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Comparisons of bias compensation methods and other identification
approaches for Box-Jenkins models

YANG Hui-zhong, ZHANG Yong
(School of Communication and Control Engineering, Southern Yangtze University, Wuxi, Jiangsu 214122, China)

Abstract: For Box-Jenkins systems with correlated noises, a bias compensation least squares (BCLS) identification method
is proposed by means of the bias compensation principle. The analysis is then given to show that the BCLS algorithm can
give the unbiased estimates of the system model parameters. Finally, the advantages of the proposed BCLS algorithm over
the recursive extended least squares algorithm and recursive generalized extended least squares algorithm are shown by
using simulation tests.
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1 ÚÚÚóóó (Introduction)
éukÚD((�'D()Z6�XÚ,kNõE

£�{�±�OÙëê[1]. ~X,�OCARMA (AR-
MAX)�.ëê�4íO2���¦(RELS)�{Ú
�OBox-Jenkins�.ëê�4í2ÂO2���
¦(RGELS)�{[1,2]. ùü��{Ø=U�ÑXÚ�
.ëê�O, �U�)D(�.ëê�O. ,,
nØ©ÛL²RELS�{�Âñ5�¦D(�.´
î��¢D4¼ê[3]; RGELS�{´ÄÂñ±93
�o^�eÂñ�nØy²´4ä]Ô5�ïÄ�

K,�8��éÐ)û,¶¹�=�Ñ
RGELS�{
���Cq©Û[4].
ó§þ,<�  Ø�'%D(�.,�Ï"�

�XÚ�.ëê�ûÐ�O. 3ù«�*�¦e,
éukÚD(Z6�XÚ(XARMAXXÚ½Box-
JenkinsXÚ),  �Ö�(½ ��Ø)E£�{´�
«¼�XÚ�.ëê�k��{. |^ �Ö�
�n, Nõ�ö�éØÓ�.JÑ
�X�Äu 

�Ö��E£�{: ÑÑØ�XÚ[5,6], kÚD(
Z6�ARX-likeXÚ[7], õÑ\üÑÑXÚ[8], g£
8�.[9], CþØ�XÚ[10∼12], �"XÚ½4�X
Ú[13∼17]��.

,, þãJ���
Äu�'©Û� �
Ö��{Ñb�XÚÑ\´²Ú��H{

&Ò. ùpk7�0��e“²5”Ú“��H
{5”�½Â. XJ&Òx(t)��'¼êR(t, j) =
E[x(t)x(t + j)]Ø�6u�mt [ù��R(t, j)P
�R(j)], Ò`x(t)´²�. Ï�¢S¥�U¼�
&Ò���S�,Ø�U��&Ò�VÇ�Ý,Ï
d^êÆÏ"/ª½Â��'¼êÃ{O�.�d
<��?�Úb�, Ú\
��H{5�Vg. é
u²&Òx(t),XJ§��m(½��)²þ�'¼

ê
1
N

N∑
t=1

x(t)x(t+j) (j = 0, 1, 2, · · · ),�N →∞�
�3k¡4�,¿�ù�4��êÆÏ"/ª��
'¼êR(j)��,=

ÂvFÏ: 2005−08−25;Â?UvFÏ: 2006−06−05.
Ä7�8:I[g,�ÆÄ7]Ï�8(60574051,60674092);ô��pEâïÄ(ó�)�8(BG200610).
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E[x(t)x(t + j)] = lim
N→∞

1
N

N∑
t=1

x(t)x(t + j),

@oÒ`&Òx(t)´��Ý��H{�.
lù�½Â��, xD(´²�Ú��H{

�;��H{^�'²5^����;�²&Ò
´!Øþ��H{�. ²5Ú��H{5´Ø�
®���«b�,3¢S¥éJ÷v.
��H{5¿�X: é�½�j, �NªuÃ¡

�,
1
N

N∑
t=1

y(t)y(t + j)Âñu��~ê. �Ò´`,

éu�N êÆÏ"/ª��'¼êR(j)�±ÏL
eªCqO�:

E[x(t)x(t + j)] ≈ 1
N

N∑
t=1

y(t)y(t + j).

