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Chaos control in the n-scroll Chua’s circuit
ZOU Yan-li1,2, ZHU Jie1, LUO Xiao-shu2

(1. Department of Electronic Engineering, Shanghai Jiao Tong University, Shanghai 200240, China;
2. College of Physics and Information Engineering, Guangxi Normal University, Guilin Guangxi 541004, China)

Abstract: The chaos control problem in the n-scroll Chua’s circuit is studied. At first, the unstable fixed points in the n-
scroll Chua’s circuit are classified into two types according to the characteristics of the eigenvalues of the linearized system
matrix at the fixed points. Next, a low-pass first order filter is applied to stabilize the two types of fixed points. Theoretical
analysis shows that the first type of fixed points can be stabilized by using a stable low-pass filter and the second type of
fixed points can be stabilized by using an unstable one, and with some appropriately chosen feedback parameters, Hopf
bifurcation can be generated. Finally, numerical simulations are performed to verify the correctness and validity of the
proposed chaos control method.
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1 ÚÚÚóóó(Introduction)

Cc5, ·b���ÓÚduÙd3�ã�A
^cµÉ�IS	�ïó�ö��2�'5. <
�®²JÑ
õ«·b��ÚÓÚ�{. Ù¥Ä
u��{ü�$ÏÈÅì�Äå��ì3õ�Ø

Ó+��·b��¢�¥��¤õA^[1∼4]. ,
ù«{ü�ÄåÆ��ìäk�½�Û�5, §
ØU½äkÛê��¢A���ØÄ:[5]. �
C, Pyragas�[6]JÑ
A^Ø½���$ÏÈÅ

ì½ù«äkÛê��¢A���Ø½ØÄ

:��{. �©¥�?Ø
ØÄ:�½vk
?Ø±Ï;����. ©z[7,8]¥�O¿¢y
�
«nµòChua>´,)ö3©z[9]¥ïÄ
ù«nµ

òChua>´�·b��¯K.3©z[9]¥òù«>
´¥�Ø½ØÄ:©�üa, ¿æ^'~�©

��ì¢y
11aØ½ØÄ:Ú�A�«±Ï
;��½��,�´©¥æ^����{ØU½
12aØÄ:.
�©ïÄ
nµòChua>´�·b��¯K.ï

Äuy:æ^½���$ÏÈÅì�±½11a
Ø½ØÄ:, æ^Ø½���$ÏÈÅì�±
½12aØ½ØÄ:.¿�,3,
�"ëê�
�e, �±��XÚ�)Hopf©
, ��õ«½
�±Ï;�.

2 nµµµòòòChua>>>´́́(n-scroll Chua’s circuit)

nµòChua>´�Ãþj/ª£ãXe:




ẋ = α[y − f(x)],

ẏ = x− y + z,

ż = −βy.

(1)

ÂvFÏ: 2004−11−24;Â?UvFÏ: 2005−09−12.
Ä7�8: I[g,�ÆÄ7]Ï�8 (10247005).
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f(x) =





bπ

2a
(x− 2ac), x > 2ac,

−b sin(
πx

2a
+ d), −2ac < x < 2ac,

bπ

2a
(x + 2ac), x < 2ac.

(2)

�XÚëê���

α = 10.814, β = 14.0, a = 1.3, b = 0.11, (3)

n = c + 1, (4)

d =





π, n´Ûê§

0, n´óê.
(5)

XÚ�±�)nµòáÚf, ~X�c = 7, d =
0�,�±�)Xã1¤«�8µòáÚf.

ã 1 c = 7, d = 0��8µòáÚf
Fig.1 8-scroll attractor generated by Eqs.(1) and (2)

with c = 7, d = 0

3 ���������{{{ÚÚÚnnnØØØ©©©ÛÛÛ(Control method and
theoretical analysis)
XÚ(1)�ØÄ:�(xeq, 0, − xeq),

xeq = 2am, m = 0, ± 1, · · · , ± c. (6)

3ØÄ:?�JacobianÝ
�

J1 =



−αf ′(xeq) α 0

1 −1 1
0 −β 0


 . (7)

òª(6)�\ª(7), �§(1)(2)¥�ëê�ª(3)∼(5)
éA��,�±O�Ñ�§(1)�ØÄ:?JacobianÝ

�A��.�âØÄ:?JacobianÝ
�A���
5�,�±rØÄ:©¤Xeüa:

1) �µòên�óê�, xeq = 2am,m�Ûê

�m 6 |c|;�µòên�Ûê�, xeq = 2am, m�

óê�m 6 |c|.þãü«�¹¤éA�ØÄ:, ¡
�11aØÄ:. ù�aØÄ:�A:´J1�3�A
��¥¢��K,�ÝE��¢Ü��.ù�aØÄ

:éAXz�µò�¥%;
2) �µòên�óê�, xeq = 2am, m�óê

�m < |c|;�µòên�Ûê�xeq = 2am, m�Û

ê�m < |c|. þãü«�¹¤éA�ØÄ:,¡�
12aØÄ:.ù�aØÄ:�A:´Ù3�A��
¥¢���,�ÝE��¢Ü�K.ù�aØÄ: 
uµò�>�.
�©æ^��$ÏÈÅì��nµòChua>´

