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Guaranteed cost control of networked control systems
with data-packet dropout

WANG Yan, CHEN Qing-wei, FAN Wei-hua, HU Wei-li
(School of Automation, Nanjing University of Science and Technology, Jiangsu Nanjing 210094, China)

Abstract: For the networked control systems (NCS) with time-varying delay less than one sample period and data-packet

dropout, a compensator is introduced to compensate the effect of data dropout. The controller will adopt the estimate state

generated by the compensator to compute control variable ifthe sensor data is dropout in the current period. Considering

the effect of uncertain short delay, the NCS is modeled as a discrete switched system with parametrical uncertainties. Based

on this model. a cooperative design approach of the controller and the compensator are given in terms of a group of linear

matrix inequalities (LMIs). Finally, an example shows the effectiveness of the proposed approach.
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1 ÚÚÚóóó(Introduction)
�ä��XÚ¥Daì&E9��þþÏL�

äDÑ,du&Eæ^©�E^��ªDÑ,Ø�;

�/�3�äp��ò, T�òÏ~´�C!Ø(

½�.Ó�,�äDÑ�Ø��5, ��êâ�3D

ÑL§¥�Uu)¿�,¦���ìÑ\Ú��þ

þÃ{9��#,K�XÚ�½5Ú5U,î�

ò��XÚ�.Ïd,êâ�¿�Ú�C�ò´�

ä��XÚ7L)û�¯K.

8c, �é�äp��òéXÚ½595

UK��ïÄ�õ, éêâ�¿��ïÄ�

�. Zhang�<[1]|^ÉÚÄ�XÚ©Û
ü�D

Ñ±9õ�DÑNCS�3êâ�¿���/, �´

��Ä�äp��ò��3. Qiang[2]?Ø
êâ�

¿�Ç®��NCS��ÅìC½5, ¿�òXÚ

ÑÑ�õÇÌ�Ý±¿�Ç¼ê�/ª�Ñ, ��

�Ä�ò�K�±9¿��Ö�. Qiang[3]òêâ�

¿�ï��XÚ�D(L§, ¿��
3d�{e

��ä��XÚ��d�., 3dÄ:þòêâ�

Ö�ì��O=z�äk�å��`N!ì�¦)

¯K,T�{�":´�`N!ì¯K´±��5

�/ª�Ñ�,��Ñ��d�.���.�m

�½5��d5,´k^��.

�©|^��XÚnØ!Lyapunov¼ê�{

ÚLMI�{, ïÄ
Ó��3Ø(½á�òÚêâ

�¿���ä��XÚ�¿�Ö�!ï�±9�¤

����{.

2 ¯̄̄KKK£££ããã(Problem description)
�©¤ïÄ��ä��XÚXã1¤«,�ä�

3uDaì���ì�m, Daìæ8XÚ�G
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�þ.

ã¥: xk�æ�����é�G�, τk��äp

��ò, x̄k���ìÑ\, x̂k�¿�Ö�ìG�, uk

���ìÑÑ, v(t)���é�Ñ\.�êâ�3�

ä¥DÑ�u)¿��, ��uã1¥m' uS1 ,

��ì�Â�Daìêâ�,á=|^�Â��X

ÚG��#��þ¿ÑÑ; �êâ�3�ä¥DÑ

u)¿��,��ìæ^¿�Ö�ì�G����

�Ñ\O���þ¿ÑÑ, éAuã1¥m' u

S2,XÚ3�Â�#���þcUY÷^c���

���þ,¿�Ö�ì3z�æ�±ÏSþ|^�

c���þO�ÙG�.

ã 1 äk¿�Ö�ì��ä��XÚ(�ã

Fig. 1 Structure of networked control systems with

data-packet dropout compensator

©¥éXÚ�Xeb�:

1) Daì!:�¨°Ä, æ�±Ï�T ,��ì

!:��1ì!:þæ^¯�°Ä, �ä¥�!:

�¨ÓÚ¶

2) �äp��òτk´�CØ(½�,�÷v06

τk 6 τ̄ < T , τ̄�®�~ê.