éu�²&Ò, þª�>´�mt�¼ê, m>
�tÃ',�öØ�U(Cq)��,¤±`ÄuêÆÏ
"/ª��'©Û�{Ø·^u�²&Ò.)ö
@�,¢SXÚ¥b�XÚÑ\´��H{�,�©
Øþ. �ïÄÃ�²5Ú��H{5b�e �
Ö�E£�{´�©7��,�´�©�ïÄ8I.
�©¦^ �Ö��n[5]5ïÄBox-Jenkins�

.�E£¯K.ÙÄ�g�´¦^�����Ö�
k ����¦�O,í���Äu���'¼ê
� �Ö����¦�{, l¼�XÚëê�
Ã �O; ¿^�ýÁ�òJÑ��{�E£�
'D(Z6ARMAX�.�RELS�{ÚE£Box-
Jenkins�.�RGELS�{?1
'�ïÄ.�©J
Ñ��{ØÓuþãJ�� �Ö��{, Ï��
©vk¦^êÆÏ"/ª��'¼ê, ´¦^�
m(��)²þ�'¼ê, ¤±ÃIXÚÑ\´��
H{b�.

2 ¯̄̄KKK���¤¤¤ (Problem formulation)
ó§XÚ�Z6�õ�kÚD(,ùaXÚ�±

^Box-Jenkins�.£ã�[1,2]

A(z)y(t) = B(z)u(t) +
D(z)
C(z)

v(t). (1)

Ù¥: y(t)�XÚÑÑ, u(t)�XÚÑ\, v(t)�"þ
��ÅxD(, A(z), B(z), C(z) ÚD(z)þ�ü 
�£�fz−1�õ�ª[z−1y(t) = y(t− 1)],�

A(z) = 1 + a1z
−1 + a2z

−2 + · · ·+ ana
z−na ,

B(z) = b1z
−1 + b2z

−2 + · · ·+ bnb
z−nb ,

C(z) = 1 + c1z
−1 + c2z

−2 + · · ·+ cnc
z−nc ,

D(z) = 1 + d1z
−1 + d2z

−2 + · · ·+ dnd
z−nd .

Ø��t 6 0�, u(t) = 0, y(t) = 0, v(t) = 0. éu
,
¢SXÚ,<��UØ�'%D(�.(�,

�'%XÚD4¼ê�.

G(z) =
B(z)
A(z)

�ëêE£¯K.b�XÚ�.�gnaÚnb®�,
D(�.�gncÚnd��. 3ù«�¹e,Ã{A^
4í2ÂO2���¦�{5E£XÚ(1)[2], ~
5���¦�{�Ñ�ëê´k �. Ïd,XÛ|
^XÚÑ\ÑÑêâ{u(t), y(t)}, Äu �Ö��
nJÑk��{5�OXÚ�.G(z)�ëê´�
©�8I.
�D(�.�gncÚnd���, �±^��p

�ARMAX (CARMA)�.5CqXÚ(1)[1]. äN�
{Xe:
æ^�Ø{,XÚ(1)�±�dz�

A(z)y(t)=B(z)u(t)+[1+f1z
−1+f2z

−2+· · · ]v(t).

b�C(z)½, @o�iªuÃ¡��, ëêfiÂñ

u"(fi → 0). Ïd, D(�.D(z)
C(z)�±^nf�ë

ê�k�óÀ�A�.Cq�

D(z)
C(z)

≈ 1 + f1z
−1 + f2z

−2 + · · ·+ fnf
z−nf ,

����gnfv
�,ù��.�±÷v?¿°Ý
�¦. 3ù«b�e, XÚ(1)�±^e��.?¿
°Ý%C:

A(z)y(t)=B(z)u(t)+(1+f1z
−1+

f2z
−2+· · ·+fnf

z−nf )v(t). (2)

�©�Ä�g´´: Äu*ÿ�Ñ\ÑÑêâ{y(t),
u(t)},ÏLE£���d�ARMAX�.(2),|^ 
��n�����¦�O,|^��²þ�'¼ê,
í��� �Ö����¦E£�{, l¼�X
Ú�.ëê�Ã �O.

3    ���ÖÖÖ������{{{ (Bias compensation ap-
proaches)
-

e(t) = (1 + f1z
−1 + f2z

−2 + · · ·+ fnf
z−nf )v(t).

½Âëê�þθÚ&E�þϕ(t)Xe:

θ = [a1, · · · , ana
, b1, · · · , bnb

]T ∈ Rn,

ϕ(t) = [−y(t− 1), · · · , −y(t− na),

u(t− 1), · · · , u(t− nb)]T ∈ Rn,

n = na + nb.