¥�üaØÄ:, 3XÚ�ØÄ:Ø´°(®�
��¹e,�©����{�±gÄÏé¿½Ø
Ä:.äN���{Xe:b½XÚ¥G�Cþx�

ÿ,òx���XÚÑÑCþ¿²L����$ÏÈ

Åì,��ÈÅì�ÑÑCþw=�G�Cþx�Ï

"�.òÈÅìÑÑþwÚ�XÚ�ÑÑþx� �

U�½'~�"��XÚ�11�fXÚ.��XÚ
�µãXã2¤«.

ã 2 ��$ÏÈÅì��XÚ
Fig. 2 Control scheme of the n-scroll Chua’s circuit

with a low pass filter applied

É��XÚ�G��§�



ẋ = α(y − f(x)) + k(w − x),

ẏ = x− y + z,

ż = −βy,

ẇ = λc(w − x).

(8)

lXÚ(8)�±wÑÉ��XÚ�4�XÚ,ÙØÄ:
�(xeq, 0,−xeq, xeq),

xeq = 2am, m = 0,±1, · · · ,±c. (9)

3ØÄ:?XÚ3�3��m�ÝKØC,=���
\\ØUC�XÚ�²ïG�.É��XÚ(8)3Ø
Ä:?�JacobianÝ
�

J2 =




−αf ′(xeq)− k α 0 k

1 −1 1 0
0 −β 0 0
−λc 0 0 λc


 . (10)

XÚ(8)3ØÄ:?�A��§�
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|sI− J2| =
s4 + (αf ′(xeq) + k + 1− λc)s3 + (β+

αf ′(xeq) + k − α− λcαf ′(xeq)− λc)s2+

(βαf ′(xeq)) + βk − λcβ − λcαf ′(xeq)+

αλc)s− λcβαf ′(xeq)s0 = 0. (11)
311aØÄ:?, f ′(xeq) = bπ/(2a). �

âRouth-HurwitzOK, �k�λc < 0�, s0��X

ê�u", ÏLÀJ�"OÃk��, ùaØÄ
:â�U��. �Ò´`, 11aØÄ:�U^
½���$ÏÈÅì��; 312aØÄ:?,
f ′(xeq) = bπ/(2a). �âRouth-HurwitzOK, �k
�λc > 0�, s0��Xê�u", ÏLÀJ�"O
Ãk ��,ùaØÄ:â�U��.�Ò´`,12a
ØÄ:�U^Ø½���$ÏÈÅì��.
dunµòChua>´¥�z�aØÄ:Ñk�

Ó���5,XJ�rXÚ½�,�Ï"�ØÄ
:,�±Äk�âµòêò��my©�n��A�

f�m, =V = V1

⊕
V2 · · ·

⊕
Vj · · ·

⊕
Vn, Vj�L

1j�µò¤3�f�m. �â·b$Ä�H{5,
�±æ^OGY�{¥�Å¿�êg�,�·b$Ä
?\��A�f�m�2�\��,Ò�±òXÚ
½�Tf�m¥�A�ØÄ:.
éu11aØÄ:,�λc = −0.2,�k > 7.7�,�

§(11)�4�A��Ñ´K�, d�XÚ�11aØ
Ä:Ñ´½�. �ÈÅì�Ð©G��ØÓf
�m���, ·bXÚ�±�½��Af�m
¥�11aØÄ:.5¿:3nµò�½��¥,X
Ú�ëê¿Ø�½°(��, Ï���L§¥¿
ØI�XÚØÄ:�°(�, g·A���±g
Äé�XÚ�ØÄ:¿òÙ½. ~Xéu8µ
òChua>´,�λc = −0.2, k = 20, w0 = 2.1�,X
Ú�±�½�ØÄ:xeq = 2.6, Xã3(a)¤«;
λc = −0.2, k = 10, w0 = −12.5�,XÚ�±�
½�ØÄ:xeq = −13Xã3(b)¤«.

ã3 11aØÄ:�½��

Fig. 3 Control results of the first type of fixed points

du3©z[9]¥®²�[?Ø
11aØÄ:
9Ù�A±Ï;��½��,¤±�©édaØ
Ä:9�A±Ï;����Ø2�ã. e¡X?
Ø12aØÄ:9Ù�A±Ï;��½��.
ÏLéÉ�XÚA��§�©Û��, �k

�λc > 0�,XÚ�12aØÄ:â�U��.3¢
����, λc�������ê, �d)ö�
X
Ú312aØÄ:?A��¢Ü��"OÃCz�
ã/(Xã4¤«).