�Ä��é��§
{

ẋ(t) = Apx(t) + Bpv(t),

y(t) = Cpx(t).
(1)

ª¥: x(t) ∈ R
n�é��G�, v(t) ∈ R

l�é�Ñ

\, y(t) ∈ R
m�é�ÑÑ, Ap, Bp, Cp´·��ê~

XêÝ
.

2.1 ¿¿¿���ÖÖÖ���ììì������EEE(Data-packet dropout com-

pensator design)
�êâ�3DÑL§¥u)¿�, 3vk?Û

Ö�����¹e,��u3£´¥Ú\
Ø(½

���ò,ùò¬¦�XÚ�5Ueü$��.Ï

d,©¥Ú\¿�Ö�ì±~�êâ�¿�éXÚ

5U�K�.¿�Ö�ì´��XÚ/ªaq�Ä

�XÚ,3z�æ���¿�Ö�ì|^�c��

�þO�ÙG�. db�2), τ̄��äp��ò�þ

.,éu�m«m[kT, (k+1)T ),�t = kT + τ̄�,�

�ìE,��Â�#�Daìêâ�, KòÙÀ�

TgDaìêâ¿�,d���ìæ^¿�Ö�ì

�G��O¢S�XÚG�O���þ. ¿�Ö�

ì�Ð©G��XÚ�Ð©G��Ó, �O8I�

¦Ö�ì�G��XÚG�m�Ø��ªÂñ�0.

¿�Ö�ì��EXe:

x̂(k + 1) = Af x̂(k) + Bfu(k). (2)

ª¥: x̂ ∈ R
n×n�¿�Ö�ì�G�, Af , Bf��½

�XêÝ
.

2.2 ���äää������XXXÚÚÚ���ïïï���(Modeling of networked

control systems)
æ^G��"��ì�

u(k) = Kx̄(k). (3)

ª¥: K ∈ R
l×n���ìOÃÝ
, x̄(k) ∈ {x(k),

x̂(k)}.

�Ä�ò��3,��é��Ñ\�

v(t) =

{

u(k − 1), kT 6 t < tk,

u(k), tk 6 t < (k + 1)T.

ª¥tk�[kT, (k + 1)T )S��þ�#���.

l,�¹�ä3S�2Â��é�lÑz��

�§�










x(k + 1) = Ax(k) + B1(tk)u(k − 1)+

B2(tk)u(k),

y(k) = Cpx(k).

(4)

Ù¥: A = eApT , B1(tk) =
w T

(k+1)T−tk

eAptdtBp,

B2(tk) =
w (k+1)T−tk

0
eAptdtBp.

duXÚ�§(4)¥Ó��¹u(k)Úu(k−1)�&

E,Ïd,�âk, k − 1±ÏSêâ�¿���¹, X

Ú3±e4�¯��m��.

¯̄̄��� 1 1k, k − 1 ±Ïþ�u)êâ�¿�,

tk = kT + τk,

v(t) =

{

Kx(k − 1), kT 6 t < kT + τk,

Kx(k), kT + τk 6 t < (k + 1)T.

éA�XÚ�§�










x(k + 1) = (A + B2(kT + τk)K)x(k)+

B1(kT + τk)Kx(k − 1)),

y(k) = Cpx(k).

(5)

¯̄̄��� 2 1k±Ï�u)êâ�¿�,1k − 1±

Ïu)êâ�¿�, tk = kT + τk,

v(t) =

{

Kx̂(k − 1), kT 6 t < kT + τk,

Kx(k), kT + τk 6 t < (k + 1)T.
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éA�XÚ�§�










x(k + 1) = (A + B2(kT + τk)K)x(k)+

B1(kT + τk)Kx̂(k − 1)),

y(k) = Cpx(k).

(6)

¯̄̄��� 3 1k±Ïu)êâ�¿�,1k − 1±Ï

�u)êâ�¿�, tk = kT + τ̄ ,

v(t) =

{

Kx(k − 1), kT 6 t < kT + τ̄ ,

Kx̂(k), kT + τ̄ 6 t < (k + 1)T.