ù�K�.(2)�=z�

y(t) = ϕT(t)θ + e(t). (3)

4�zÑÑØ�OK¼ê
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J(θ) =
t∑

i=1

[y(i)−ϕT(i)θ]2,

N´��ëêe�θ����¦�O:

θ̂LS(t) = Pϕ(t)
t∑

i=1

ϕ(i)y(i), (4)

P−1
ϕ (t) =

t∑
i=1

ϕ(i)ϕT(i). (5)

½Â���'¼ê

Rϕy(t) =
1
t

t∑
i=1

ϕ(i)y(i) ∈ Rn, (6)

Rϕe(t) =
1
t

t∑
i=1

ϕ(i)e(i) ∈ Rn,

Rye(t) =




1
t

t∑
i=1

y(i− 1)e(i)

...
1
t

t∑
i=1

y(i− na)e(i)



∈ Rna ,

Rue(t) =




1
t

t∑
i=1

u(i− 1)e(i)

...
1
t

t∑
i=1

u(i− nb)e(i)



∈ Rnb .

òª(3)�\Rϕy(t)�½Âª��

Rϕy(t) =
1
t

t∑
i=1

ϕ(i)[ϕT(i)θ + e(i)] =

1
t

P−1
ϕ (t)θ + Rϕe(t). (7)

�âRϕe(t)Úϕ(i)�½Â,k

Rϕe(t) =




−1
t

t∑
i=1

y(i− 1)e(i)

...

−1
t

t∑
i=1

y(i− na)e(i)

1
t

t∑
i=1

u(i− 1)e(i)

...
1
t

t∑
i=1

u(i− nb)e(i)




=

[
−Rye(t)
Rue(t)

]
.

du{v(t)}´xD(S�,�e(t)�Ñ\u(t)Ø�',
¤±k

lim
t→∞

Rue(t) = 0.

u´k

lim
t→∞

Rϕe(t)= lim
t→∞

[
−Rye(t)0

]
=− lim

t→∞
QRye(t).

(8)

Ù¥

Q =

[
Ina

0

]
∈ R(na+nb)×na .

�©¥I(In)L«·��ê(n�)ü 
. |^ª(6)
Ú(7),dª(4)��

θ̂LS(t) = Pϕ(t)t Rϕy(t) =

Pϕ(t)t
[
1
t

P−1
ϕ (t)θ + Rϕe(t)

]
=

θ + Pϕ(t)t Rϕe(t). (9)

þªü>�4�,¿¦^ª(8)��

lim
t→∞

θ̂LS(t) = θ + lim
t→∞

Pϕ(t)t Rϕe(t) =

θ − lim
t→∞

Pϕ(t)t QRye(t). (10)

þª`²: XJe(t)´xD(,@o lim
t→∞

Rye(t) = 0;

�k3ù«�/, ���¦�Oâ´Ã �. �é
{`, �kARX�.����¦�O´Ã �. X
JÑ\´±Y-y�,KPϕ(t)t´���½Ý
;=
¦v(t)´xD(, e(t)�´kÚD((�nf 6= 0); �
k lim

t→∞
Rye(t) 6= 0;¤±ARMAX�.����¦�

O´k �.
lª(10)�wÑ, XJ3���¦�Oθ̂LS(t)¥

Ú\Ö��Pϕ(t)tQRye(t),Ò�¼�θ�Ã �O

θ̂B(t). duRye(t)´���, 6�^Ù�OR̂ye(t)
�O.Ïdθ̂B(t)�±L«�

θ̂B(t) = θ̂LS(t) + Pϕ(t)t QR̂ye(t). (11)

þª¥���
Pϕ(t)�±ÏL*ÿêâO��
�,'�¯K´XÛ���'¼êR̂ye(t). éu�t,
ª(10)�Cq�

θ̂LS(t) = θ − Pϕ(t)t QR̂ye(t).

e¡?ØXÛO�Rye(t)��OR̂ye(t).

½ÂO2ëê�þϑÚ&E�þφ(t)Xe:

ϑ = [θT, bT]T ∈ Rn+na ,

b = [bnb+1, bnb+2, · · · , bnb+na
]T = 0 ∈ Rna ,

φ(t) = [ϕT(t), uT(t)]T ∈ Rn+na ,

u(t)=[u(t− nb − 1),· · ·, u(t− nb − na)]T∈Rna .

