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Abstract: The existence of the equilibrium point and global exponential stability of distributed delays neural networks
with reaction-diffusion terms are investigated in this paper. Firstly, a new comparative theorem is obtained. Secondly,
without assuming the boundedness, monotonicity and differentiability of the activation functions, the sufficient conditions
of the existence of the systems’ equilibrium point are obtained by utilizing the theory of homotopy invariability, and the
sufficient conditions of the global exponential stability of the systems with distributed delays by Dini’s derivative, M-
function and the new extended Halanay’s inequality. Finally, a numerical example is given to illustrate the applicability of
this condition.
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1 ÚÚÚóóó(Introduction)
Cc5, du ²�ä2���d3�A^5,

é ²�ä�­½5©Û®áÚ
¯õÆö�ßþ

,�. XéulÑ.�¢ ²�äXÚ�ïÄ®k
Nõ(J(ë�©z[1∼9]±9¦�Ú^�©z). ,

,Ò<M�A5Ú ²�ä���A55`,ëY
�¢�U�Ny����. Ïd,äëY©Ù�¢.
 ²�äXÚ�U�N¯Ô���. �duélÑ
.�ïÄ�{ØU{ü²£�ëY.��/, ¤±
ïÄ¤JØõ[10∼16],¿��õ�¦3²þ�¢k.,
-¹¼êk.!ëY���^�e?ØXÚ�A5.

ÃØ´l ²�ä���l�M ²��A55

w,k�ëY©Ù�¢'Ã¡ëY©Ù�ÎÜ¢S.
�K. Gopalsamy�[15]?Ø
e�Iþ�§:

dx

dt
=− a(t)x(t) + b(t) tanh(t)·

{
w T

0
k(s)x(t− s)ds}+ f(t), t > 0. (1)

÷vÐ©^�x(s) = φ(s)(s ∈ [−T, 0], φ ∈
C[−T, 0])�±Ï)��ÛáÚ5. �C, YAN Xi-
aofanÚLIAO Xiaofeng [16]�ïÄ
�aäk�©Ù

�¢�[� ²�ä�.�±Ï)��35. qd

ÂvFÏ: 2004−08−03;Â?UvFÏ: 2005−10−26.
Ä7�8: I[g,�ÆÄ7]Ï�8(60374023); �H�g,�ÆÄ7]Ï�8(05JJ40093); �H���eg,�ÆÄ7­:]Ï

�8(A04012).
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u>f3���þ!�>^|¥$1�, Ù*Ñy
�´Ø�;��, ¤± ²�ää�A*Ñ���
�¢��¢.� ²�äXÚ��ÛìC­½5�

C�k�
ïÄ(J[17∼20]. Morita[21]�Ñ,æ^�
üN���5 ²�-¹¼ê�±wÍ/UC�ä

XÚ��
A5,�d�©�Äe�ä*Ñ�,äk
�ëY©Ù�¢� ²�äXÚ



∂ui

∂t
=

m∑
k=1

∂

∂xk

(Dik

∂ui

∂xk

)− ciui +
n∑

j=1
aijfi(ui)+

n∑
j=1

bijfi(
w T

0
kij(s)uj(t− s, x))ds + J1,

∂ui

∂n
=

col(
∂ui

∂x1

, · · · ,
∂ui

∂xn

) = 0, t > t0 > 0, x ∈ ∂Ω,

u′(t0 + s, x) = φi(s, x), x ∈ ∂Ω, i = 1, · · · , n.

