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Abstract: The principle of characteristic modelling provides a theoretical basis for the design of intelligent controllers
and the control of higher-order plants by using lower controllers. For the control of speed tracking or acceleration, the sta-
bility of the adaptive control systems based on characteristic modelling is exactly the stability of the 4th-order time-varying
discrete systems. The brief expressions of discriminants for the varying coefficient quadratic trinomials are deduced when
their coefficients satisfy complicated system of difference equations. Based on the results, the uniformly asymptotic stabil-
ity criteria of the 4th-order linear time-varying discrete systems are also quantitatively given by employing the Lyapunov’s
direct method. The obtained results are only related to the variation ranges of coefficients in the system equation, thus

simplifying the existing results in their dependence on the variation ranges of some coefficient functions.
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g+ 1)+ LRy (R) + LK)y — 1) +
f3(k)y(k —2) + fa(k)y(k —3) = 0. (D
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S (k) = \/A(k)zzw\(/k?(k) - 5’ Il
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pas(k) = psa(k) = ( ), ®

pia(k) = pai(k) = 5471']044( ), i =

JXE €1,E2,€3 $D€4 &%E‘%éi, ﬁ’ﬁEO < g

<
P . b f i ) <
]]\\/[/[\[(2 = 1,2,3,4), M4 fi(k)I 58, Bl fi(R)| <

TR R, 0T g E R FRAERE P (),
(Qi;(k))axs = Q) =
—Ak+1D)TP(k+1)A(k + 1)+ P(k). (10)

1,2,3.

e

Qu(k) = p11 — fi(k + 1)pas, (11)

Qn(k) =

P22 —pu+2fs(k+1)pra(k+1) = f3(k+1)pas, (12)

Qs3(k) =

P33 —D22+2fo(k+1)pos(k+1)— f5 (k+1)pas, (13)

Qaa(k) =

Pas—pss+2f1(k+1)psa(k+1) = f2(k+1)pas, (14)

le(k) = QQl(k’) =

P12(k)+ fa(k+1)pra(k+1)— f3(k4+1) fu(k+1)paa,
(15)

Q13(k) = Q31(k) =

pi3(k)+ fa(k+1)p2a(k+1) = f2(k+1) fa(k+1)paa,
(16)

Qua(k) = Qu(k) =

pra(k)+ fa(k+1)psa(k+1) — fi(k+1) fa(k+1)paa,
(17)

Qa3(k) = Qza(k) =

po3(k) — pra(k +1) + fa(k + )paa(k + 1) +

fo(k 4+ D)pra(k + 1) — f2(k + 1) f3(k + 1)pas, (18)

Q24(k) = Q42( ) =

poa(k) — pis(k +1) + fa(k + )psa(k + 1) +

fi(k+Dpra(k +1) = fi(k + 1) f3(k + 1)pas, (19)

Qza(k) = Quz(k) =

p3s(k) — pas(k + 1) + fo(k + 1)psa(k + 1) +

Ji(k+1)paa(k+1)— fi(k+1) fa(k+1)paa. (20)
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Afi(k) = filk +1) = fi(k) (i = 1,2,3,4),

Afi(k) = £k +1) = f7(k) (i =1,2).
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R12(k V Qa2 (k)Qs3(k) — 825 < —eaA fa(k) <
Rl(k +\/Q22 )Q33(k) — 023, 3)

,\4351]- < 164, Oag < coca NIEFHEL

Nii(k) = =2pi2(k+1) =2[fo(k+1)pra(k+1)—
fa(k + 1) fa(k + 1)paal, (24)
—2p13(k+1) =2[fa(k+1)pas(k+1) -
fo(k + 1) fa(k + 1)paa], (25)

Nio(k) =

Ri(k) =
—2[paz(k+1)—pra(k+1)+ f3(k+1)paa(k+1)+
folk+1)pra(k+1) = f2(k+1) f3(k+1)pa], (26)
T} R L0 IR RRBEQ (k) B — B+~ 2K
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Q;(k) = S .
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I By(k) = (Vi(k)/2—([Qua(F)Q(3) (k)" +
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Qjj(k) < pjj — Pj—1,j-1 + 265 ;M. Bu(k) = (Vi(k)/2+([Qua(F)Q(3) (k)]*+
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2) FIHAEIISE 4458, ¢ = 10, W7 = 2843. (34)
e Bs (k) =
Q(ig) (k) =Q(15) (k) = Qu(k)Q;;(k) — Q3 (k)= Wl(k)_\/Q(23)(k)Q44(k)MQ3(k)_532
—[p1; (k) = pi;(k + 1) + Q(23)(k) ’
Nuj—1(k)[p1; (k) = p1j(k + 1)] + No ;-1 (k). Bs(k) =
SR T poy (k) — pyy (k+ D) ==, oy B Lm0 (8 Mas () =05
N2 (k) HRQOFQS)Er 1, N (), Ny (k) Q@3) (k) O

o ARG, Hrb: M (k) =1, B(k+
1) = pi(k+1),D(k) = Qu(k)Q;;(k), F(k) = 0,
C(k+1) = fa(k4+1)pj_1 a(k+1)—fs_;(k+1) fa(k+
1)paa, H15IE2%0, b= =10 ) 5k