½Â��J[�p�gõ�ª

B̄(z)= b1z
−1 + b2z

−2 + · · ·+ bnb
z−nb +

bnb+1z
−(nb+1) + · · ·+ bnb+na

z−(nb+na).

¢SþB̄(z) = B(z), Ï�B̄(z)���na�Xê�

"(=éui = 1, 2, · · · , na�, bnb+i = 0). �E��
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J[XÚ

A(z)y(t) = B̄(z)u(t) + e(t). (12)

½Â���Ý
Pφ(t)ÚPu(t), ±9�
���'
¼êXe:

P−1
φ (t) =

t∑
i=1

φ(i)φT(i) ∈ R(n+na)×(n+na),

P−1
u (t) =

t∑
i=1

u(i)uT(i) ∈ Rna×na , (13)

Rφy(t) =
1
t

t∑
i=1

φ(i)y(i) ∈ Rn+na ,

Rϕu(t) =
1
t

t∑
i=1

ϕ(i)uT(i) ∈ Rn×nb , (14)

Ruy(t) =
1
t

t∑
i=1

u(i)y(i) ∈ Rna . (15)

�ìþ�!�í�,ØJ��XÚ(12)ëê�þϑ�

���¦�O�

ϑ̂LS(t) = Pφ(t)t Rφy(t) = ϑ + Pφ(t)t Rφe(t),

lim
t→∞

ϑ̂LS(t) = ϑ− lim
t→∞

Pφ(t)t Q̄Rye(t),

Q̄ =

[
Ina

0

]
∈ R(n+na)×na .

éu�t,þª��Cq�

ϑ̂LS(t) = ϑ− Pφ(t)tQ̄R̂ye(t). (16)

du

P−1
φ (t) =

[
P−1

ϕ (t) tRϕu(t)
tRT

ϕu(t) P−1
u (t)

]
,

Rφy(t) =

[
Rϕy(t)
Ruy(t)

]
, (17)

�â©¬Ý
¦_Ún,éÝ
P−1
φ (t)¦_��

Pφ(t) =

[
∗ ∗

−∆−1(t)RT
ϕu(t)tPϕ(t) ∆−1(t)

]
,

(18)

∆(t) = Pu(t)−RT
ϕu(t)tPϕ(t)Rϕu(t)t. (19)

þª¥*L«Ø����.|^ª(18),k

ϑ̂LS(t) = Pφ(t)t Rφy(t) =

t
[ ∗ ∗
−∆−1(t)RT

ϕu(t)tPϕ(t) ∆−1(t)

] [
Rϕy(t)
Ruy(t)

]
=

[ ∗
−∆−1(t)RT

ϕu(t)tPϕ(t)tRϕy(t) + ∆−1(t)Ruy(t)t

]
=

[
∗

−∆−1(t)[RT
ϕu(t)t θ̂LS(t)−Ruy(t)t]

]
.

�b̂LS(t)L«b��O, =b̂LS(t)L«ϑ̂LS(t)��na

�,¤±k

b̂LS(t) = −∆−1(t)[RT
ϕu(t)t θ̂LS(t)−Ruy(t)t]. (20)

òª(18)�\ª(16)��

ϑ̂LS(t) =

ϑ +
[ ∗ ∗
−∆−1(t)RT

ϕu(t)tPϕ(t) ∆−1(t)

]
Q̄R̂ye(t) =

[
θ

b

]
+

[
∗

−∆−1(t)RT
ϕu(t)tPϕ(t)QR̂ye(t)

]
.

Ïdk

b̂LS(t) = b−∆−1(t)RT
ϕut Pϕ(t)QR̂ye(t) =

−∆−1(t)RT
ϕu(t)t Pϕ(t)QR̂ye(t). (21)

'�ª(20)Úª(21)�±��

−∆−1(t)[RT
ϕu(t)t θ̂LS(t)−Ruy(t)t] =

−∆−1(t)RT
ϕu(t)t Pϕ(t)QR̂ye(t).

N´¦�

R̂ye(t) =

[RT
ϕu(t)t Pϕ(t)Q]−1[RT

ϕu(t)t θ̂LS(t)−Ruy(t)t].