éA�XÚ�§�
{

x(k + 1)=Ax(k)+B̃1Kx(k−1)+B̃2Kx̂(k),

y(k) = Cpx(k).
(7)

Ù¥B̃1 = B1(kT + τ̄), B̃2 = B2(kT + τ̄)þ�~ê

Ý
.

¯̄̄��� 4 1k, k−1±Ïþu)êâ�¿�, tk =

kT + τ̄ ,

v(t) =

{

Kx̂(k − 1), kT 6 t < kT + τ̄ ,

Kx̂(k), kT + τ̄ 6 t < (k + 1)T.

éA�XÚ�§�
{

x(k + 1)=Ax(k)+B̃1Kx̂(k−1)+B̃2Kx̂(k),

y(k) = Cpx(k).

(8)

éu¯�1Ú¯�2,¿�Ö�ìþæ^�#��

�þu(k) = Kx(k)O�ÙG�,=

x̂(k + 1) = Af x̂(k) + BfKx(k). (9)

éu¯�3Ú¯�4,¿�Ö�ìþæ^�#��

�þu(k) = Kx̂(k)O�ÙG�,=

x̂(k + 1) = (Af + Bf )x̂(k). (10)

ÏLêÆC�, B1(kT + τk), B2(kT + τk)�L«�

B1(kT + τk) = B̄1 − DF (τk)E, (11)

B2(kT + τk) = B̄2 + DF (τk)E. (12)

Ù¥: B̄1, B̄2,D,Eþ�~êÝ
, FT(τk)F (τk) 6

I,äNL�ª�

1) eAp�é�z, �A��λ1, · · · , λnþØ�

",
B̄1 = Λdiag(1/λ1e

λ1T · · · , 1/λneλnT )Λ−1Bp,

B̄2 = Λdiag(−1/λ1 · · · ,−1/λn}Λ
−1Bp,

D = Λdiag(1/λ1e
λ1α1 · · · , 1/λneλnαn),

E = Λ−1Bp,

F (τk) = diag(eλ1(T−τk−α1), · · · , eλn(T−τk−αn)).

2) eApØ�é�z, Ø���5, b�Apäk

��"A��±9��rA��λ∗ ,

B̄1 = Λdiag(0, J̆1, J̆2)Λ
−1Bp,

B̄2 = Λdiag(T, Ĵ1, Ĵ2)Λ
−1Bp,

D = Λdiag(β1, 1/λ2e
λ2β2 , · · · ,

1/λn−re
λn−rβn−r ,M),

E = Λ−1Bp,

F (τk) = diag(−τk/β1, e
λ2(T−τk−β2), · · · ,

eλn−r(T−τk−βn−r),M−1J̃2),

J̆1 = diag(1/λ2e
λ2T , · · · , 1/λn−re

λn−rT ),

Ĵ1 = diag(−1/λ2, · · · ,−1/λn−r),

J̆2 =
w

eJ2tdt|t=T ,

Ĵ2 =
w

eJ2tdt|t=0, J̃2 =
w

eJ2tdt|t=T−τk
.

Ù¥: Λ�¦Ap = Λdiag(0, J1, J2)Λ
−1¤á��

_Ý
, J1�dAp �pÉA��|¤�é�

¬, J2�λ∗éA���¬.

-e(k) = x(k) − x̂(k)�¿�Ö�ì�Ö�Ø

�, �O2G��þz(k) = [xT(k), eT(k)]T, Kd

ª(5)∼(12),4�NCS�G��§�dXe��XÚ

£ã:

z(k + 1) =
4

∑

i=1

ωi{Aciz(k) + Adiz(k − 1)}. (13)

Ù¥:

ωi → {0, 1},
4

∑

i=1

ωi = 1,

Aci = Ai1 + Di1FEi1K,

Adi = Ai2 + Di2FEi2K,

A11 = A21 =

[

A + B̄2K 0

A − Af − BfK + B̄2K 0

]

,

A31 = A41 =
[

A + B̃2K B̃2K

A − Af − BfK + B̃2K AfBfK − B̃2K

]

,

A12 =

[

B̄1K 0

B̄1K 0

]

, A22 =

[

B̄1K − B̄1K

B̄1K − B̄1K

]