(2)

Ù¥: Dik = Dik(t, x, u) > 0L«*Ñ�f, sL

«¶â&ÒDÑL§¥�ò´, ai > 0L«3�
 ²�äØëÏ�Ã	ÜN\>Ø���¹e

1i� ²�¡E�á·EG�e��Ç, bijL«

 ²��m�péä��; ui, xi©OL«G�C

þÚ�mCþ; Ii, fj(·)©O´	ÜÑ\Ú-y¼
ê;

∂ui

∂n
= 0, t > t0, x ∈ ∂Ω, φi(s, x)©OL«>�

ÚÐ�. Ω´äk1w>.�;8, ¿3Rm¥�ÿ

Ýmes Ω > 0. Ó�b½φi ∈ C([t0 − T, t0], R). �
©�K
é-¹¼êk.5!üN5Ú��5��

��, |^¼��'��n!ÿÈÝnØ9��ú
ª��{,�ÑXÚ(2)�3�Û�ê­½�²ï:
��O�{,¿í2ÚU?
�
�#(J.
�
�B,æ^�
PÒ:
eA = (aij), KPA+ = (|aij|). a+

ij = |aij|; e
u = col(u1, · · · , un),P

u+ = col(|u1|, · · · , |un|),
[u(t)− u∗]L =

col(‖u1(t)− u∗1‖2, · · · , ‖un(t)− u∗n‖2),

‖uj(t)− u∗j‖s
2 = sup

−T6s60

‖uj(t0 + s)− u∗j‖2,

‖u(t0)− u∗‖∗2 = (
n∑

j=1

(‖uj(t0)− u∗j‖s
2)

2)1/2,

([u(t)− u∗]L)s =

col(‖u1(t)− u∗1‖s
2, · · · , ‖un(t)− u∗n‖s

2).

b��.(2)÷ve�^�:

H1) |fj(u1) − fj(u2)| 6 σj|u1 − u2|,∀u1, u2 ∈
R, j = 1, · · · , n;

H2) W = C − Ā+ − P̄+´��M-
.
Ù¥: C =diag(c1,· · ·, cn), ci >0, σ=diag(σ1,· · · ,

σn),B = (bij)n×n, P = (pij)n×n, pij = kijbij , Ù
¥kij(s) > 0, kij =

r T

0
kij(s)ds > 0. ¿PP̄ =

(p̄ij) = σP, Ā = (āij) = σA. ,	,PL2(Ω)´Ωþ

�¢Lebesgue�ÿ¼ê�m�éuL2−�
‖u‖2 = [

w
Ω
|u(x)|2dx]1/2 (3)

�¤��Banach�m, Ù¥‖u‖L«�þu ∈ Rn

�Euclid�, ¿¡�E-�. ùpu = col(u1, · · · ,

un).

2 ½½½ÂÂÂÚÚÚÚÚÚnnn(Definitions and lemmas)
½½½ÂÂÂ 1 XÚ(2)�²ï:'u�½�‖ · ‖G�

Û�ê­½, XJ�½ª(2)�?¿)u(t, x)�3~
êM > 0Úδ > 0¦��‖ · ‖Gk

‖u(t)− u∗‖G 6 M 6 e−δ(t−t0). (4)
½½½ÂÂÂ 2 -C = C([t − T, t],Rn), T > 0, F (t,

x, y) ∈ C(R+ × Rn × C,Rn), F (t, x, y) = col(f1(t,
x, y), · · · , fn(t, x, y))¡�F -¼ê,e

C1) ?�t ∈ R+, ?�y ∈ Cn, ?�x(1) 6
x(2) ∈ Rn,�x(1) 6 x(2),�é,
i,kx

(1)
i = x

(2)
i ,

Kéù
ik

fi(t, x(1), y) 6 fi(t, x(2), y).

C2) ?�t ∈ R+, x ∈ Rn, y(1), y(2) ∈ C, é
uy(1) 6 y(2),Kéx

(1)
i = x

(2)
i ¤á�i,k

fi(t, x, y(1)) 6 fi(t, x, y(2)).
ÚÚÚnnn 1 [22∼24] �x(t)´��¼ê,Kk

D−|x(t)| =



x′(t)sgnx(t), ex(t) 6= 0½x(t) = x′(t) = 0,

− x′(t), ex(t) = 0�x′(t) > 0,

x′(t), ex(t) = 0�x′(t) < 0.