(22)

ùpR̂ye��O�,ù�7,�)�OØ�,�3�
OXÚ�.ëêL§¥,XJ�Xt�O�, R̂yeªC

uý¢�Rye, ÒØK�XÚëê��O��ÚO
A5. Ïd,ù��{�Âñ5k�?1ïÄ.
 �Ö����¦�{�O�Ú½o(Xe:
1) æ8êâ{u(t), y(t)}, éuÀ½êâ�Ý

t = L,��~êÝ
Q;
2) |^ª(5)O����
Pϕ(t), ^ª(6)O�

�'¼êRϕy(t);
3) ^ª(9)O����¦�Oθ̂LS(t);
4) |^ª(13)O����
Pu(t), ^ª(14)´

O��'¼êRϕu(t),^ª(15)O�Ruy(t);
5) |^ª(22)O��'¼ê�OR̂ye(t);
6) |^ª(11)O� �Ö����¦(BCLS:

bias compensation least squares)�Oθ̂B(t).

4 RELS���RGELS���{{{ (RELS and RGELS
algorithms)
�
Bu'�,e¡�ÑE£ARMAX�.(2)ë

ê�4íO2���¦�{ÚE£Box-Jenkins�
.(1)ëê�4í2ÂO2���¦�{. ½Âëê
�þΘÚ&E�þΦ0(t)�

Θ = [θT, f1, f2, · · · , fnf
]T ∈ Rn+nf ,

Φ0(t) = [ϕT(t), v(t− 1), v(t− 2), · · · ,

v(t− nf )]T ∈ Rn+nf .
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Kª(2)���

y(t) = ΦT
0 (t)Θ + v(t). (23)

duþª&E�þΦ0(t)¥�¹
Ø�ÿ�D(
�v(t − i), ¤±~5���¦�{ØU��A^.
ù���D(�^Ù�Ov̂(t − i)�O, Ò���
OΘ�4íO2���¦(RELS)E£�{

[3]
:

Θ̂(t) = Θ̂(t− 1) + L(t)[y(t)−ΦT(t)Θ̂(t− 1)],

L(t) = P (t− 1)Φ(t)[1 + ΦT(t)P (t− 1)Φ(t)]−1,

P (t) = P (t− 1)−L(t)ΦT(t)P (t− 1),

v̂(t) = y(t)−ΦT(t)Θ̂(t), (24)

Φ(t) = [ϕT(t), v̂(t− 1), · · · , v̂(t− nf )]T. (25)

�{¥Θ̂(t)´Θ��O. Ï~�{����
Ð
�P (0)ÀJ�����½
, Xp0 = 106, ëê�
OÐ�Θ̂(0)�ÀJ���é��¢�þ,XΘ̂(0) =
1n+nf

/p0,Ù¥1n+nf
´�þ�1�n + nf��þ.

ëì©[2], ØJ�ÑE£Box-Jenkins�.(1)ë
ê�4í2ÂO2���¦(RGELS)E£�{:

Θ̂(t) = Θ̂(t− 1) + L(t)[y(t)− ΨT(t)Θ̂(t− 1)],

L(t) =
P (t− 1)Ψ(t)

1 + ΨT(t)P (t− 1)Ψ(t)
,

P (t) = [I −L(t)ΨT(t)]P (t− 1),

Θ̂(t) =

[
θ̂(t)
θ̂n(t)

]
, Ψ(t) =

[
ϕ(t)
ϕ̂n(t)

]
∈ Rn+nc+nd ,

ϕ(t) = [−y(t− 1), · · · , −y(t− na),

u(t− 1), · · · , u(t− na)]T ∈ Rn,

ϕ̂n(t) = [−ê(t− 1), · · · , −ê(t− nc),

v̂(t− 1), · · · , v̂(t− nd)]T ∈ Rnc+nd ,

ê(t) = y(t)−ϕT(t)θ̂(t),

v̂(t)=y(t)−ΨT(t)Θ̂(t)½ v̂(t)= ê(t)−ϕ̂T
n (t)θ̂n(t),

Θ = [θT,θT
n ]T,

θ = [a1, a2, · · · , ana
, b1, b2, · · · , bnb

]T,

θn = [c1, c2, · · · , cnc
, d1, d2, · · · , dnd

]T.

RGELS�{�Ð��ÀJ�Θ̂(0) = 1n+nc+nd
/p0,

P (0) = diag(p0In, Pn(0)), Pn(0) = Inc+nd
.

