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Abstract: Neural network method for solving generalized eigenvalue and eigenvector problems is studied in this paper
and a continuous-time recurrent neural network model is presented. By using LaSalle’s invariant principle, it is shown that
the proposed network is globally quasi-convergent which guarantees an exact generalized eigenvector that can be found by
the new model. Furthermore, this new model overcomes the following three defects in the existing neural network models
based on penalty function method. 1) False solutions may be found by using penalty function method, sometimes, even
unfeasible solutions could be found. 2) There is a parameter to be tuned in the process, but no definite rule available for the
tuning. 3) No any stability result could be ensured for the existing models. The new model proposed here solves all these
problems and, moreover, it has a good characteristic that it’s trajectories can never escape from the feasible region, but will
converge to the set of the generalized eigenvectors for any initial point in the feasible set. Finally, good performance of the
proposed model for finding a generalized eigenvector is also demonstrated by numerical simulation results.
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1 ÚÚÚóóó(Introduction)
O�Ý
A ∈ Rn×n �A��¯K�Ù�éA

�A��þ¯K3Nõ�ÆO�±9ó§A^¥´

��7L�Ú½,'X&Ò?n,��nØ,±9/
¥Ôn�. �,,Ïé#�¦)�{´ê��5�ê
ïÄ���­�¯K.'uù�¡�²;�{±9
�#?Ð�±3 Golub�Ö[1] ±9¦���nã5

©Ù[2]¥é�. DÚ�{duÉ��m���,é�
5���ÆO�¯K®²éØ·^. du ²�ä
�{äk¢�O�±9´u>´�[¢y�ü�r
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;Í[7].
A��¯K� ²�ä¦)�k©z�9,~X

©z[7,8]ÒJÑ
�A��ä�.,¦���ä�
.´Äuv¼ê�{�. �´,Äuv¼ê�{¤Ï
é��)é�UØ´�1),�O`´�`)
,�
ëw©z[9]¥�Øã. ,	, �ä�Âñ53ù«
�{¥�´v{y². Ïd,ù«�{¤����ä
�.´Ø���,Ùk�5���5Ñk4��"
�.ùp,�©JÑ¦)2ÂA��¯K� ²�ä
�.,�®k��ä�'�,ùp��.���±;
�´�1�, 
��Û[Âñ�2ÂA��þ. �
,,¤JÑ��ä�.äk¢�O��r�õ�,

��±>´�[¢y,lù:5ù,ù��{�±^
u)û�5��O�¯K.Ïd,ùp��{²w`
u®k�DÚ�{.

2 222ÂÂÂAAA������ ¯̄̄KKK(Generalized eigenvalue
problems)
2 Â A � � ¯ K Ò ´ Ï é � � êλ, ë

w©z[1,2], ±9��éA�A��þv =
[v1, · · · , vn]T 6= 0 ∈ Rn¦�éü�¢Ý
A,B ∈
Rn×n÷ve¡��ê�§|µ

Av = λBv, (1)

Ï~Ý
é (A,B)¡���Ýf. w,,� v ´�

�2ÂA��þ�,§�?Û���"Ïf α�¦

È�´��A��þµA(αv) = λB(αv).Ïd,Ï
~3�Kz�¡�¦A��þ´'uÝ
B���

ü �þ,=�¦

vTBv = 1. (2)

w,,� B = I ,ùp I ´ü 
,2ÂA��¯K
Ò{z�ÊÏ�A��¯K.
Äuv¼ê�{, ©z[7,8] �Ñ
¦)ÊÏ�

A��¯K�õ� ²�ä�.. �´,Äuv¼ê
��{k3�Ä�"�: 1)vk��N!ù�vëê
�OK�±|^; 2)¤���)�UØ´ý); 3)ù

�.�­½5Ï~Ã{y²[6∼8]. k�ud,v¼
ê�{3DÚ�`zO�¥A�vk^?. Ïd,Ï
é¦)2ÂA��¯K�#� ²�ä�.Òw�

�~½�.

3 ���äää���...���­­­½½½555©©©ÛÛÛ(Neural network
model and its stability)
�Äde¡��©�§|¤�x� ²�ä

XÚ

dx

dt
= −(‖Bx‖)2Ax + (xTBAx)Bx. (3)

Ù¥: x ∈ Rn,±9A,B ∈ Rn×n©O´¢é¡±9

¢é¡�½Ý
. ù´��dg£�©XÚ¤L�
� ²�äXÚ,Ù¬G6§Xã 1¤«.