ã 4 A��¢Ü���OÃ�Czã
Fig. 4 Eigenvalues of the 8-scroll Chua’s circuit as

functions of the control gain k with λc = 0.1
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ã4¥�½λc = 0.1. ã4(a)(b)©O´3k ∈
[0, 2]«mÚk ∈ [0, 15]«m, É�XÚ312a
ØÄ:?�3���A��¢Ü�Cz�¹. d
ã4(a)(b)��, �k0 < k < k1Úk > k3�, 3ù
aØÄ:?XÚ�4�A��Ñ´K�, ¤±3
ùü�«mSXÚ�12aØÄ:´���. ¿
�, 3k0 < k < k1«m�k = k2����Ý�

¯. ²LO���k0 = 1.50571, k1 = 1.67, k2 =
1.563, k3 = 11.17.
ÏLé��5XÚ3ØÄ:?��5zÝ


5ïÄØÄ:�½5, ù«Cq�k3XÚ
;,�~�CØÄ:�â¤á. ÏLê��ý
uy, 3½«mk0 < k < k1S, 12aØÄ:
�áÚ�´é��, =�k�XÚ;,¿©�
CØÄ:��\��âU½ù�aØÄ:, Ä
K, ��"�\\éN´¦XÚuÑ. 3½«
mk > k3S, �X�"OÃk�O�, 12aØÄ:
�áÚ�¬wÍ*�, �XÚ�����Ý¬
~ú. ã5(a)���12aØÄ:xeq = 0, XÚÐ
��(x0, y0, z0, w0) = (0.01, 0.1, 0.1, 0.1), �"O
Ã�k = 1.52, λc = 0.1; ã5(b)����12a
ØÄ:xeq = 5.2, XÚÐ��(x0, y0, z0, w0) =
(4, 0.1, 0.1, 4.8),�"OÃ�k = 20, λc = 0.1.

ã 5 12aØÄ:�½��

Fig. 5 Control results of the second type of fixed points

dã4����"OÃk = k0�, XÚ��
é�ÝE�d��²¡�K�²¡B�J¶,
d�É�XÚ�4�A���λ1,2 = −0.4842 ±
1.5019i, λ3,4 = 0 ± 0.8990i. Ù¥�é�ÝE
�λ3,4÷vHopf©
^�[10],=

Reλ|k=k0 = 0, Imλ|k=k0 6= 0,
dλ

dk
|k=k0 6= 0, (12)

XÚu)Hopf©
.ã6´�w0 = 0.1, λc = 0.1,3
12aØÄ:xeq = 0NC, Ly = 0��Cþx�©


ã. dã��3k0NC�Xk�~�,XÚu)�
X�©
,l�±òXÚ½�ØÓ�±Ï;�.
ã7�8µòChua>´¥�"OÃ�k = 1.264�,X
Ú�½�4p±Ï;���ã.

ã 6 XÚ©
ã
Fig. 6 Bifurcation diagram of the 8-scroll Chua’s circuit

near the second type of fixed point eeq

ã 7 ��XÚ�4p±Ï;�k = 1.26

Fig. 7 Control result of the orbit of period-4 with k=1.26

A��Ñ�´3¤k�f�m¥12aØÄ:
NCÑkaq�©
y�. �w0�ØÓf�m¥

12aØÄ:NC���,�"OÃ3�uk0�NC

��,�±òXÚ½�ØÓf�m¥12aØÄ:
NC�±Ï;�þ,¿�,ïÄuyùa±Ï;� 
uü���µò¤3�f�m¥,=±Ï;�U2 =
{x;x ∈ Vi ∪ Vj, i − j = ±1, i, j = 1, 2, · · · , n},ù
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�©z[9]���(JØÓ. ©z[9]¥�����
11aØÄ:NC�±Ï;�Ñ´ u,�f�
mS�, =U2 = {x; x ∈ Vj, j = 1, 2, · · · , n}. 3
ã4¤«�k1, k3:kÚk0�q�©
y�u), 3
ù
�"OÃNC����±òXÚ½�ØÓ�

±Ï;�þ,3dØ2Kã.

4 (((ØØØ(Conclusion)
�©æ^��$ÏÈÅì��nµòChua>´

¥�·b,Äk�âØÄ:?�5zÝ
A���
5�òØÄ:©¤üa,,�©OïÄ
ùüaØ
Ä:���¯K.ïÄL²:XÚ�11aØÄ:�
±æ^½���$ÏÈÅì��, 12aØÄ
:�Uæ^Ø½���$ÏÈÅì��,¿�3
,
�"OÃNC,XÚu)Hopf©
Ú�±Ï©

,l�±���X�½�±Ï;�,ù
±Ï
;�¿ØÛ�u,�f�mSÜ,´´ª���
f�m�.nØ©ÛÚê��ýy¢
�©�{�
k�5Ú�(5. du$ÏÈÅìN´¢y, ½
���$ÏÈÅì�±æ^RC>´¢y,Ø½�
��$ÏÈÅì�±æ^¹kK>{�RC>´¢
y.¤±�©����{äk´u3ó§¥¢y�
A:.
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