
1 23ò1 4Ï
2006c 8�

� � n Ø � A ^
Control Theory & Applications

Vol. 23 No. 4
Aug. 2006

lllÑÑÑõõõ���¢¢¢XXXÚÚÚ������¢¢¢���'''°°°���½½½555©©©ÛÛÛ

Ü©S, | á, ÜB�

(úôó��Æ&Eó§Æ�,úôÉ² 310032 )

Á�:ïÄ
äkàõ¡NØ(½5�lÑõ�¢XÚ°�½5¯K.ÏLÚ\�«#��g.�k�Ú
Ø�ª,æ^ëê�6.Lyapunov�¼,�Ñ
·^uäkàõ¡NØ(½5lÑ�¢XÚ���#��¢�'
½5^�.T�{ØI�?1XÚ�.C�=����¢�'�(J,Ú®k©z�',¤�(Jäk����Å
5. ê�~f`²
T�{�k�5.

'�c:lÑXÚ;�¢XÚ;àõ¡NØ(½5;ëê�6.Lyapunov�¼;�¢�6OK
¥ã©aÒ: TP13 ©zI£è: A

Delay-dependent robust stability analysis
for discrete-time systems with multiple delays

ZHANG Wen-an, YU Li, ZHANG Gui-jun
(College of Information Engineering, Zhejiang University of Technology, Hangzhou Zhejiang 310032, China)

Abstract: The robust stability of discrete-time systems with polytopic-type uncertainties and multiple state delays is
investigated in this paper. A new delay-dependent stability condition is derived by using a newly established inequality for
the finite sum of quadratic terms and the parameter-dependent Lyapunov functionals. There is no need of model transfor-
mations in the proposed method and the obtained results are less conservative than some existing ones in the literature. Two
numerical examples are also given to demonstrate the effectiveness of the proposed method.

Key words: discrete-time systems; time-delay systems; polytopic-type uncertainties; parameter-dependent Lyapunov
functionals; delay-dependent criteria

©©©ÙÙÙ???ÒÒÒµµµ1000−8152(2006)04−0636−04

1 ÚÚÚóóó(Introduction)
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(J,¿æ^Oliveira�ëê�6.Lyapunov�¼�
{[6]��
��#�·^uäkõ¡NØ(½5l
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$
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2 ¯̄̄KKK���£££ããã(Problem statement)
�ÄäkõG�¢��Ø(½lÑ�mXÚ

x(k + 1) = A0x(k) +
q∑

j=1
Adjx(k − dj). (1)

Ù¥: x(k) ∈ Rn �XÚG�Cþ, dj´���¢,
�÷v0 6 dj 6 d̄j , j = 1 , · · · , q. G��m�
.(1)¥�XêÝ
b½�÷v±e£ã�àõ¡
NØ(½5µ

Γ := [A0, Ad1, · · · , Adq] ∈ Ω :=

{[A0(α), Ad1(α), · · · , Adq(α)] =
N∑

i=1

αi[A0i, Ad1i, · · · , Adqi],

N∑
i=1

αi = 1 , αi > 0}. (2)

�©�ïÄ�¯K´æ^ëê�6.Lyapunov
�¼,�ÑXÚ(1)��¢�'°�½5^�.

3 ��� ¢¢¢ ��� ''' °°° ���  ½½½ 555 ^̂̂ ���(Delay-
dependent robust stability conditions)
3��Ì�(J�c,Äkïá±e���k�

ÚØ�ª:
ÚÚÚnnn 1 �x(k) ∈ Rn,Ké∀Rj = RT

j > 0, ∀Y0,
Yj ∈ Rn×n±9∀dj > 0(j = 1, · · · , q)±eØ�ª
¤á:

−
q∑

j=1

k−1∑
m=k−dj

ηT(m)Rjη(m) 6

ξT(k)

[
Y11 Y12

Y T
12 Y22

]
ξ(k) +

ξT(k)

[
Y T

0

Ỹ T
q

]
q∑

j=1
(d̄−1

j Rj)−1[Y0 Ỹq]ξ(k). (3)

Ù¥

Y11 = qY0 + qY T
0 , Ỹq = [Y1 Y2 · · · Yq],

Y12 = [qY1 − Y T
0 qY2 − Y T

0 · · · qYq − Y T
0 ],

Y22 =




−Y1−Y T
1 −Y2−Y T

1 · · · −Yq−Y T
1

−Y1−Y T
2 −Y2−Y T

2 · · · −Yq−Y T
2

...
...