Ù¥D−(·)L«�þ�ê[22].
ÚÚÚnnn 2 �f(t)´��¼ê,K

D−|f(t)|2 =
d
dt

f2(t),

D−|f(t)|2 = 2|f(t)|D−|f(t)|.
yyy Ùy²�©z[11]�Ún3aq,d?Ñ.
ÚÚÚnnn 3 b��þ¼ê

x(t) = col(x1(t), · · · , xn(t)),

y(t) = col(y1(t), · · · , yn(t)),

xs := sup
−τ6s60

x(t + s) = col(xs
1(t), · · · , xs

n(t)),
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xs
i = sup

−τ6s60

xi(t + s), i = 1, 2, · · · , n,

ys := sup
−τ6s60

y(t + s) = col(ys
1(t), · · · , ys

n(t)),

ys
i = sup

−τ6s60

yi(t + s), i = 1, 2, · · · , n

÷ve�^�:
L1) x(t) < y(t), t ∈ [t0 − τ, to];
L2) D−y(t)>F (t, y(t), ys(t)), t>t0>0, D−x(t)6

F (t, x(t), xs(t)), t > t0 > 0.
K

x(t) < y(t), t > t0. (5)

Ù¥F (t, x, y) = col(f1(t, x, y), · · · , fn(t, x, y))´
½Â2¥�F-¼ê.
)ö¡Ún3�'��n.
yyy XJª(5)Øý, K�3i0(0 6 i 6 n)Út1,

¦�xi0(t) = yi0(t), ¿�xi0(t) < yi0(t), t0 − τ 6
t 6 t1; Ïd, �t0 − τ 6 t 6 t1�, x(t) 6 y(t). K
dx(t), y(t)�ëY5��

D−xi0(t1) > D−yi0(t1). (6)

,��¡,dL1)��,

xs(t1) = sup
−τ6s60

x(t1 + s) 6

sup
−τ6s60

y(t + s) = ys(t1). (7)

Ï�F (t, x, y)´F-¼ê,¤±

D−xi0(t1) 6 fi0(t, x(t1), xs(t1)) 6
fi0(t, y(t1), xs(t1)) 6 fi0(t, y(t1), ys(t1)) <

D−yi0(t1). (8)

Ïd,ª(6)�ª(8)gñ,�ª(5)¤á.
555 1 �

Fi(t, x, y)=

− ci‖xi‖2 +
nP

j=1
ā+

ij · ‖xj‖2 +
nP

j=1
p̄+
ij · ‖xj‖s

2,

¿- F (t, x, y) = (F1(t, x, y), · · · , Fn(t, x, y)).

N´y²F (t, x, y)´½Â2¥¤½Â�F-¼ê. ��3ü�
þx(t), y(t)÷v

x(t) < y(t), t ∈ [t0 − τ, t0],

� D−y(t) > F (t, y(t), ys(t)), t > t0 > 0,

D−x(t) 6 F (t, x(t), xs(t)), t > t0 > 0

�,KdÚn1á=�±�Ñ: x(t) > y(t), t > t0. �=¦�
3ü�þx(t), y(t)�÷v

D+y(t) > F (t, y(t), ys(t)), t > t0 > 0,

D+x(t) < F (t, x(t), xs(t)), t > t0 > 0.

d©z[19,20]�Ún1�ØUíÑx(t) < y(t), t > t0. ù´
Ï�þ¡½Â�¼êØ÷v©z[19,20]¥½Â�M-¼ê.

ÚÚÚnnn 4 eH1) H2)¤á,KÝ
�§

g(u, J) = Cu−Af(u)−Bf(ku)− J = 0 (9)

���3��).
yyy Ùy²�{�©z[19]aq,d?�Ñ.
ÚÚÚnnn 5 �H1) H2)¤á, �XÚ(2)�)u(t, x)

÷v

H3)

D−[ui(t)− u∗i ]
L 6

− ci[ui(t)− u∗i ]
L +

n∑
j=1

ā+
ij[uj(t)− u∗j ]

L+

n∑
j=1

p̄+
ij([uj(t)− u∗j ]

L)s.

