?¿÷vª(17)�z ∈ R3n − 0,
V̇ 6 Ξ0(t) < 0

¤á. �âLyapunov-Krasovskii½5½n,ª(18)
Ú(19)¿�XXÚ(1)�∆Ai = 0 (i = 01, · · · , k)Ú
w (t) = 0�,´ì?½�.
�y²‖y (t)‖2 6 γ ‖w (t)‖2, é?¿�"w ∈

L2 [0,∞),b½"Ð©^�ÚV (t, x (t)) |t=0 = 0,
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Jyw=
w ∞

0

(
yT (t) y (t)−γ2wT (t) w (t)

)
dt 6

w ∞
0

(
yT (t) y (t)−γ2wT (t) w (t)+V̇

)
dt+

V (t, x (t)) |t=0 − V (t, x (t)) |t=∞ =

Π0 (t)=zT (t)Π0z (t) .

(20)

Ù¥

zT(t) = [xT(t) qT(t) fT(t) wT(t)]

qT(t) = [xT(t− τ1(t)) · · · xT(t− τk(t))]

Ú

Π0 =




U11 G12 G13 G14

GT
12 G22 G23 G24

GT
13 GT

23 G33 G34

GT
14 GT

24 GT
34 G44


 ,

U11 = CTC + G11, G14 = AT
0 Z̄H,

G24 =
[
HTZ̄A1 · · · HTZ̄Ak

]T

,

G34 = HTZ̄, G44 = HTZ̄H − γ2I.

Ø�ª(4)���

Π1(t)= zT(t)diag(−a2
0G

T
0 G0,−a2

1G
T
1 G1,· · · ,

−a2
kG

T
k Gk, I, 0)z(t)60. (21)

dÚn3,e�3k¢êρ > 0¦�Π0 (t)−ρΠ1 (t) =
zT (t)Π z (t) < 0,K¿�Xeª¤á:

Π =




Ū11 G12 G13 G14

GT
12 Ḡ22 G23 G24

GT
13 GT

23 Ḡ33 G34

GT
14 GT

24 GT
34 G44


 < 0, (22)

[
Xi Yi

Y T
i Zi

]
> 0, i = 1, 2, · · · , k. (23)

Ù¥ Ū11 = U11 + ρa2
0G

T
0 G0,

Ké?¿÷vª (21)�z∈R4n−{0}kJyw =Π0(t)<

0¤á. |^SchurÖ[13],��XJª(8)Ú(9)¤á,X
Ú(1)�∆Ai = 0 (i = 0, 1, · · · , k)�´äkH∞�ê
.γ > 0°�½�.
±eïÄäkØ(½5�XÚ(1) �°�½

5, ¿�����¢�'äk�ê.γ > 0�H∞°
�½��â.
½½½nnn 2 XÚ(1)é?¿÷v0 6 τi (t) 6

τ̄i, τ̇i (t) 6 ηi < 1��C�¢´äk�ê
.γ > 0 �H∞°�½�, XJ�3k∆ =
diag(ε0In0, ε1In1, · · · , εkInk ) > 09P > 0, Qi >

0, ρ > 0, Xi, YiÚZi¦�±eØ�ª¤á:




Ω L1 · · · Lk PH P AT
0 Z̄ PD ET

0 ∆
LT

1 L11 0 0 0 0 AT
1 Z̄ 0 ET

1 ∆
... 0

. . . 0 0 0
... 0

...
LT

k 0 0 Lkk 0 0 AT
k Z̄ 0 ET

k ∆
HTP 0 0 0 −γ2I 0 HTZ̄ 0 0

P 0 0 0 0 −ρ Z̄ 0 0
Z̄A0 Z̄A1 · · · Z̄Ak Z̄H Z̄ −Z̄ Z̄D 0
DTP 0 0 0 0 0 DTZ̄ −∆ 0
∆E0 ∆E1 · · ·∆Ek 0 0 0 0 −∆




<0,

(24)[
Xi Yi

Y T
i Zi

]
> 0. (25)

