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General solutions to the matrix equation AX − EXF = BY and
their applications

ZHOU Bin, DUAN Guang-ren
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Abstract: The problem of solving the matrix equation AX − EXY = BY is studied in this paper. Firstly, a complete
general parametric expression for (X, Y ) satisfying this equation is obtained. Here matrix triple (E, A, B) is R-controllable
and F is an arbitrary matrix. Compared with existing results, the algorithm does not need the matrices F and A to be in
any canonical forms and the knowledge of their eigenvalues. Furthermore, this type of solution has a very neat form. As a
demonstration, the Luenberger function observer design of descriptor linear system is considered and a parametric design
procedure is established. Finally, a numerical example shows the effectiveness of the proposed approach.
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1 ÚÚÚóóó(Introduction)
Ý
�§

AX − EXF = BY. (1.1)

Ù¥: A,E ∈ Rn×n, B ∈ Rn×r, F ∈ Rp×p�~

êÝ
, X ∈ Rn×p, Y ∈ Rr×p´��Ý
, 32
Â�5XÚnØ¥äkÞv�­��^, ~X, G
��"4:��[1,2]!A�(���[3∼6]�. ���
��A^´ë��.�l[7], Luenberger¼ê*ÿì
�O[8∼10] ��. ��*ÿì�A^, �æuÿÚ°
��æuÿ[11,12]�'�¯K�´¦)þãÝ
�

§. d	, k
°�4:���{[1]��9�TÝ


�§�ëêz). Ïd, T�§�ïÄáÚ
�
1�Æö[5,13∼17]. �Ý
F��JordanIO.�,©
z[13]�Ñ
ü«{²Ú���äk��ëêgd
Ý(=�±?¿ÀJ�ëê��ê)�Ï), Ù¥�

«´S�/ª,,	�«K´wª���ID4¼
ê(sI −A)−1B �mp�©).

3þ¡J��k'A^�§(1.1)�k
¯
K¥, 'X�.ë��l[7]!Luenberger¼ê*ÿ
ì[8∼10]!�æuÿ[11,12]�, FÏ~´ØäkIO.

�?¿Ý
. �,lêÆþù, o�±ÏL�
qC�, òFC�¤Ù{�., XJordanIO.!
FrobeniusIO.�, 2|^©z[13]�(J¦��
§(1.1)�). �´l¢Sö�þw, �öõ��O
�ÃY, �öê�­½5��bÄ. Ï�ú@�¯
¢´,Ý
�Jordan�z½öFrobenius�z´Ø­½
�ê�O�[18]. d	,ÄuJordanIO.�(J  
I�Eê$�, �O\
O��JÝ. Äuþã�
Ï, k7�ïÄF�?¿Ý
�Ý
�§(1.1)�)
�¯K.�J�´,�8c��,ÿvké�ïÄù
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�¯K��'©z.
�©�Ñ
Ý
�§(1.1)���äk��ëê

gdÝ�)ÛÏ). TÏ)Ø�¦Fäk?ÛAÏ

/ª, Ï
Ø�äkA^�B�`:, ��±��
Ta�§¦)���Ú���{.����A^~
f,�©�Ä
2ÂXÚ�~Luenberger¼ê*ÿì
�ëêz�O¯K.�'u©z[13]���{,�©
JÑ�ëêz�{Ø=;�
Eê$�,�äk�
O{ü�`:.
3�©¥, ^σ(F ) L«Ý
F�A���8

Ü.éu?¿X ∈ Rm×n,.�¼êvec(X)½Â�

vec(X) = [x11 · · ·x1n · · ·xm1 · · ·xmn]T.

2 ���������)))ÛÛÛÏÏÏ)))(Complete parametric so-
lutions)

2.1 ÄÄÄ���bbb���ÚÚÚÚÚÚnnn(Basic assumptions and lem-
mas)
3�ÑÌ�(J�c,I��
ý�ó�.Äk

b�(E, A, B)´R-U��,=

rank
[
sE −A B

]
= n, ∀ s ∈ C, rankB = r.