5 ���ýýý~~~fff (Simulation examples)
~~~ 1 �ÄARMAX�.£ã��ýé�:

A(z)y(t) = B(z)u(t) + e(t), e(t) = F (z)v(t),
A(z)=1+a1z

−1+a2z
−2 =1−1.60z−1+0.80z−2,

B(z) = b1z
−1 + b2z

−2 = 0.412z−1 + 0.309z−2,

F (z) = 1 + f1z
−1 = 1− 0.64z−1,

θ=[a1, a2, b1, b2]T =[−1.60, 0.80, 0.412, 0.309]T,

Θ=[θT, f1]T =[−1.60, 0.80, 0.412, 0.309,−0.64]T.

Ñ\{u(t)}æ^"þ�ü ��(σ2
u = 1.002)Ø

�'�ÿ�ÅCþS�, {v(t)}æ^"þ��
��σ2

vxD(S�, UCσ2
v�±��D&'∆ns.

�σ2
v = 0.502�, XÚ�D&'�∆ns = 37.18%¶

�σ2
v = 1.002�, XÚ�D&'�∆ns = 74.36%.

XÚD&'½Â�ÑÑ¥w(t)���var[w(t)] =
σ2

w�ÃDÑÑx(t)���var[x(t)] = σ2
x�'�²

��
[18]

,^êÆ'Xª�±L��

∆ns =

√
var[w(t)]
var[x(t)]

× 100% =
σw

σx

× 100%,

x(t) =
B(z)
A(z)

u(t), w(t) =
e(t)
A(z)

.

ØÓD&'eù�XÚ�RELS�O!LS�O
ÚBCLS�O9ÙØ�XL1!ã1Úã2¤«, Ù¥
∆s = ‖Θ̂(t)−Θ‖/‖Θ‖Ú∆ = ‖Θ̂(t)−Θ‖/‖Θ‖�
XÚ�.ëê�OØ�Ú�)D(�.ëê�OØ

�. ùp½ÂØ�∆s�8�´�
� ����¦

�{'�. 3«�{�ëê�OØ�∆s�tCz�

Xã1Úã2¤«. ëê�OØ���±^5ïþ
ëê�OÂñuý���ÇÚëê�O°Ý.

ã 1 ~1ëê�OØ�∆s�t�Cz�(σ2
v = 0.502)

Fig. 1 Estimation errors ∆s v.s. t (σ2
v = 0.502)

ã 2 ~1ëê�OØ�∆s�t�Cz�(σ2
v = 1.002)

Fig. 2 Eestimation errors ∆s v.s. t (σ2
v = 1.002)

lL1!ã1Úã2��ý(J�±wÑ: éuk
ÚD(Z6�ARMAX�., ���¦ëê�OØ
��!²w´k �; RELSëê�OØ�'�²
(é���
Ð�Úëê�OÐ�ÀJØ¯a),
�RELS�{I�®�D(�.�g; BCLS�OÅ
Ä�,�D&'���,k�Ð��O°Ý.
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L 1 ~1ëê�O(σ2
v = 0.502)

Table 1 Parameter estimates(σ2
v = 0.502)

RELS�O
t

a1 a2 b1 b2 d1 ∆/% ∆s/%

100 –1.59102 0.80321 0.46724 0.38467 –0.56153 6.22694 5.05868
200 –1.61501 0.81979 0.47046 0.27657 –0.57676 4.84224 3.83105
300 –1.62318 0.82765 0.43080 0.26047 –0.63869 3.21763 3.40176
500 –1.60509 0.81037 0.41826 0.29371 –0.68871 2.67781 1.08284

1000 –1.60602 0.80660 0.40873 0.31304 –0.66793 1.51275 0.55519
1500 –1.60985 0.80818 0.40804 0.29865 –0.66947 1.72644 0.90964
2000 –1.59552 0.79678 0.41814 0.30074 –0.64410 0.62873 0.62734
2500 –1.59317 0.79298 0.41514 0.29799 –0.66203 1.35586 0.80933
3000 –1.59435 0.79450 0.41222 0.29372 –0.65939 1.31657 0.92380

ý� –1.60000 0.80000 0.41200 0.30900 –0.64000

LS�O
t

a1 a2 b1 b2 d1 ∆/% ∆s/%

100 –1.49407 0.71224 0.47554 0.40736 —- —- 9.70469
200 –1.50853 0.71936 0.44702 0.31917 —- —- 6.83724
300 –1.49934 0.71189 0.40558 0.32766 —- —- 7.26416
500 –1.48568 0.70161 0.39597 0.36610 —- —- 8.70636

1000 –1.48560 0.70037 0.40324 0.37585 —- —- 8.91806
1500 –1.49137 0.70421 0.39934 0.35454 —- —- 8.18438
2000 –1.47918 0.69278 0.40732 0.34838 —- —- 8.93509
2500 –1.47294 0.68582 0.40962 0.34827 —- —- 9.41708
3000 –1.47220 0.68542 0.40558 0.34489 —- —- 9.42632

BCLS�O
t

a1 a2 b1 b2 d1 ∆/% ∆s/%

100 –1.51138 0.65499 0.44903 0.38333 —- —- 10.16094
200 –1.80316 1.04112 0.48768 0.22307 —- —- 18.01994
300 –1.71156 0.91236 0.41904 0.25227 —- —- 9.04290
500 –1.56473 0.72414 0.38740 0.32559 —- —- 4.76868

1000 –1.60505 0.78866 0.40328 0.32556 —- —- 1.20652
1500 –1.62483 0.82112 0.40485 0.30311 —- —- 1.82036
2000 –1.61999 0.81695 0.41329 0.29301 —- —- 1.65070
2500 –1.60100 0.78293 0.41448 0.29829 —- —- 1.09204
3000 –1.59565 0.77282 0.40993 0.29826 —- —- 1.59101

ý� –1.60000 0.80000 0.41200 0.30900