Ù¥u∗ = (u∗1, · · · , u∗n)´XÚ(2)�²ï:.

‖uj(t)− u∗j‖s
2 =

sup
−T6s60

‖uj(t + s)− u∗j‖2, i = 1, 2, · · · , n,

K�3rj > 0, α > 0,¦�XÚ(2)�)k�Oª

‖uj(t)− u∗j‖2 6 rj‖u(t0)− u∗‖s
2e−α(t−t0), t > t0.

(10)
yyy �u�Ë,y²�Ñ.

3 ÌÌÌ���½½½nnn(Main results)
½½½nnn 1 eH1) H2)¤á,KXÚ(2)���3�

�²ï:.
yyy XÚ(2)�3²ï:u∗ = col(u∗1, · · · , u∗n)�

¿�^�´§÷v�§

g(u) = Cu−Af(u)−Bf(ku)− I = 0. (11)

|^ÿÀÝnØ=�yT�§���3��).T
y²�{�©z[5]�Ún2aq. �u�Ì,y²Ñ.
½½½nnn 2 e H1) H2)¤á,KXÚ(2)�3���

²ï:,�²ï:´�Û�ê­½�.
yyy ��5�d�Û�ê­½5yÑ.�©�y

�Û�ê­½5.
-u∗´ X Ú(2)� � � ² ï :,u(t, x) =

col(u1(t, x), · · · , un(t, x))´XÚ(2)�?¿), KX
Ú(2)�­��

∂(ui − u∗i )
∂t

=

n∑
k=1

∂

∂xk

(Dik

∂(ui − u∗i )
∂xk

)− ci(ui − u∗i ) +

n∑
j=1

aij[fi(uj(t, x))− fj(u∗j )]+
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n∑

j=1

bij[f(
w T

0
kij(s)uj(t− s, x)ds)−

f(
w T

0
kij(s)dsu∗j )]. (12)

^ui − u∗i = ui(t, x)− ui¦±ª(12)�,È©�
1
2

d
dt

w
Ω
(ui − u∗i )

2dx =

n∑
k=1

w
Ω
(ui − u∗i )

∂

∂xk

(Dik

∂(ui − u∗i )
∂xk

)dx−

ci

w
Ω
((ui − u∗i )

2+
n∑

j=1

aij(ui − u∗i )[fj(uj)− fj(u∗j )])dx+

n∑
j=1

w
Ω
{(ui−u∗i )bij[fj(

w T

Ω
kij(s)uj(t−s, x)ds)−

fj(
w T

Ω
kij(s)u∗j ds)]}dx. (13)

|^��úªÚ>�^�N´�Ñ
m∑

k=1

w
Ω
(ui − u∗i )

∂

∂xk

(Dik

∂(ui − u∗i )
∂xk

)dx =

w
Ω
(ui − u∗i )∇ · (Dik

∂(ui − u∗i )
∂xk

)m
k=1dx =

−
m∑

k=1

w
Ω

Dik(
∂(ui − u∗i )

∂xk

)2dx. (14)

|^H1)ÚHölderØ�ª, ¿{P‖uj(t) − u∗j‖2 =
‖uj − u∗j‖2,�

n∑
j=1

w
Ω
{(ui − u∗i )bij[fi(

w T

0
kij(s)uj(t− s, x)ds)−

fi(u∗j
w T

0
kij(s)ds)]}dx 6

n∑
j=1

|bij|σjkij‖ui − u∗i ‖2 · ‖uj(t)− u∗j‖s
2 =

n∑
j=1

p̄+
ij‖ui − u∗i ‖2 · ‖uj(t)− u∗j‖s

2. (15)

aq/k
n∑

j=1

aij

w
Ω
(uj − u∗j )[fj(uj)− fj(u∗j )]dx 6

n∑
j=1

w
Ω
|aij|σj|ui − u∗i | · |uj − u∗j |dx 6

n∑
j=1

a+
ij‖ui − u∗i ‖2 · ‖uj − u∗j‖2. (16)