(2.1)

Ùg'uÝ
�§(1.1)�)�gdÝ�ê8, kX
e(Ø:
ÚÚÚnnn 1[13] �Ý
�§(1.1)¥�XêÝ
÷v

^�(2.1), @oTÝ
�§�)�gdÝ�ê8
�rp.
-sL«Laplace�f, ��3õ�ªN(s) ∈

Rr×r[s], M(s) ∈ Rn×r[s],¦�eã'X¤á:

(A− sE)M(s) = BN(s). (2.2)

¿-N(s) = [Nij(s)],±9

t = max
r6i,j6r

(deg(Nij(s))), (2.3)

@oM(s), N(s)�±©OL«¤s�õ�ª�/

ª,= 



M(s) =
t∑

i=0

Mis
i,Mi ∈ Rn×r,

N(s) =
t∑

i=0

Nis
i, Ni ∈ Rr×r.

(2.4)

òª(2.4)�\�ª(2.2)¥��

A
t∑

i=0

Mis
i −

t∑
i=0

EMis
i+1 = B

t∑
i=0

Nis
i.

ü>'�s�Óg��Xê��



AM0 = BN0,

AMi − EMi−1 = BNi, i = 1, 2, · · · , t,

− EMt = 0.

(2.5)

ÚÚÚnnn 2 �F ∈ Rp×p�?¿Ý
, Mi, Ni(i =
0, · · · , t)Xª(2.4)¤½Â,@o

rank
t∑

i=0

[
(FT)i ⊗

[
Mi

Ni

]]
= rp (2.6)

¤á��=�

rank

[
M(s)
N(s)

]
= r, for any s ∈ σ(F ). (2.7)

yyy ë�N¹.
Luenberger¼ê*ÿì�O¥I�¦)Xe�

�5�§:

XA = B. (2.8)

ùpA,B�~êÝ
. 'uT�§�),kÚn:
ÚÚÚnnn 3[19] �Ý
�§(2.8)�N,KÙÏ)�±

L«�

X = BA− + W (I −AA−). (2.9)

ùpW�·��ê�?¿Ý
. A−�A���2Â

_Ý
.

2.2 ÌÌÌ���½½½nnn(Main theorem)
'uÝ
�§(1.1)�).kXe(J:

½½½nnn 1 �E, A,B÷v^�(2.1), Mi, Ni, i =
0, 1, · · · , tdª(2.2)(½, @oÝ
�§(1.1)�)�
±L«�





X = M0Z + M1ZF + · · ·+
Mt−1ZF t−1 + MtZF t,

Y = N0Z + N1ZF + · · ·+
Nt−1ZF t−1 + NtZF t.

(2.10)

ùpZ ∈ Rr×p´?¿�ëêÝ
. ?
,XJ

rank

[
M(λ)
N(λ)

]
= r, for all λ ∈ σ(F ) (2.11)

¤á,Kª(2.10)�ÑTÝ
�§�Ï).AO/,X
J

rank

[
M(s)
N(s)

]
= r, ∀ s ∈ C, (2.12)

=M(s), N(s)mp�, Kéu?¿F , ª(2.10)Ñ�
Ñ
�§(1.1)�Ï).
yyy Äky²ª(2.10)÷v�§(1.1).òª(2.10)

�\�Ý
�§(1.1)¥��

AX − EXF =
t∑

i=0

AMiZF i − E
t∑

i=0

MiZF iF =
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t∑
i=0

AMiZF i − E
t∑

i=0

MiZF i+1 =

AM0Z+
t∑

i=1

(AMi−EMi−1)ZF i−EMtZF t+1.

