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Abstract: The observer design for nonlinear singular systems is discussed. First, for an index-one nonlinear singular
systems, the stability and asymptotical stability with positive semi-definite Lyapunov functions are analyzed. Then, for
nonlinear singular systems composed of linear and Lipschitz nonlinear terms, some sufficient conditions are proposed for
the existence of asymptotically stable observer system. An algorithm is developed to calculate the observer gain, converting
the original problem into admissible control of a linear singular system and the calculation of minimum singular value of
the correspondingly closed system. It is proven that if the minimum singular value is greater than the Lipschitz constant of
the nonlinear singular system, the admissible controller gain can serve as the observer gain.
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1 ÚÚÚóóó(Introduction)
G��"éJp2ÂXÚ½5ÚÄ�5Uä

k�¿Â. �¢SXÚ�G�Ï~J±�Üþ
ÿ,�
¢yG��"��,I�Äu�ÿþ&Eé
G�Cþ?1�O,=�¤*ÿì�O.3L��õ
cm,2Â�5XÚ*ÿì�O��
2�ïÄ,J
Ñ
õ«*ÿì�O�{[1∼5]. �é5ù,2Â��
5XÚ*ÿì¯K�ïÄ�Ø¿©[6∼8]. ©z[6]Ï
Lò2ÂXÚ=z��d��©�§XÚ,�Ñ

�3ÛÜG�*ÿì�^�,�Ø´¤k�2Â�
�5XÚÑ�±=z��©�§XÚ,�ù«=
z¬Ô�2ÂXÚAk�5�. ©z[7]9[8]ïÄ

d�5Úp���5�|¤�2Â��5XÚ�*

ÿì�O¯K.©z[7]3�5Ä�XÚG��*ÿ
^�e,ÏL��*ÿìØ��§¥��êCþ,ò
Ø��§�ìC½¯K=z��©�§XÚ�ì

C½¯K,�ù«�{ØU£8��XÚ�*ÿ
ì�O¯K, Øä��ö�5. ©z[8]3�5Ä�
XÚG��*ÿ±9XÚp��÷vLipschitz^�
e,ÄuÄ�Ö��{ïÄ
2Â��5XÚ�*
ÿì�O¯K,¢Ã�´vk�Ñk��*ÿìO
ÃÝ
�O�{.
�©ïÄd�5ÚLipschitz��5�|¤�2

Â��5XÚ�*ÿì�O¯K. 32ÂXÚ
½5©Û¥  I�(Ü2ÂXÚA:ÀJ��

½Lyapunov¼ê, ±�B/��Lyapunov¼ê÷X

ÂvFÏ: 2005−08−11;Â?UvFÏµ2006−05−15.
Ä7�8:I[g,�ÆÄ7]Ï�8(69774011,60433050).



206 � � n Ø � A ^ 1 24ò

Ú;���ê, �ù�ØUæ^²;�Lyapunov
½5©Û�{. k�ud, �©Äk?Ø��½
Lyapunov¼ê^�e2Â��5XÚ�½5©Û
¯K,òKalitine��ïÄ(J[9,10]í2��ê12Â
��5XÚ,�Ñ�A�½5�O^�.,�ïÄ
2Â��5XÚ�*ÿì�O¯K,�Ñ
XÚ�
3ìC½*ÿì�^�,ò*ÿìOÃÝ
�¦
)8(�2ÂRiccati�§)��35¯K. du2
ÂRiccati�§�¦)E,'�(J, �©ò*ÿì
OÃÝ
�O?�Ú8(�2Â�5XÚNN��

ì�O±9ÛÉ�O�¯K,y²
XJNN��
ì�^eéA2Â�5XÚÝ
å���ÛÉ��

uXÚ�Lipschitz~ê, KNN��ìOÃÝ
Ò
´�¦�*ÿì�"OÃÝ
.