~~~ 2 �ÄBox-Jenkins�.£ã��ýé�:

A(z)y(z)=B(z)u(t)+e(t), e(t)=
D(z)
C(z)

, v(t),

A(z)=1+a1z
−1+a2z

−2 =1−1.60z−1+0.80z−2,

B(z) = b1z
−1 + b1z

−2 = 0.412z−1 + 0.309z−2,

C(z) = 1 + c1z
−1 = 1 + 0.80z−1,

D(z) = 1 + d1z
−1 = 1− 0.64z−1,

Θ=[θT,θT
n ]T, θn =[c1, d1]T =[0.80,−0.64]T,

θ = [a1, a2, b1, b2]T = [−1.60, 0.80, 0.412, 0.309]T.

�ý^�Ó~1, D(��ÚD&'©O�σ2
v =

0.402Ú∆ns = 21.06%. ^LS,BCLS,REGLS�{�

Où�XÚ�ëê, (JXL2¤«, XÚ�.ë
ê�OØ�∆s�Xã3¤«.
rù�Box-jenkins�.z¤��Cq�

ARMAX�.
A(z)y(t) =

B(z)u(t) + (1 + f1z
−1 + f2z

−2 + · · ·+
fnf

z−nf )v(t),
éØÓ�nf = 1, 2, 3, · · ·�,^RELS�{�O

éA�.�ëê, nf = 2Únf = 4��RELS�O
�XL2¤«, XÚ�.ëê�OØ�∆s�X

ã4¤«(�Bu'�,ã4¥�±Ñ
RGELS�O
Ø��).
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ã 3 ~2 ∆s�t�Cz�(σ2
v = 0.402)

Fig. 3 Estimation errors ∆s v.s. t (σ2
v = 0.402)

ã 4 ~2 ∆s�t�Cz�(σ2
v = 0.402)

Fig. 4 Estimation errors ∆s v.s. t (σ2
v = 0.402)

L 2 ~2ëê�O(σ2
v = 0.402)

Table 2 Parameter estimates (σ2
v = 0.402)

RGELS�O
t

a1 a2 b1 b2 c1 d1 ∆/% ∆s/%

100 –1.58135 0.78024 0.37289 0.41573 0.57843 –0.30106 19.83517 6.27837
200 –1.55382 0.75722 0.37702 0.42227 0.79784 –0.18851 22.16763 7.21053
300 –1.57282 0.77579 0.39045 0.38830 0.77593 –0.31262 16.01790 4.82819
500 –1.57735 0.78574 0.40593 0.36062 0.77192 –0.39767 11.80625 3.14063

1000 –1.57220 0.77538 0.41075 0.35350 0.76227 –0.48321 8.06525 3.11424
1500 –1.57785 0.78236 0.42242 0.33039 0.77309 –0.49379 7.20972 1.98681
2000 –1.58229 0.78247 0.41708 0.32390 0.77411 –0.51779 6.04061 1.58315
2500 –1.58391 0.78427 0.41875 0.31987 0.77681 –0.52993 5.43233 1.39050
3000 –1.58771 0.78743 0.42057 0.31820 0.77940 –0.54288 4.78163 1.16080