òª(2.5)�\�þª,¿5¿�ª(2.10),��

AX − EXF = BN0Z +
t∑

i=1

BNiZF i =

t∑
i=0

BNiZF i = B
t∑

i=0

NiZF i = BY.

d=L²ª(2.10)÷v�§(1.1). �
y²)���
5,I�^�Kronnecker¦È,�âª(2.10)��




vec(X) =
[

t∑
i=0

(FT)i ⊗Mi

]
vec(Z),

vec(Y ) =
[

t∑
i=0

(FT)i ⊗Ni

]
vec(Z),

½ö�¤Ý
�/ª

[
vec(X)
vec(Y )

]
=




t∑
i=0

(FT)i ⊗Mi

t∑
i=0

(FT)i ⊗Ni


 vec(Z). (2.13)

�âÚn1,duZ¥�����êfÐ�u���

gdÝ�ê8,¤±�I�y²Z�(X ,Y )�N�´
��N�,=y²

rank




t∑
i=0

(FT)i ⊗Mi

t∑
i=0

(FT)i ⊗Ni


 =

rank

(
t∑

i=0

(F T )i ⊗
[
Mi

Ni

])
= rp. (2.14)

�âÚn2, ª(2.14)¤á�¿�^�´ª(2.11)¤
á.XJM(s), N(s)mp�,(Øw,.
lÏ)�L�ª(2.10)��, TÏ)�'uÙ¦

ë�©z�(J, Ø�äk/ª{ü�A:, 
�
|uO�Å¦).Ï���¦Ñ
mp�©)��

Ni,Mi, i = 0, 1, · · · , t,K�I�k��Ý
¦{
$�.
`̀̀²²² 1 XJF��JordanIO., òF�\�ª

(2.10)¥, ÏL{ü$�, �±uy©z[13]�(J��©
�(J´�d�.
3e!�Luenberger¼ê*ÿì��O¥,I�

¦)�§(1.1)�éó�§
XA− FXE = Y C (2.15)

ùp: E, A ∈ Rn×n, C ∈ Rm×n, F ∈ Rp×pþ�

®��~êÝ
, b�Ý
å(E, A,C)´R−U*

�, C1÷�,=rankC = m.��

V (s)(A− sE) = U(s)C. (2.16)

ùp: U(s) =
t∑

i=0

Uis
i, V (s) =

t∑
i=0

Vis
i.@o�â½

n1,kXeíØ:
íííØØØ 1 Ý
�§(2.15)�)�±L«�{
X =ZV0+FZV1+· · ·+F t−1ZVt−1+F tZVt,

Y = ZU0+FZU1+· · ·+F t−1ZUt−1+F tZUt.
(2.17)

ùpZ ∈ Rp×m´?¿�ëêÝ
.?
,ª(2.17)�
Ñ
TÝ
�§��Ü)��=�

rank
[
U(λ) V (λ)

]
= m, for any λ ∈ σ(F ) (2.18)

¤á. AO/,XJª(2.16)�©)´�p��,Ké
u?¿Ý
F ,ª(2.17)�Ñ
TÝ
�§��Ü).

3 222ÂÂÂXXXÚÚÚLuenberger¼¼¼êêê***ÿÿÿììì���ëëëêêê
zzz���OOO(Parametric approach for Luenberger
observer design)
2Â�5XÚ��~Luenberger¼ê*ÿìk

�$Ä��ê,�´%kéõ��OgdÝ,Ïd´
�«äk­�ïÄd�ÚA^d��*ÿì.Äk
�Ñ¯K�J{.
3.1 ¯̄̄KKK���JJJÑÑÑ(Problem formulation)
�ÄXe½~2Â�5XÚ{

Eẋ = Ax + Bu,

y = Cx.
(3.1)

Ù¥: x ∈ Rn, u ∈ Rr, y ∈ Rm©O´XÚ�G

��þ, ���þÚÑÑ�þ, E ∈ Rn×n, A ∈
Rn×n, B ∈ Rn×r, C ∈ Rm×n�®��¢êÝ
.�

�yXÚ(3.1)�)���5, b�Ý
é(E, A)
�K,=�3s ∈ C,¦�

det(sE −A) 6= 0, (3.2)

�TXÚ(3.1)´R−U*�,=

rank

[
sE −A

C

]
= n,∀s ∈ C. (3.3)

TXÚ�Luenberger¼ê*ÿìäk��/ª{
ż = Fz + Gy + Su,

ω = Mz + Ny.
(3.4)