2 ���êêê1222ÂÂÂ������555XXXÚÚÚ½½½555(Stability of
nonlinear singular systems of index-one)
�!ò��½Lyapunov¼ê^�e��5XÚ

½5©Û�(Jí2��ê12Â��5XÚ,�
Ñ2Â��5XÚ½ÚìC½�^�.
Äk�Ñ��5XÚ3��½Lyapunov¼êe

½9ìC½�^�.
ÚÚÚnnn 1 ée¡��5XÚ

ẋ = F (x), F (0) = 0, (1)

b�F (x)ëY��, Ó�3�:,��ΩS�3

¼êV ∈ C1(x,R), ¦�é?¿x ∈ ΩkV (x) >

0(V (0) = 0), V̇ (x) 6 0. �G∗´�¹3G = {x ∈
Ω : V (x) = 0}¥�XÚ���ØC8. eG∗ þ

¤kXÚ;�ìC½,KXÚ(1)½. ?�Ú,�
M∗ ´�¹38ÜM = {x ∈ Ω : V̇ (x) = 0}¥��
�ØC8. eM∗þ¤kXÚ;�ÑìC½,KX
Ú(1)ìC½.
Ún1L², ��½Lyapunov¼êe��5XÚ

�½5�±8(�G = {x ∈ Ω : V (x) = 0}¥
��ØC8þXÚ;��ìC½5,ìC½
5�±8(�M∗ ´�¹3M = {x ∈ Ω : V̇ (x) =
0}¥��ØC8þXÚ;��ìC½5. TÚn
´LaSalleØC8�n�í2.
�Äe¡g£2Â��5XÚ

Eẋ = f(x). (2)

Ù¥: x ∈ X ⊂ Rn ¡�2ÂG�Cþ, f(x)´1
w�þ¼ê, f(0) = 0, E ∈ Rn×n´ÛÉÝ
, =
rank E = r < n. ��/,XÚ(2)�±z�{

ẋ1 = f1(x1, x2),
0 = f2(x1, x2).

(3)

Ù¥: x1 ∈ X1 ⊂ Rr ¡�G�Cþ, x2 ∈ X2 ⊂

R(n−r)¡��êCþ.
�©b�2Â��5XÚ(3)3²ï:?´�

ê1�,=∂f2(x1, x2)/∂x23T:�ÛÉ
[11]. ép�

ê2ÂXÚ,�½^�e�±ÏLXÚC�[12]½ö

�"��[13],òÙz��ê1XÚ.
½½½nnn 1 �Ä�ê12Â��5XÚ(2). b�

3�:,��DS�3¼êV ∈ C1(x,R), ¦�é
?¿x ∈ D, kV (x) > 0, V (0) = 0, V̇ (x) 6 0.
-S∗´�¹3S = {x ∈ D : V (x) = 0}¥�XÚ
���ØC8. XJS∗ þ¤kXÚ;�þìC

½,KXÚ3Lyapunov¿Âe½. ?�Ú,-N∗´

�¹3N = {x ∈ D : V̇ (x) = 0}¥�XÚ���Ø
C8. XJN∗ þ¤kXÚ;�þìC½,KXÚ
3Lyapunov¿ÂeìC½.
yyy ��BØã, b�XÚ(2)®z�XÚ(3).

duXÚ´�ê1�, �âÛ¼ê½n��3
ëY¼êg(x1) ¦��êCþU
L«�x2 =
g(x1)(g(0) = 0), =XÚ(2)�±z�ẋ1 = f1(x1,

g(x1)), x2 = g(x1), Ù½5ÚìC½5dΣ̂ :
ẋ1 = f1(x1, x2)�½5ÚìC½5¤û½. �
Ä�

V (x) = V (x1, x2) = V (x1, g(x1)) = V̂ (x1) > 0,

V̇ (x) = V̇ (x1, x2) = V̇ (x1, g(x1)) = ˙̂
V (x1) 6 0.

V̂ (x1)�±��XÚΣ̂�Lyapunov¼ê. Ó�du

S = {x ∈ D : V (x) = 0} =

{(x1, x2) ∈ D : V (x1, g(x1)) = 0, x2 = g(x1)} =

{(x1, x2) ∈ D : V̂ (x1) = 0, x2 = g(x1)},
N = {x ∈ D : V̂ (x) = 0} =

{(x1, x2) ∈ D : V̂ (x1) = 0, x2 = g(x1)},
qdu{(x1, x2) ∈ D : f2(x1, x2) = 0}ð�ØC
8,�Ŝ = {x1 ∈ D : V̂ (x1) = 0}ÚN̂ = {x1 ∈ D :
˙̂
V (x1) = 0}¥���ØC8©O uSÚN���

ØC8¥,�â½n^�ÚÚn1,��XÚ�½
5ÚìC½5,l��XÚ(2)�½5(ØX
½n¤«.
555 1 T½n´©z[14]�Ñ��ê 1 2Â��

5XÚ� LaSalle ØC8�n�í2. ©z[14]¥�¦
Lyapunov¼ê�½,½n1=�¦Lyapunov¼ê��½.