ý� –1.60000 0.80000 0.41200 0.30900 0.80000 –0.64000

BCLS�O
t

a1 a2 b1 b2 c1 d1 ∆/% ∆s/%

100 –1.39726 0.52754 0.33093 0.42137 —- —- —- 19.70426
200 –1.26872 0.34661 0.26704 0.48878 —- —- —- 32.61647
300 –1.45679 0.58949 0.35412 0.40299 —- —- —- 14.90717
500 –1.56808 0.75947 0.38165 0.34776 —- —- —- 3.83065

1000 –1.57641 0.76919 0.42153 0.31981 —- —- —- 2.22342
2000 –1.58763 0.78473 0.40107 0.32223 —- —- —- 1.40172
2500 –1.60052 0.80419 0.40798 0.31033 —- —- —- 0.32140
3000 –1.59377 0.79309 0.40806 0.31338 —- —- —- 0.59174

RELS�O(nf = 2)
t

a1 a2 b1 b2 c1 d1 ∆/% ∆s/%

100 –1.58135 0.78024 0.37289 0.41573 —- —- —- 11.71162
200 –1.55382 0.75722 0.37702 0.42227 —- —- —- 12.96340
300 –1.57282 0.77579 0.39045 0.38830 —- —- —- 7.49283
500 –1.57735 0.78574 0.40593 0.36062 —- —- —- 5.49604

1000 –1.57220 0.77538 0.41075 0.35350 —- —- —- 6.00859
1500 –1.57785 0.78236 0.42242 0.33039 —- —- —- 5.54747
2000 –1.58229 0.78247 0.41708 0.32390 —- —- —- 5.96691
2500 –1.58391 0.78427 0.41875 0.31987 —- —- —- 5.46609
3000 –1.58771 0.78743 0.42057 0.31820 —- —- —- 5.34658

RELS�O(nf = 4)
t

a1 a2 b1 b2 c1 d1 ∆/% ∆s/%

100 –1.58135 0.78024 0.37289 0.41573 —- —- —- 17.49829
200 –1.55382 0.75722 0.37702 0.42227 —- —- —- 12.47755
300 –1.57282 0.77579 0.39045 0.38830 —- —- —- 6.68428
500 –1.57735 0.78574 0.40593 0.36062 —- —- —- 3.47739

1000 –1.57220 0.77538 0.41075 0.35350 —- —- —- 3.31167
1500 –1.57785 0.78236 0.42242 0.33039 —- —- —- 2.13765
2000 –1.58229 0.78247 0.41708 0.32390 —- —- —- 1.87355
2500 –1.58391 0.78427 0.41875 0.31987 —- —- —- 1.50978
3000 –1.58771 0.78743 0.42057 0.31820 —- —- —- 1.23031

ý� –1.60000 0.80000 0.41200 0.30900
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l�ý(J��, éukÚD(Z6�Box-
Jenkins�.,k±e(Ø:

· ���¦ëê�OØ�� !́ k �.
RGELSk�Ð��O°Ý, ,RGELS�{é
ëê�OÐ�Ú���
Ð��ÀJ'�¯

a. BCLS�OÅÄ�!²5�, �êâ�Ý�
�, BCLS�O°ÝÄ�÷v�¦; Ïd, }Áï
Ä�«S�(4í) �Ö����¦�{´)
ûBCLS�{�OÅÄ���^å». ë�L2Ú
ã3.

· duRGELSI�D(�.�g��£, 
BCLS�{ØI�.Ïd3Ø��D(�.�g�
¹e, BCLS�{Ø���«k��{.

·lã4ëê�OØ���±wÑ,�D(�
.�gnf���, RELS�O�RGELS�O°Ýé
�C. ù`²��Box-Jenkins�.�±^��p
�g�ARMAX�.%C.�´�nf���, éA
�RELS�{O�þ��;)ûù�¯K�å»´:
Ïé���D(�.�g4O�ARMAX�.ë
êE£�{, l�±(½��÷v°Ý�¦�
Ün�g,�O�þØ���.
6 (((��� (Conclusion)
�©|^���'¼ê, í�
�� �

Ö����¦E£�{, ¿ÄukÚD(Z6
�ARMAX�.ÚBox-Jenkins�., �RELS�{
ÚRGELS�{?1
'�ïÄ, ©Û
�g�A
:Ú·^��.XÛòJÑ�BCLS�{^4í�
ª¢y,^u3�E£´��?�ÚïÄ�.
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