Ù¥z ∈ Rp�*ÿ�Ä��þ.�O�8�Ò´¦
�ëêÝ
F ∈ Rp×p, G ∈ Rp×m, S ∈ Rp×r,M ∈
Rr×p, N ∈ Rr×m¦�éu,�Ý
K ∈ Rr×nÚ?
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¿�Ð�x(0), z(0)±9?¿�Ñ\u(t)k

lim
t→∞

(Kx(t)− ω(t)) = 0 (3.5)

'uLuenberger¼ê*ÿì�^�,kXeÙ�
(Ø:
ÚÚÚnnn 4[20] b�XÚ(3.1)�K�÷vR−U

*,KXÚ(3.4)�¤XÚ(3.1)����~Kx¼ê*

ÿì��=��3Ý
F, T, G, S,M, N÷v^�:



S = TB,

TA− FTE = GC,

K = MTE + NC,

F´­½Ý
.

(3.6)

ÏLTÚn�±uy, Luenberger¼ê*ÿ
ì(3.4)��O�±=z�¦�÷vÚn4¥�4�
^��ëêÝ
F, T, G, S,M,N .

3.2 ¯̄̄KKK���¦¦¦)))(Solutions to problem)
lÚn4��, Luenberger¼ê*ÿì�O�'

��Ú´Ý
�§TA − FTE = GC�¦).3T
Ý
�§¥, F´*ÿì(3.4)�XÚÝ
,¢S�ï
*ÿì�, F�±´÷v½n^�4�?¿Ý
. �
C(A − sE)−1äkXª(2.16)¤«�©). kXe
½n:
½½½nnn 2 b�XÚ(3.1)�K�÷vR-U*^

�,KXÚ(3.4)�¤XÚ(3.1)����~Kx¼ê*

ÿì��=��3Ý
Z ∈ Rp×m÷v^�

rank
[
ΦT CT

]T

= rank
[
ΦT CT KT

]T

. (3.7)

ùp

Φ = (ZV0 + FZV1 + · · ·+ F t−1ZVt−1)E. (3.8)

XJþã^�÷v, @oëêÝ
G,S, M, N�±

L«�




G=ZU0+FZU1+· · ·+F t−1ZUt−1+F tZUt,

S = TB,

T =ZV0+FZV0+· · ·+F t−1ZVt−1+F tZVt,[
M N

]
=

K

[
TE

C

]−
+ W

(
Ip+m −

[
TE

C

][
TE

C

]−)
.

(3.9)
ùpW ∈ Rr×(p+m)�?¿�ëêÝ
. A−L«Ý


A���?¿2Â_Ý
.
yyy Äk`²ª(3.7). �âíØ,Ý
�§TA−

FTE = GC��Üëê)�±L«�ª(2.17). 5
¿�½n¥�13��§�du

K = [M N ][(TE)T CT]. (3.10)

w,þã�§k)��=�

rank[(TE)T CT]T = rank[(TE)T CT KT]T

(3.11)
¤á.5¿�ª(2.17),k

TE =(ZV0+FZV1+· · ·+F t−1ZVt−1+F tZVt)E.

(3.12)
lª(2.16)�±��VtE = 0, òdª�\�ª
(3.12), =��ª(3.11)�duª(3.7). ÙgXJª
(3.7)¤á, ª(3.10)´�N�§, �âÚn3, á�½
n2�(Ø.
þã½nL²,2ÂXÚ�~Luenberger¼ê*

ÿì��O�=z�¦�÷vª(3.7)�ëêÝ
Z.
Ïd,��÷vª(3.7)�Ý
Z(½,@o*ÿì�
Ù¦ëêÒ�±(½
,Ï
äk�O{ü�A:.