3 222ÂÂÂ������555XXXÚÚÚìììCCC½½½***ÿÿÿììì���

OOO(Asymptotically stable observer design of
nonlinear singular systems)
�âþ�!���2Â��5XÚ�½5½

n,�!?Ø�a2Â��5XÚ�ìC½*ÿ
ì�O¯K.�Äe¡��52ÂXÚ[7,8]
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{

Eẋ = Ax + φ(x),
y = Cx.

(4)

b�XÚ(4)���5�÷vÛÜLipschitz^
�,=�3~êγ,¦�

‖φ(x)− φ(x̂)‖ 6 γ‖x− x̂‖. (5)
555 2 d uf(x)ë Y � �, Ï LTaylor? ê Ð

m, Eẋ = f(x)�±N´/L«�Eẋ = Ax + φx/ª.
555 3 �
£ã�Bå�, ùp¡γ�XÚ(4)

�Lipschitz~ê. duXÚ��5�÷vÛÜLipschitz
^��, XÚ½÷vLipschitz^�(üö�m=����
~ê),ù�¡�´�1�.
�XÚ(4)�*ÿì�

E ˙̂x = Ax̂ + φ(x̂) + L(y − Cx̂), (6)

K*ÿìØ�XÚ�

Eė = (A− LC)e + φ(x)− φ(x̂). (7)

Ù¥e = x− x̂�*ÿØ�.
2Â��5XÚ�*ÿì�O¯KÒ´À�Ü

·�ÑÑ�"OÃÝ
L, ¦�*ÿìØ�XÚì
C½,= lim

t→∞
e = 0.

½½½nnn 2 XJ�3�"OÃÝ
L,¦�

γ <
λmin(Q)
2λmax(P )

. (8)

Ù¥: γ´XÚ(4)�Lipschisz~ê, Q´�½Ý
, P

´e¡2ÂLyapunov�§�):{
(A− LC)TP + PT(A− LC) = −Q,

ETP = PTE > 0,
(9)

K*ÿìØ�XÚ(7)ìC½.
��â½n1�ä*ÿìØ�XÚìC½

5,ÄkI�y²Ù´�ê1�,=�yÛÜ�5z
2ÂXÚ´�ê1�[14].du2Â�5XÚNN(�
K, ÃóÀ, k�Ä��½)�´�ê1�, �3y
²½n2�c,Äk�Ñ2Â�5XÚNN���{
ü´1��O^�[15].
ÚÚÚnnn 2 2Â�5XÚ

Eẋ = Ax (10)

NN�¿©7�^�´�3Ý
X¦�e¡2

ÂLyapunov�§¤á:{
ATX + XTA < 0,

XTE = ETX > 0.
(11)

555 4 �E = diag(I, 0)�,÷vXTE = ETX > 0�

Ý
X7,äkX =

"
X11 0

X21 X22

#
�/ª, 2dATX +

XTA < 0�X11÷�, lkX11 > 0.
e¡�Ñ½n2�y².
yyy é�½��½Ý
Q,XJ�3Ý
X÷v

ª(8)Ú(9),�âª(9)±9Ún2,��*ÿìØ�X
Ú(7)´�ê1�.
ÀJ��½Lyapunov¼êV (e) = eTETPe >

0,K
V̇ (e) =

ėTETPe + eTPTEė =

eT
[
(A− LC)TP + PT(A− LC)

]
e +

[
φ(x)− φ(x̂)

]T

Pe + eTPT
[
φ(x)− φ(x̂)

]
=

eT
[
(A− LC)TP + PT(A− LC)

]
e +

2
[
φ(x)− φ(x̂)

]T

Pe =

−eTQe + 2
[
φ(x)− φ(x̂)