òª(14)∼(16)�\ª(13)¿z{��
d‖ui − u∗i ‖2

2

dt
<

−2ci‖ui − u∗i ‖2
2 +

2
n∑

j=1

ā+
ij · ‖ui − u∗i ‖2 · ‖uj(t)− u∗j‖2+

2
n∑

j=1

p̄+
ij‖ui − u∗i ‖2 · ‖uj(t)− u∗j‖s

2. (17)

dÚn2��

D−‖ui(t)− u∗i ‖2
2 =

d
dt
‖ui − u∗i ‖2

2,

Kk

D−‖ui − u∗i ‖2
2 6

− 2ci‖ui − u∗i ‖2
2+

2
n∑

j=1

ā+
ij · ‖ui − u∗i ‖2‖uj(t)− u∗j‖2+

n∑
j=1

p̄+
ij‖ui − u∗i ‖2 · ‖uj(t)− u∗j‖s

2. (18)

|^Ún2¿z{�

D−‖ui − u∗i ‖2 6

− ci‖ui − u∗i ‖2 +
n∑

j=1

a+
ij · ‖uj − u∗j‖+

n∑
j=1

p̄+
ij‖uj(t)− u∗j‖s

2. (19)

�H3)¤á. dÚn4��

‖ui − u∗i ‖2 6 rjρ‖u(t0)− u∗‖s
2e−α(t−t0), t > t0.

(20)

�

‖ui − u∗i ‖2 = (
n∑

i=1

‖ui(t)− u∗i ‖2
2)

1/2 6

ρ|r|‖u(t0)− u∗‖s
2e−α(t−t0) = Me−α(t−t0) → 0.

�t → ∞�. Ù¥|r| = max{r1, · · · , rn}, ½ö�

|r| = (
n∑

i=1

r2
i )

1/2. Ï�XÚ¤k)�t → ∞�ª
uu∗, �XÚ(2)k���'uL-2��Û�ê­½
�²ï:.
íííØØØ 1 b�^�H1) H2)¤á,KXÚ
du1

dt
=− ciui +

n∑
j=1

aijfj(uj)+

n∑
j=1

bijfj(
r T

0
kij(s)uj(t− s)ds) + Ji,

i = 1, 2, · · · , n. (21)

'uE-�´�Û�ê­½�.

4 ÞÞÞ~~~`̀̀²²²(Example)
é�.(2),�

C =

[
1 0
0 1

]
, A =

[
0.5 0.2
0.3 0.4

]
,

B =

[
0.1 0.45
0.2 0.3

]
, T = 1,
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fj(uj) = tanh uj, j = 1, 2,

kij(s) = 1− s, i, j = 1, 2.

w,, L1 = L2 = 1, kij =
1
2

.¤±kC−Ā+−P̄+ =[
0.45 −0.45

−0.4 0.45

]
´��M-Ý
,¤±d½n2�,T

XÚk�Û�ê­½�²ï:.

5 ���((((Conclusion)
�©|^ÿÀÝnØ�Ñ
�aä©Ù�¢�

�N*Ñ ²�äXÚ�²ï:��35, JÑ

#�'�½n, ¿|^ÿ2�'��n�ÑXÚ'
u²ï:��Û�ê­½5,Ó�,�Ñ��.3y
²L§¥¤^�'�¼êØ·Ü©z[19]�[20]¤
��'��n, Ïd, �©¤^�´#�{, ¤¼�
�´#(Ø.òí2�'��nA^�äëY©Ù
�¢XÚ, Ò)ö¤�, 8c�vk©zÑy. d
	, �©�(Ø3=�¦-¹¼ê÷vLipschitz^
�,
ë��Ý
��¦÷v´��M-Ý
��/
e¼��. 
M-Ý
��E®ky¤�^�.Ï
,
�©�(J´A^u¢S.�¢SA^ó�ö�O
 ²�ä�.Jø
¢^�nØ�â.
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