����OL§¥�ëêÝ
Ñ´¢�,$��
�é{ü.
3.3 ¦¦¦)))���{{{(Algorithm)
e¡�âþ!�½n, �Ñ2ÂXÚ�~

Luenberger¼ê*ÿì�O��{Ú½:
1111ÚÚÚ ¦)÷vª (2.16)�p�©)V (s),

U(s), ¿L«¤U(s) =
t∑

i=0

Uis
i, V (s) =

t∑
i=0

Vis
i�

/ª;
1112ÚÚÚ ?¿À�*ÿì�­½�XÚÝ


F ; (½÷v'Xª(3.7)�ëêÝ
Z, ¿¦�Ý



[(TE)T CT]T

���2Â_Ý
;

1113ÚÚÚ Uìª(3.9)¦�ëêÝ
G,S, T, M, N .
`̀̀²²² 2 *ÿì(3.4)�XÚÝ
F3­½�cJ

e,±Bu�ï*ÿìXÚ��K;

`̀̀²²² 3 XJ÷v(3.7)�ëêÝ
ZØ�3, K�±

ÏL­#]ÀF½öO\F��ê5­#�O;

`̀̀²²² 4 'up�©)ª(2.16), �±ë�©z[13]

Ú©z[21,22].

4 êêê���~~~fff(Numerical example)
�Ä/X(3.1)�2Â�5XÚ,ÙëêÝ
�

E =




1 0 0
0 0 1
0 0 0


 , A =



−5 0 0

0 1 0
0 0 1


 ,

C =

[
1 0 0
0 1 0

]
, B =




1 0
0 1
0 0


 .
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�©�8�´�OìC�lKx�Luenberger¼ê
*ÿì,Ù¥

K =

[
0 1 0
1 0 −1

]

U	½TXÚ. e¡A^�©��{¦)*ÿì
�OÃÝ
.
1111ÚÚÚ ¦��p�©)�XêÝ
©O�

U0 =

[
0 1

−5 0

]
, U1 =

[
0 0

−1 0

]
,

V0 =

[
0 1 0
1 0 0

]
, V1 =

[
0 0 1
0 0 0

]
.

1112ÚÚÚ �*ÿìXÚÝ
�4:�{−1 +

j,−1−j},�
�B,�±�lÝ
F =

[
0 − 2
1 − 2

]
.

�
¦�÷v^�(3.7)�ëêÝ
Z. 5¿
�t = 1,

[
Φ

C

]
=




z12 0 z11

z22 0 z21

1 0 0

0 1 0




,




φ

C

K


=




z12 z22 1 0 0 1

0 0 0 1 1 0

z11 z21 0 0 0 − 1




T

,

@o^�(3.7)�duz11, z21Ø��".
[(TE)T CT]T���2Â_Ý
�±L«�

[
TE

C

]−
=




−z21(z22z11 − z12z21)
∆

z11(z22z11 − z12z21)
∆

z2
11 + z2

21

∆
0

0 0 0 1
−z12z22z21 + z11z

2
22 + z11

∆
−z22z12z11 − z21z

2
12 − z21

∆
−z12z11 + z22z21

∆
0


 .

ùp∆=z2
12z

2
21+z2

22z
2
11+z2

11+z2
21−2z12z11z22z21.

1113ÚÚÚ �âª(3.9)¦�ëêÝ


G =

[
−5z12 + 2z22 z11

−2z22 − z12 z21

]
, S =

[
z12 z11

z22 z21

]
,

T =

[
z12 z11 − 2z21

z22 z21 z11 − 2z21

]

±9

[
M N

]
=K

[
TE

C

]−
+W2×4

[
I4−

[
TE

C

][
TE

C

]−]
.

AO/À�Z =

[
1 0
0 0

]
, W = 0,�±��A):

G =

[
0 1
0 0

]
, S =

[
0 1
0 0

]
, T =

[
0 1 0
0 0 1

]
,

M =

[
0 0

−1 0

]
, N =

[
0 1
1 0

]
.

5 (((ØØØ(Conclusion)
�©|^õ�ªÝ
(sE−A)−1B�mp�©

)�Ñ
Ý
�§AX − EXF = BY���)

ÛÏ).�'uyk�(J,ùpØI�b½Fä

k?Û�IO.,Ù4:��±�½,Ïdäk�
BA^�A:.d	,TÏ)�äk/ª{'�A
:. ����A^, �Ä
2ÂXÚLuenberger¼
ê*ÿì��O¯K, �Ñ
T¯K��Ü�ë
êz).��ê�~fy²
�{�k�5.
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