]T

Pe 6

−λmin(Q)‖e‖2 + 2γ‖Pe‖‖e‖ 6
−λmin(Q)‖e‖2 + 2γλmax(P )‖e‖2 =[
2γλmax(P )− λmin(Q)

]‖e‖2 < 0.

d u ÷ v ^ �(9)� Ý 
Pä kP =[
P11 0
P21 P22

]
�/ª, �ETP =

[
P11 0
0 0

]
, qdu

P11 > 0,��XÚ38ÜSe = {e : V (e) = 0}þì
C½, lXÚ(7)½. ?�Ú, duNe = {e :
V̇ (e) = 0}��¹�:, �â½n1, e = 0´X
Ú(7)���ìC½²ï:,=XÚ(6)´2Â��
5XÚ(4)���ìC½*ÿì.
½n2�Ñ
XÚ(4)�3ìC½*ÿì�X

Úpg��Lipschitz~ê¤#N�þ.. w,Tþ
.�6uÝ
Q�À�. PetelÚTodaly²
�Q= I

�, ª(8)mà�'���[16], =XÚ(4)�*ÿì�
O¯K�±=z�Ïé÷vª(9)��"OÃÝ


L,¦�γ <
1

2λmax(P )
,�´duA − LC�A��

Úλmax(P )�m¿vk���'X, éJ�â½n
^��EÑOÃÝ
L. e¡�ÑXÚ(4)�3ìC
½*ÿì�,��¿©^�,¦�3ÀJ�"O
ÃÝ
�,ØI��ÄXÚLipschitz~ê�λmax(P )
�'X. T^�´©z[17]'u��5XÚìC
½*ÿì(Ø32Â��5XÚ¥�í2.
½½½nnn 3 é÷vETP = PTE > 0�Ý
P ,X

J�±ÀJ�"OÃÝ
L,¦�

(A− LC)T)P + PT(A− LC) + γ2PTP + I < 0,

(12)
K*ÿìØ�XÚ(7)ìC½.
yyy XJ�±ÀJOÃÝ
L÷vª(12), �â

Ún2�*ÿìØ�XÚ(7)´�ê1�.
ÀJ��½Lyapunov¼êV (e) = eTETPe,K
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V̇ (e) = ėTETPe + eTPTEė =

eT
[
(A− LC)TP + PT(A− LC)

]
e +

2
[
φ(x)− φ(x̂)

]T

Pe.

du

2
[
φ(x)− φ(x̂)

]T

Pe 6

2γ‖Pe‖‖e‖ 6 γ2eTPTPe + eTe,

�

V̇ (e) 6 eT
[
(A− LC)TP + PT(A− LC) +

γ2PTP + I
]
e < 0,

�½n2aq��*ÿìØ�XÚìC½.
½n3òOÃÝ
L��E?1
{z. du8

c2ÂRiccati�§�vkk��¦)�{. e¡ò
OÃÝ
L�À�8(�2Â�5XÚ�NN��

±9ÛÉ�O�¯K.Äk�Ñ2ÂXÚ�k.¢
Ún[18],TÚnò2ÂRiccati�§)��35¯K
=z�HamiltonXÚ�K!ÃóÀ±93J¶þ´
Ä�3k�Ä��¯K.
ÚÚÚnnn 3 é2Â�5XÚ,e¡ü�^��d:
1) {E, A}NN,�HamiltonXÚ[

E 0
0 ET

][
ẋ

λ̇

]
=

[
A γ2I

−Q−AT

][
x

λ

]
(13)

�K,ÃóÀ�3J¶þvkk�Ä��¶
2) 2Â�êRiccati�§{

ATP + PTA + Q + γ2PTP = 0,

ETP = PTE > 0
(14)

�3NN).
�âÚn3, ª(12)�¦)¯K�du�3Ý


L,¦�{E, A− LC}NN,�XÚ[
E 0
0 ET

][
ẋ

λ̇

]
=

[
A− LC γ2I

a21 −(A− LC)T

][
x

λ

]