...
...

−Y1−Y T
q −Y2−Y T

q · · · −Yq−Y T
q




,

η(m) = x(m + 1)− x(m),

ξT(k) = [xT(k) xT(k − d1) · · · xT(k − dq)].

yyy ½Â

F = [Y0 Y1 · · · Yq], Π =
[
In×n · · · In×n

]

︸ ︷︷ ︸
q

.

dÙ��Ø�ª−2αTβ 6 αTRα + βTR−1β,��

−
q∑

j=1

k−1∑
m=k−dj

ηT(m)Rjη(m) 6

q∑
j=1

k−1∑
m=k−dj

{2ηT(m)Fξ(k)+ξT(k)FTR−1
j Fξ(k)}=

q∑
j=1

2
{
xT(k)− xT(k − dj)

}
F ξ(k) +

ξT(k) FT
q∑

j=1
(d−1

j Rj)−1Fξ(k) 6

2ξT(k)
[
q In×n−Π

]T

Fξ(k) +

ξT(k) FT
q∑

j=1
(d̄−1

j Rj)−1Fξ(k) =

ξT(k)

{[
Y11 Y12

Y T
12 Y22

]
+

[
Y T

0

Ỹ T
q

]
q∑

j=1
(d̄−1

j Rj)−1 [Y0 Ỹq]

}
ξ(k).

Ún�y.
±e½n�Ñ
XÚ(1)°�ìC½���¿

©^�.
½½½nnn 1 XÚ(1)°�ìC½���¿©^�

´�3n × nÝ
Pi = PT
i > 0, Qji = QT

ji > 0,
Rji = RT

ji > 0, Y0, Yj , j = 1 , · · · , q, i =
1 , · · · , N ,¦�

Ui=




ϕ11 Y12 AT
0iPi ϕ14 Y T

0 Π

∗ −Qi+Y22 ÃT
diPi ÃT

di Π∆1i Ỹ T
q Π

∗ ∗ −Pi 0 0

∗ ∗ ∗ −∆1i 0

∗ ∗ ∗ ∗ −∆2i



<0,

i = 1, · · · , N, (4)

Uik=




ψ11 2Y12 AT
0iPk+AT

0kPi ψ14 2Y T
0 Π

∗ ψ22 ÃT
diPk+ÃT

dkPi ψ24 2Ỹ T
q Π

∗ ∗ −Pi−Pk 0 0

∗ ∗ ∗ ψ44 0

∗ ∗ ∗ ∗ ψ55



<0,

i = 1, · · · , N − 1, k = i + 1, · · · , N. (5)

Ù¥

ϕ11 =−Pi +
q∑

j=1
Qji+Y11, ϕ14 =(A0i − I)TΠ∆1i ,

ψ11 =−Pi − Pk +
q∑

j=1
(Qji + Qjk) + 2Y11,

ψ14 =(A0i − I)TΠ∆1k + (A0k − I )TΠ∆1i ,
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ψ22 = −Qi −Qk + 2Y22,

ψ24 = ÃT
diΠ∆1k + ÃT

dkΠ∆1i ,

ψ44 = −∆1i −∆1k , ψ55 = −∆2i −∆2k ,

Ãdi =
[
Ad1i · · · Adqi

]
,

Qi = diag(Q1i , · · · , Qqi),

∆1i = diag(d̄1R1i , · · · , d̄qRqi),

∆2i = diag(d̄−1
1 R1i , · · · , d̄−1

q Rqi).