Ù¥

Ω = PA0 + AT
0 P + ρa2

0G
T
0 G0 + CTC +

k∑
i=1

(
τ̄iXi + Yi + Y T

i + Qi

)
,

Lii = − (1− ηi) Qi + ρa2
i G

T
i Gi, Li = PAi − Yi,

Z̄ =
k∑

i=1

τ̄i

1− ηi

Zi, i = 1, · · · , k.

yyy ^J L«ª (8)�ý�Ý
, ¿^Ai +
DFEi��ª (8)Ai, i = 0, 1, · · · , k,Kª (8)���

J + D̄F Ē + ĒTFTD̄T < 0. (26)

Ù¥

D̄ =
[
DTP 0 · · · 0 DTZ̄

]T
,

Ē =
[
E0 E1 · · · Ek 0 0 0

]
.

�âÚn2Úª(3),e�3kÝ


∆ = diag(ε0In0, ε1In1, · · · , εkInk ) > 0 (27)

÷v

J + D̄∆−1 D̄T + ĒT∆Ē < 0 , (28)

éª (28)¦^SchurÖ[13],á���ª(24).

4 «««~~~999���ýýý(Examples and simulation)
±e�Ñ
���5�ÚØ���5��Ø(

½�C�¢XÚ�«~.
~~~ 1 �Ä±e���56Ä�Ø(½�C�

¢XÚ





A0 =
[
0 0
0 −1

]
, A1 =

[−2 −0.5
0 −1

]
,H =

[
1
1

]
,

G0 =
[
1 0
0 1

]
, G1 =

[
1 0
0 1

]
, E1 =

[
0 0 1 0
0 0 0 1

]T

,

D =
[
0.2 0 0.2 0
0 0.2 0 0.2

]
, E0 =

[
1 0 0 0
0 1 0 0

]T

,

C =
[
0 1

]
, a0 = 0.2, a1 = 0.1.

(29)
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A^½n2, ���γ = 1.95�, é?¿�C�
¢0 6 τ1 (t) 6 τ̄1 = 2.4999, τ̇1 (t) = η1 = 0,
XÚ(29)´ì?½�; �γ = 1.95�, é?¿�
C�¢0 6 τ1 (t) 6 τ̄1 = 1.7498, τ̇1 (t) 6 η1 =
0.3, XÚ(29)´ì?½�.ã1�XÚ(29)3τ̄ =
2.45, x0 = [1.4,−1.8]��G�ÑÑ.

ã 1 XÚÑÑy

Fig. 1 System output y

ã 2 XÚG�
Fig. 2 System state

~~~ 2 �f (·) = 0�,�Ä±eØ(½�¢XÚ



A0 =
[−2 0

1 −3

]
, A1 =

[−1 0
−0.8 −1

]
,

F =
[
0.2 0 0.2 0
0 0.2 0 0.2

]
,

E0 =
[
1 0 0 0
0 1 0 0

]
, E1 =

[
0 0 1 0
0 0 0 1

]

‖∆A0‖ 6 0.2, ‖∆A1‖ 6 0.2, ∀t.

(30)

©z¥�3��¢�'��âJø
�yX

Ú°�½�����¢.τ̄ , Xτ̄ = 3.0369[5]

Úτ̄ = 0.4428[1]. |^�©½n2�����

�¢.�τ̄ = ∞. ù¿�X�©�½5�â

L²XÚ(30)¢Sþ´�¢Ã'½�. ã2�X

Ú(30)3τ̄ = 14, x0 = [2.4 − 1.7]��G�;,.

555 �©æ^
��5?nE|ÚPARK P[7]Ø�

ª�Cz/ª, =LEE Y S�[8]¥�Ø�ªÚn.A^

©z[7]¥PARK P�Ø�ª;�
−2aTb 6 aTG−1a +

bTGb, G > 0¥−2aTb 6 0��/[7].Ï��
�Ð�k

�5Ú����Å5�(J.
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