(15)
�K!ÃóÀ�3J¶þvkk�Ä��, Ù¥

a21 = −(1+ ε)I +
1
γ2

CTC, ε�·���ê. ù�^

���±?�Ú8(�ÛÉ�O�¯K.
½½½nnn 4 é2Â��5XÚ(4), XJ�3Ý


L¦�{E, A−LC}NN, �min
ω∈R+

σmin(A−LC−
jωE) > γ ,K(6)´XÚ���*ÿì, �*ÿìO
ÃÝ
�L.
yyy �Iy²XJ�3Ý
L, ¦�{E, A −

LC}NN,�

min
ω∈R+

σmin(A− LC − jωE) > γ,

K�3ε,¦�2ÂHamiltonXÚ(15)�K,ÃóÀ�
3J¶þvkk�Ä��.
e¡b��3Ý
L, ¦�{E, A − LC}N

N,KHamiltonXÚ(15)�±z�


I 0 0 0
0 I 0 0
0 0 0 0
0 0 0 0







ẋ1

λ̇1

ẋ2

λ̇2


 =




A1 ∗ ∗ 0
∗ −AT

1 0 ∗
0 ∗ ∗ I

∗ 0 I ∗







x1

λ1

x2

λ2


 .

TXÚ�K�ÃóÀ.?�Ú,XÚ(15)�A�õ�
ª�

ϕ(λ)=

det

{
λ

[
E 0
0 ET

]
−

[
A−LC γ2I

− (1 + ε)I −(A−LC)T

]}
=

det

{[
λE − (A− LC) −γ2I

(1 + ε)I λET + (A− LC)T

]
·




I 0
1
γ2

(
λE − (A− LC)

)
I




}
=

det

[
0 −γ2I

c21 λET + (A− LC)T

]
=

det
{

(1 + ε)γ2I +
(
λE − (A− LC)

) ·

(λET + (A− LC)T
)}

=

det

{
λ

[
I 0
0 I

]
−

[
A1 0
0 AT

1

]}
.

Ù¥

c21 = (1 + ε)I +
1
γ2

(
λE − (A−

LC)
)(

λET + (A− LC)T
)
.

XJU
y²Ø�3λ = jω¦�ϕ(λ) = 0,KXÚ
vkJÜk�Ä��.)ö��, A−LC−jωE�Û

É��±©�üÜ©,©OéAXÚ�k�Ä��
ÚÃ�Ä��. duXÚ{E, A− LC}ÃóÀ,¤±
�TXÚÃ¡���éA�ÛÉ�Ø�U uJ¶

þ,�XÚk�Ä��éA�ÛÉ��ω → ∞�
ªuÃ¡. PσFmin�A − LC − jωE¥�{E, A −
LC}k�Ä��éA���ÛÉ�, σImin�Ã¡�

��éA���ÛÉ�.�

γmin = min{σFmin, σImin} =

min
ω∈R+

σmin(A− LC − jωE).

XJ2ÂXÚ�Lipschitz~êγ < γmin, K�±À
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Jε¦�γ2(1 + ε) < γ2
min, =

((A−LC)− jωE)∗((A−LC)− jωE)>(1+ ε)γ2I.

lHamiltonXÚ(15)Ø�3J¶k�Ä��. n
þ,��½n¤á.
�dò2Â��5XÚ*ÿì�O¯K8(�

2Â�5XÚNN��±9Ý
åÛÉ�O�¯

K,2Â�5XÚ�NN��kk���O�{.
e¡�Ñ2Â��5XÚ*ÿì�O�Ú½:

1) ¦NN��ìL¦�2Â�5XÚ{E, A −
LC}NN;

2) ¦{E, A − LC}���ÛÉ�. XJ÷v
σmin(A − LC − jωE) > γ, KLÒ´�¦�*ÿ

ì�"OÃÝ
.

4 (((ØØØ(Conclusion)
�©?Ø
�a2Â��5XÚ�*ÿì�O

¯K. Äk, ïÄ
��½Lyapunov^�e�ê12
Â��5XÚ½±9ìC½5. ÄuT½5
©Û(J,?Ø
�a2Â��5XÚ�*ÿì�
O¯K,�Ñ
�3ìC½*ÿì�^�,¿ò*
ÿì�"OÃÝ
��O8(�2Â�5XÚNN

��±9ÛÉ�O�¯K,y²
3NN��ì�
^e,XJ4�2Â�5XÚÝ
å���ÛÉ�
�u2Â��5XÚ�Lipschitz~ê, KNN��
ìOÃÝ
Ò´�¦�*ÿì�"OÃÝ
.
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