F2(k) +4M (k) D (k) = 4Q11(k)Qy; (k).

CAFQui(k) > i THEF2(k)+4M (k)D(k) > 4cic;.
We = 40y, B #2510, KQ@2)MALI, Q(ij) (k) >
51;.

io= 2, Wy = 3, 47 b ariiE R@3)ak A7 N,
Q(23) (k) > das.

b4 858 Q (i) (k) RIEXMQ>i5) (k) <
Qii(k)Q;,(k) < Q:Q;.

EFE 1 NARBHRS(D) BT R E 1) 4
AN

1) fi(k), fa(k), f3(k) R fa(k)Wi 2521, HO <
P11 < 1;

2) fi(k), f2(k), fs(K), fa(K), f2(k)ANf5(K) ¥
SO 4 s A

Bi(k) < —e1Afi (k) < Bo(k), 27)
Bs(k) < —e2Afo(k) < Bu(k), (28)
Bs(k) < —esAfs(k) < Bg(k), (29)
Br(k) < —esAfu(k) < Bs(k), (30)
By(k) < —ei]Afi(k) < Bio(k), (31
B (k) < —e3Af3(k) < Bia(k), (32)

B7(k):max{ 1(k) /2= (Qaa (k) Q3(k) — 535) "
(S1(k)/2 — (Ma, (k)Q(L3) (k) ~
521)"%)/Qu (k) |,

By(k) =min{ By (k) /2+(Qa2 (k) Qs (k) — 83"
(S1(k)/2 + (Ma, (k)Q(L3) (k) ~

021)°) /@ (k >} (36)
By(k) = 2< — V/Qu1(k)Qa (k) — 012,
Buo(k) = Nl(k +V/Qu(k)Qn(k) — 612, (37)
Bu(h) —Tlf V@ B@sn (k) — o
Bu(k)—ﬂék +V/Qu(k)Qss(k) — d15. (38)
S

o3 < min{daz, 2d\/cac3 — },
831 < min{d2013, 3d*},
d = \/012013/2p11, 032 < C45;3531/p1h
033 < 013032/ Q2Q3, J34 < 612033/Q1Q3
N IE LG
Ni(k) = Ny (k) =
—2p1a(k + 1) = 2[fa(k + )pra(k +1)—
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fs(k + 1) fa(k + 1)paa], (39)

Ri(k) =

—2[po3(k+1) —pra(k + 1)+ fa(k+1)pos(k+1)+

fo(E+ Dpra(k+ 1) — fo(k+ 1) f3(k + 1)paal,
(40)

Si(k) =

—2Qu1(k)pas(k + 1) — 2Qui (k) [—pi2(k + 1) +

fa(k + D)paa(k + 1) + fo(k + 1)pra(k +1) —

Jo(k+ 1) fs(k + 1)paa] +2Q15(k)Q12(k), (41

Ty (k) = Niy(k) =

—2p13(k + 1) = 2[fa(k + 1)paa(k + 1) —

fo(k +1) fa(k 4+ 1)pad], (42)

U (k) =

—2Mqgo(k)[paa(k + 1) — pas(k + 1) +

fa(k + D)psa(k + 1) + fi(k + 1)paa(k + 1) —

Ji(k +1) fa(k + 1)paa] + Uro(k), (43)
Uso(k) =

—[—Q23(k)Q(13) (k) + Qus(k)Q(}3) (k) —

Q24(F)Q(13) (k) + Qua(k)Q(33) (k)] (44)
Uoo(k) =

—Q(13)(k)Q34(k) 4+ 2Qu4(k)Q(33) (k) Q24(k) —
Q(23)(k)Q1, (k) + Qua(k) Mgs(k), 45)
Vi(k) =

—2Q(13)(k)[paa(k + 1) — pra(k + 1) +

f3(k + Dpsa(k + 1) + fi(k + Dpua(k +1) —
Fi(k+1) fs(k + 1)pag] +2Qua(k)Q(33) (k), (46)
Voo(k) = —Q(23) (k) Q3,4 (k) +Qua(k) Mas(k), (47)

Wl(k) =
—2Q(23)(k)[pra(k + 1) + fa(k + Vpaa(k + 1) —
filk + 1) fa(k 4 1)paal, (48)

Mq, (k) = Q(12)(k), Mq,(k) = Q(123)(k). (49)

W1 EEA I, AR5, BN, Bp;, =i, W)
HO< p11 <paz <p3z<paa. W, QDN (k)| < 1/2.
W2 HEEIEN S PR, Br(k) < Bs(k),
BP=0(30)A R X.