ã 1 �ä3�¬G6§

Fig. 1 Block diagram of the neural network 3

T�ä´d�
Ä���5C�ìA,B, È©
ì

∫
,¦{ì×,±9\{ìΣ�¤,ù«Ä�ü��

>´M�¢y3©z[7]¥k�[�Øã,§�Ñ´
�±éÐ¢y�>´�äü�.
)ö5¿��ä(3)�?Û�"²ï:x�Ð´

Ýf(A,B)���2ÂA��þ, 
éA�A�
�´λ = (xTBAx)/(‖Bx‖2)¶��, XJ�"�
þx´Ýf(A,B)éAuA��λ���A��þ,
KlAx = λBx±9λ = (xTBAx)/(‖Bx‖2)��x

7´�ä(3)���²ï:. Ïd, Ï¦2ÂA��
þ�¯KÒ=z�Ïé�ä£3¤��²�²ï:
�¯K.�äUÄÂñ�²ï:,�Ò´�ä�­½
5¯K,Ò´ÄkI�?Ø�¯K.
)ö�Ñ������g£�äXÚẋ =

F (x)­½5�'��
Ä�Vg.
½½½ÂÂÂ 1 �x(t)´��5g£�äXÚẋ =

F (x)���). ùp¡XÚ�éu8ÜW�ÛÂ

ñ�8ÜX , XJz�l8ÜW¥Ñu�)x(t)÷
v^�

ρ(x(t), X) → 0, t →∞, (4)

ùp: ρ(x(t), X) = inf
y∈X

‖x− y‖, x(0) = x0 ∈ W .

½½½ÂÂÂ 2 �x(t)´��5g£�äXÚẋ =
F (x) ���). ùp¡ù�XÚé8ÜW´Ð

©�, XJz�l8ÜW¥Ñu�)x(t)é¤k
�t > 0òÊ33dWS. XJ�äXÚé,�ê
Æ5y��1)8ÜW ´Ð©�¿�Âñ��ä

�²ï:8Ü, ¡d�äXÚ´'uW[�ÛÂ

ñ�.



1 4Ï ¾���µ¦)2ÂA��¯K��" ²�ä�{ 647

e¡�±Qã�ä(3)��ÛÂñ5
.
½½½ nnn 1 � ä(3)é � 1 ) 8 ÜW =

{x|xTBx = 1}´Ð©�, 
�z�)Âñ�Ý
f(A,B)�A��þ8Ü, 
§Ò´�ä�²ï
:8Ü,=Ò´`�ä(3)´[�ÛÂñ�.

yyy lª(3)��
dxTBx

dt
= 2xTB

dx

dt
= (5)

2[−xTB‖Bx‖2Ax + (xTBBx)xTBAx] = (6)

2[−‖Bx‖2xTBAx + ‖Bx‖2xTBAx] = (7)

0, (8)

=Ò´xTBx÷Xª(3)�;��~ê,l


x(t)TBx(t) = xT
0 Bx0 = 1, (9)

d=`²XÚ(3)éW´Ð©�.

�ÄUþ¼êV (x) =
1
2
xTAx,O�§÷X�ä

XÚ�UþCz,=¦��ê
dV

dt
= xTA

dx

dt
= (10)

−‖Bx‖2xTAAx + (xTABx)2 = (11)

−‖Bx‖2‖Ax‖2 + (xTABx)2 6 (12)

−‖Bx‖2‖Ax‖2 + ‖Bx‖2‖Ax‖2 = 0, (13)

þ¡�Ø�ª´dCauchy-SchwartzØ�ª�5�.
�âª(9)��

‖B 1
2 x(t)‖2 = 1, (14)

dd�

‖x(t)‖ = ‖B− 1
2 B

1
2 x(t)‖ 6 (15)

‖B− 1
2 ‖ · ‖B 1

2 x(t)‖ 6 (16)

‖B− 1
2 ‖. (17)

ª(13)`²V÷X�ä;�´Uþeü�, 
(17)`
²§´k.�, l
V (x)�¤
XÚ(3)��
�Lyapunov¼ê, 
�âLaSalleØC�n�[10,11],
¤kª(3) �;�òª�ue¡�8Ü���Ø
C8Σ :

Σ ⊆ {x | dV

dt
= 0}, (18)

�´, Cauchy-Schwartz �ª¤á�^�´�3λ¦

�Ax = λBx, 5¿�x(t)é8ÜW´Ð©�, l

x(t)òª�uÝ
Ýf(A,B)�2ÂA��þ8
Ü. y..

4 êêê������[[[ÁÁÁ���(Simulation results)
^e¡�~f�ê��[Á�,�Ý
A´

A =

(
1 −2

−2 4

)
, (19)

Ý
B = I , ¯K�ÊÏ�A��¯K, d¯Kk
ü�A��λ1 = 0, λ2 = 5, éA�A��þξ1 =
[0.8944 0.4472]T9ξ2 = [−0.4472 0.8944]T. d¯
K��ä�.�

dx

dt
=

(
−2x2

1 + 3x1x
2
2 + 2x3

2

2x3
1 − 3x2

1x2 − 2x1x
2
2

)
. (20)

^ODE233MATLAB 7.0e ¦ ) d ¯ K, � Ð
�(0, 1),ã2�Ñ
Ï¦ξ1��ä;�r³ã.

ã 2 �ä;�x1, x2

Fig. 2 Neural trajectories x1, x2

5 (((ØØØ(Conclusion)
ùp�Ñ
¦)2ÂA��¯K� ²�ä�

{,y²
�äéÙ�'��Kz�å8´�ÛÂ
ñ�. ùp��ä�.�Ñ
®k��ä�.�N
õ"�, �)­½5¯K, v¼ê��"��.
�
�ä��ÛÂñ5�Ò�y
ù��.´��­½

$1�!����ä�.. ��, ê�Á�(J�
L²ùp��ä�.�±éÐ/¦)2ÂA��

¯K.
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