yyy �Ä±eëê�6.Lyapunov�¼

V (x(k), α) =

V1(x(k), α) + V2(x(k), α) + V3(x(k), α). (6)

Ù¥

V1(x(k), α) = xT(k)P (α)x(k),

V2(x(k), α) =
q∑

j=1

q∑
m=k−dj

xT(m)Qj(α)x(m),

V3(x(k), α) =
q∑

j=1

−1∑
i=−dj

k−1∑
m=k+i

ηT(m)Rj(α)η(m),

P (α) =
N∑

i=1

αiPi, Qj(α) =
N∑

i=1

αiQji,

Rj(α) =
N∑

i=1

αiRji,
N∑

i=1

αi = 1, αi > 0.

÷XÚ(1)�?¿;�§V (x(k), α)�c��©

∆V1(x(k), α) =

xT(k)(AT
0 P (α)A0 − P (α))x(k) +

2xT(k)AT
0 P (α)(

q∑
j=1

Adjx(k − dj)) +

(
q∑

j=1
xT(k − dj)AT

dj)P (α)(
q∑

j=1
Adjx(k − dj)) =

ξT(k)

[
AT

0 P (α)A0 − P (α) AT
0 P (α)Ãd

∗ ÃT
d P (α)Ãd

]
ξ(k).

(7)

Ù¥Ãd =
[
Ad1 · · · Adq

]
.

∆V2(x(k), α) =

xT(k)
q∑

j=1
Qj(α)x(k)−

q∑
j=1

xT(k − dj)Qj(α)x(k − dj) =

ξT(k)diag(
q∑

j=1
Qj(α), −Q(α))ξ(k). (8)

Ù¥Q(α) = diag(Q1(α), · · · , Qq(α)).
�âÚn1,��

∆V3(x(k), α) =

q∑
j=1

−1∑
i=−dj

{ηT(k)Rj(α)η(k)−

ηT(k + i)Rj(α)η(k + i)} =
q∑

j=1

−1∑
i=−dj

ηT(k) Rj(α) η(k)−
q∑

j=1

k−1∑
m=k−dj

ηT(m) Rj (α)η(m) 6

ξT(k)

([
Ω11 Ω12

ΩT
12 Ω22

]
+

[
Y11 Y12

Y T
12 Y22

])
ξ(k) +

ξT(k)

[
Y T

0

Ỹ T
q

]
q∑

j=1
(d̄−1

j Rj(α))−1 [Y0 Ỹq]ξ(k).

(9)

Ù¥

Ω11 = (A0 − I)T(
q∑

j=1
d̄jRj(α))(A0 − I),

Ω12 = (A0 − I)T(
q∑

j=1
d̄jRj(α))Ãd,

Ω22 = ÃT
d (

q∑
j=1

d̄jRj(α))Ãd.

éª(7)∼ (9)¦Ú,¿(ÜSchurÖ5���

∆V (x(k), α) 6 ξT(k)U(α)ξ(k). (10)

Ïd,eU(α) < 0¤á§K∆V (x(k), α) < 0,l
dLyapunov½5nØ��XÚ(1)ìC½. Ù¥

U(α)=




Ξ11 Y12 AT
0 P (α) Ξ14 Y T

0 Π
∗ Ξ22 ÃT

d P (α) Ξ24 Ỹ T
q Π

∗ ∗ −P (α) 0 0
∗ ∗ ∗ −∆1 (α) 0
∗ ∗ ∗ ∗ −∆2 (α)



,

(11)

Ξ11 = −P (α) +
q∑

j=1
Qj(α) + Y11,

Ξ14 = (A0 − I)TΠ∆1 (α),

Ξ22 = −Q(α) + Y22, Ξ24 = ÃT
d Π∆1 (α),

∆1(α) = diag(d̄1R1(α) , · · · , d̄qRq(α)),

∆2(α) = diag(d̄−1
1 R1 (α), · · · , d̄−1

q Rq(α)).