W3 wEE P DI AR Z, o E3 0, X
— AN THBEQ(R) M X ML LI TR AR TE, X
EAEQ (k) IE 8 B4 F.

UE 1) EEUEP(k) &S 1EE X
L.

b, PR —Wr 7M1 (k) = pu(k) =
P11 > pi/2.

oM FAR) < MY 0 < ¢, < “P11_ 0 <
| fi (k)] h LS Ve

pn < 1, WPk )H’]#]KJII?EEMIJZ(]{:) = P11P22 —
et fi(k) > pl — p7121 > pi — ]97121
WK,
|2 (k) 3 (K) fa(k)| =
L) - 1f3(R)] - | fa()| < MFME My,
TR R fa(k) = —MEMZM,. X0 < g; <
P (G =1,2,3,4),0 < py < 1, Fik, #

M7
TPR)W=ET,FH

Mys(k) >

4 1 Ph +
_7p11p22p33 s \[ p11p22p33 D22 72

E ph 1 P

- - = - >
_7p11p22p33 7 ] + [71711?221733 Dss 72

ro.3 2

P11 21011 bi1 p11

4— — —_ — +

AR ] [p Pege }

r 2 2 2
P D P11 D Opazp

pnu—u}‘f‘[p %_pi‘ﬁ 11} > 2L

7 7 72 49
P(k)MPYRr 4720
Mp4(k) =

P11P22P33Pas — Pr1PaoP3a(k)pas(k) —
P11P32(k)pas(k)pas + pripsa(k)paa(k)pas(k) +
P11Paz(k)pas(k)psa(k) — pripaz(k)paa(k)pss —
po1(K)p12(k)psspaa + 05, (k)p3s (k) +
Pa1(k)pa2 (k)13 (K)pas—pai(k)psz (k)p1a(k)pas (k) —
P21(K)paz(k)p13(k)psa(k) +pai(k)pas(k)pra(k)pss +
p31(k)p12(K)pas(k)pas —pai(k)pi2(k)p2a(k)pas (k) —
P31 (k)p22p1a(k)pas + pa1(k)paspra(k)pas (k) +
Y28 51 (F)pia (k) — ps1 (k)paz (B)pra(k)pas (k) —
Pa1(k)p12(k)p2s(k)psa(k) +pai(k)pr2(k)paa(k)pss+
Pa1 (k)p2api3(k)psa(k) — pai(k)paapra(k)pss —
par (k)32 (k)p1s(k)paa (k) + pi, (k)p3y (k).
HH0 < & < pu/MiVT, |fi(k)| < M, Fibh,
e f2(k) < piy /7, WA

1

ZP1P22PssPa + 5 2,3,6,22 02— > 0. (50)
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1 + 554, 50 > L !
14p11p22p33p44 A 14]711 7\[1711

(5D
HEED0 < pn <1, 04

1 Pavand -
EP11P22P33P44 + 57,9F 1630, 18 FE 217,

52312 — > 0. (52)
M, (k) EIT5E8, 17, 24%’34!%1

Lk TR, My (k) > ot — - ﬁpn [,
SIBLA, P(k) 80 R 1E 5 I FREIE.

2) {EUEQ(K) A IF 7€ FE K 2 1,5 ik X (30) 1 &
X b %ﬁﬁﬁﬁfﬁﬁéw >0k

— /Mo, (F)Q(13)(k) — a1
Quik )
Rlék F/QuB)Qu(k) 6. ()
Ry(k)

\/sz )Qs3(k) — g3 <

2

S 4 /e, QU ) — b
Q11(k) '
KO < d19 < cica, 0 < 015 < cics, FITLL, V012013 <
C14/C2Cs, T/ V012013/p11 < c1y/CaCs/p11; X0 <
¢ < P, BV012013/p1 < VC2Cs, W1 2d < \/cycs,
MM 2d\/eacs — d? = d(2,/cacs — d) > 0, HUifisEn]

HU I IE KL 5. 3T

(54)

Q22(k)Qs3(k),

— VMo, (F)Q(3) (k)
Qu(k ) ’

Q22(k)Qs3(k),

2

Sl (k
ba(k) = —2—

+ /Mo, (
Qu1(k)
H 5| BE3 2R 225 4510 0, 2B 1(32) AL,
Ma, (k) = Q(12)(k) =
Q11(k)Qa2(k) — Q1,(k) > 0,
Q(13)(k) = Q1 (k)Qs3(k) — Q35(k) > 0,
Jit A

k)Q(13)(k)

Q3 (k) < Qui(k)
Q13(k) < Qui(k)

22(k),

Q
Qs3(k),

MIMQ3,(k)Q3, (k) < QF1(k)Qaa(k)Qss(k), 3

M

|Q15(k)Qi2(k)| < Q11(k) v/ Q22(k)Q33(k). (55)
FHJ::EQJ#‘EEKSK ):Qn( )R1<k)+2Q13< )Q12( )’
%S

by(k) — as(k) =

Qll \/ Q22 QSS QlS QIQ )]/Qll(k)+

VMo, (F)Q13)(k /Qn( )>
\/MQz ) /Qll >\ 512513/}711 = 2d,
[ 22, by (k) —ay (k >\/MQ2(1€)Q(13)(1€)/Q11(1€)>
2d.
S [ FE3 %0

Mq, (k) = Q(12)(k) < Q11(k)Q22(k),

Q(13)(k) < Qui(k)Qss(k),
44
V Q22 (k)Qs3(k >\/MQ2 13)(k )/Qn( ) >2d.

Oy < 2d\/Ca5 — d® < 2dr/ Qa2 (k) Q33 (k) —
éﬁz
— VQ2(k)Qss(k) )? < Qaa(k
Md<2d< m [
V@R Q) — d < \/ Qua(k)Qus (k) — B,
Rl

1 (k)2 V/Qua(F) Qs () Qaa (k) Qua (k) — By <.

bi(k) — az(k)
2 ?

)Qs3(k) —

[i1¢ e1(k) <
bi(k) — e1(k) > W

031 <K 3> =4d* — d* =
Vv 512513 d2 2d \/MQz Q(l?’)(k)

S P11 Q11(k) _d27
W b ATHIE
e (k?) é \/MQz(k;)Q(13)(k) _
’ Qu( )
\/MQ2 (k) 631 < d,

Qn( )



I HE

: DU AR B R S — Sl IE AE 851

%6
eo(k) < Wkl el)

by (k) —|— ag(k:)

%LF)TJ& as(k) + es(k) < by(k) — eq(k), JLHR
A (53) Az, 45 L AT uE(54) kT

mz, REOHEX.

3) FUEQ(k) & —3rA At 18 I FRAR FE.
L E, HEIE 3 A 144, XQOEOLN, Q(k)
H—Br =T KMo (k) = Q11 (k) > ci.

B 5 B3 24 g e n, NGB, Q(k) I
ST R Mo (k) = QU2)(K) > b

FQ (k) I — B 1 NI 3% R I v 15

Mes(k) = —Qu1(K)[pas(k) — pas(k + 1)]* +
S1(k)[p23(k) — pas(k + 1)] + So(k).

IE 2 2K T pas(k) — pas(k + )E/] U\ = Iﬁ—t H;
H2) QYT Hr:

M(k) = Qu1(k), B(k+1) = pas(k + 1),

D(k) = —Q%3(k)Qaa(k) + Qa3(k) Mg, (),

F(k) = 2@13(k)Q12(k)7

Clk+1)=

—pia(k + 1) + fs(k + 1)paa(k + 1) +

Ja(k + 1)pra(k +1) — folk + 1) fs(k + 1)pas,
A 51 HE2%0, 13RI T pos (k) — pas(k + 1) K =I5
VP P IR W)

F?(k) 4+ 4M (k)D(k) = AM oo (k)Q(13) (k).
5 | B3 ) 5524 4 ik 4, X(32) i, Q(13)(k) >
\:Jﬁiﬁ(?)())}&jﬁﬂ‘, MQg(kf) > 631/]?11.

FQ (k)Y 1 X3 55451 JE I nl 15

Mequ(k) = —Mqa(k)[psa(k) — psa(k + 1)]* +
Ui (E)[psa(k) — psa(k 4+ 1)] + Uo(K).