5¿�
N∑

i=1

αi = 1, αi > 0, U(α)�±�¤




U(α) =
N∑

i=1

α2
i Ui +

N−1∑
i=1

N∑
k=i+1

αiαkUik,

i = 1 , · · · , N − 1, k = i + 1 , · · · , N.

(12)

��Ø�ª(4) (5)Ó�¤á�,dª(12)��U(α) <

0¤á. ½n�y.
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555 1 �± �{ØÓ�´, 3½n1��ÑL§¥
¿vk^�?Û�.C�, ÏLæ^��#�k�ÚØ
�ª=��
�¢�'�½5^�. d	, k�ÚØ�
ª¥Ú\�gdCþvk�	��åÚ(���. Ïd½
n1�Ñ��¢�'½5^�äk����Å5.
555 2 ª(4) (5)´'uÝ
CþPi, Qji, Rji, Y0, Yj

(j = 1 , · · · , q, i = 1 , · · · , N) ����5Ý
Ø�ªX

Ú.ÏdXÚ(1)�ëê�6�¢�'½5¯K�A�=
z����5Ý
Ø�ªXÚ��15¯K, l�±/
ÏuLMIóä�¦).

4 «««~~~(Illustrative examples)
±eü�ê��~�y�©�Ñ�{�k�5.
~~~ 1 �ÄäkXeëê�Ø(½lÑ�¢X

Ú(1)[8]:

A0 =

[
0 0.3

−0.2 δ

]
, Ad1 =

[
0 0
0.1 β

]
,

Ad2 =

[
0 0.1
0 0.1 + β

]
.

Ù¥δÚβ�XÚ�Ø(½ëê, �®�|β| 6 0.1,
|δ| 6 δ1, d̄1 = 1, d̄2 = 2.
d~�8�´3XÚ���¢®���¹e(

½¦�TXÚ�±½�Ø(½ëê#NCz�

�,w,ù�#N�Cz����,K¤�Ñ��{
äk����Å5. L1�Ñ
A^©z[8]Ú�©
��{¤���(J.

L 1 Ø(½ëê#N���
Table 1 Maximal values of the uncertain paramters

�{ Ø(½ëê#N���δ1

©z[8]íØ2 0.7146
�©½n1 0.7400

~~~ 2 �ÄäkXe4�º:�Ø(½lÑ�¢
XÚ(1):

A01 =

[
0 0.3
1 −0.5

]
, A02 =

[
0 0.3
1 −0.5

]
,

A03 =

[
0 −0.54
1 −0.43

]
, A04 =

[
0 −0.54
1 −0.43

]
,

Ad11 =

[
−0.1 −0.35

0 0.31

]
, Ad12 =

[
−0.1 −0.35

0 0.29

]
,

Ad13 =

[
−0.1 −0.35

0 0.31

]
, Ad14 =

[
−0.1 −0.35

0 0.29

]
.

d~�8�´(½¦�±þXÚ½���#

N�¢d̄1,l`²�{��Å5. L2�Ñ
A^
©z[8]Ú�©��{¤���(J.

L 2 ��#N�¢
Table 2 Maximal values of the time delays

�{ ��#N�¢d̄1

©z[8]íØ2 0.0740
�©½n1 0.2920

±þê��~�O�(JL²,�©�Ñ�ëê
�6�¢�'½5^��®k©z¥�(Jäk

����Å5.

5 (((ØØØ(Conclusion)
éäkàõ¡NØ(½5�lÑõ�¢XÚ,

�©ïÄ
Ù�¢�'½5¯K.æ^ëê�6
.Lyapunov�¼, ÏLÚ\�«#�k�ÚØ�ª
?n�{,Ø^?1�.C�����
��#�
ëê�6.�¢�'½�â. ���ê��~�
y
T�{���(J�®k©zäk����

Å5.
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