Bk % Fpaa(k) — paak + DI~ S IR, 3
WU, (k) @3)dh i, HUo(k), Uy (k)W 53R 7Rk
K(©2) Q) KX

M(k) = Mgo(k), B(k+1)

D(k) = Ugo(k), F(k) =

Clk+1)=

—pos(k + 1) + fo(k + D)psa(k+1) +

filk + D)pas(k +1) = fi(k + 1) f2(k + 1)paa,

T az(k) + ea(k) <

= p34(/€ + 1),
Ulo(k)a

Uso(k), Ugo (k)73 nl HZ(44) (45)%5 i, B3 B2
UL (k) + 4Mg, (k)Uo (k) =
UL (k) + 4Mgo(k)Ugo (k).
T[J\lIEIEU%UOO( ) > 533/@1@3- $9;J:’
Uogo(k) = —Q(13)(k)[paa(k) — paa(k + 1)]* +
Vi(E)[p2a(k) — paal(k + 1)] + Vo (k).
BN ¢ Fpoa(k) — poa(k + DI =k =150,
V() R@e)ss i, HVo(k), Vi(k)nl 73 3l & 4
K@) @B, A

M(k) = Q(13)(k), B(k + 1) = pas(k + 1),
D(k) = Voo(k), F(k) = 2Q:4(k)Q(23)(k),
Ck+1)=

—piz(k+1) + fa(k + Dpaa(k +1) +

filk + D)pia(k +1) = fi(k + 1) f3(k + 1)paa.

H1 5 [ #2240
Vi (k) + 4Q(13) (k) Vo (k) =
F?(k) +4M(k)D(k) =
4[Qua(k)Q(23) (k)]* + 4Q(13) (k) Voo (k).
H |3 ) 5524 ik 4, N (G2) AL, Q(13)(k) >
013.
NUEVoo (k) > 052/ Q2Qs, F5E L,
Voo(k) = —Q(23)(k)[pra(k) — pra(k + 1)]2 +
Wi(k)[pia(k) — pra(k + 1)] + Wo (k).

IR K Tpua(k) — pua(k + D =k =i oA, H
W (k) aRd8) 4 i, HW,(k), W- ( ) CIFWiIEN
H R (2) G, A
M(k) = Q(23)(k), B(k+1) =pu(k+1),
D(k) = Qua(k)Mqs(k), F(k) =0,
Ck+1) =
w15 250

W2 (k) +4Q(23) (k)W (k) =
4Q(23) (k) Qaa (k) Mqs (k).
A3 5T EE3 24 . 14 45 0, 2R (30) 1)k
S, Q(23) (k) > 6as, Qua(k) > cay T,
W2(E) +4Q(23) (k)Wo(k) > 4c4054051 /P11
H 5122, SQKILI, Vio(k) > 632/Q2Qs. FTLA,

V2 (k) +4Q(13)Vo(k) > 4013052/ Q2Q3, H23(28)
JALIS, Ung (k) > 833/ Q1 Qs JET, 45 Q27) AL I,



852 oW s N M

23 4%

Moa(k) > 034/Q1Qo. HI5IEEL, Q(k) A& —FH
e IEEHRE.

FH Lyapunov i i s g P A 2 BN 45 18 A3HIE.

VL 1 eTae s 1 hRQR7)~B2)F itk
B; (k)i b B SR BT A R £ (k)] < oM (N
HHO < o < 1,M; BYE X)), & Sl
H ¥ Boj 1 (k) L8 5 S i Boj (k)W RS, RIA3 3T
W f () B A8 B (R DDV T, OF R v SERUSCT K1 Bl
HUAREE, B00F 7 A5 45 Wi . ERE SRS E A
NN GRS, SRR LA S AR E— 2D
3 ¥ (Examples)

LU RS RGE, #5

fi(k) = (sink + cosk)/5, fo(k) = sink/5,

f3(k) = cos(2k) /5, fi(k) = cos(3k)/5,

B, = 0.1, puMEBUEFVEL B3 1 Ko = 0.4,
D) 3ok AN 8 K dE B AT 5 IE T 45 AR Gl L 8
B4, SO — St feoe . RE S E
SET TR A I IERE, B IO y(k), y(k—
1),y(k —2),y(k — 3)MAMHII(-1, DI BEYLEL,
Bl 0 14 y .

1 T T T

0.5 7

RIR

,1 1 1 1
0 20 40 60 80

k
1y
Fig. 1 Trajectories of y

4 45 (Conclusion)

B TR AR BT R 7 S, AR E M n)
VH &5 Ay IR AR B B G ) A P Tv) AL SR R T R 48
TR RO I TR EFEREP (K), P, E
2t T DU I AR AR g SO AL R E PR Fe a4
P, N TR ARV 2 A2 i LA 2 A e
PERESRAT B 1 BB FEAE.
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