,

A32 =

[

B̃1K 0

B̃1K 0

]

, E11 = E21 =
[

EK 0
]

,

D11 = D12 = D22 = D21 = [D D]T,

E12 = [−EK 0], E22 = [−EK − EK],

D31 = D32 = E31 = E32 = 0,

D41 = D42 = E41 = E42 = 0.
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3 NCS������¤¤¤���������999¿¿¿���ÖÖÖ���ììì������
OOO(Guaranteed cost control of NCS and data-
packet dropout compensator design)

3.1 ���'''½½½ÂÂÂ���ÚÚÚnnn(Relative definition and

lemma)
½ÂXÚ5U�I�

J =
∞
∑

k=0

zT (k)Qz(k). (14)

Ù¥: Q = diag(Q1, Q2), Q1, Q2´�½�é¡�½

Ý
.

½½½ÂÂÂ 1 éu4�XÚ(13)±9�½�5U�

I(14),eG��"��ìOÃÝ
K ¦�éþ

ã¤k�Ø(½5F (τk), T4�XÚ´ìC½

�,��A�4�5U�I�÷vJ 6 J0, J0´,�

(½�~ê,K¡äkù�5��G��"��Æ

´XÚ(13)Ú5U�I(14)����¤���Æ.
ÚÚÚnnn 1[4] �½~êÝ
M,L,N , Ù¥N =

NT, L = LT > 0, KMTLM + N < 0¤á, �

�=�
[

−L−1 M

MT N

]

½

[

N MT

M − L−1

]

.

ÚÚÚnnn 2[4] �W,M,N�·��ê�¢Ý
, Ù

¥W�é¡
, @oé¤k÷vFT(τk)F (τk) 6 I

�Ý
,Ø�ª

W + NTFT(τk)M
T + MF (τk)N < 0

¤á,��=��3~êε > 0,¦

W + εMMT + ε−1NT N < 0.

3.2 ÌÌÌ���(((ØØØ(Main results)
½½½nnn 1 éu�ä��XÚ(13),�½�5U

�I(14)±9G��"��Æ(3), e�3Iþε1 >

0, ε2 > 0 ,é¡�½Ý
P1, P2, S1, S2±9¿�Ö

�ìëêAf , BfÚG��"OÃ
K, ¦�±eÝ


Ø�ª¤á:
[

Ωi Hi

∗ Θi

]

< 0, i ∈ {1, 2, 3, 4}. (15)

ª¥/∗0�é¡ ����=�,
Ωi =














































2

6

6

4

−P−1

1
+ εiDDT εiDDT A + B̄2K 0

∗ −P−1

2
+ εiDDT Υ1 Af

∗ ∗ Γ1 0

∗ ∗ ∗ Γ2

3

7

7

5

,

i = 1, 2,
2

6

6

4

−P−1

1
0 A + B̃2K −B̃2K

∗ −P−1

2
Υ2 −Υ2 + A

∗ ∗ Γ1 0

∗ ∗ ∗ Γ2

3

7

7

5

, i = 3, 4,

Υ1 = A − Af + B̄2K − BfK,

Υ2 = A − Af + B̃2K − BfK,

Γ1 = S1 − P1 + Q1, Γ2 = S2 − P2 + Q2,

H1 =











B̄1K 0 0

B̄1K 0 0

0 0 KTET

0 0 0











,

H2 =











B̄1K − B̄1K 0

B̄1K − B̄1K 0

0 0 KTET

0 0 0











,

H3 =











B̃1K 0

B̃1K 0

0 0

0 0











, H4 =











B̃1K − B̃1K

B̃1K − B̃1K

0 0

0 0











,

Θ1 =







−S1 0 −KTET

∗ −S2 0

∗ ∗ −ε1I






,

Θ2 =

[

−S1 0 −KTET

∗ −S2 KTET

∗ ∗ −ε2I

]

, Θ3 = Θ4 =
[

−S1 0

∗ −S2

]

,

K4��ä��XÚ(13)ìC½, �G��"�

�Æ(3)�XÚ����¤���Æ,5U�I÷v

J < zT(0)Pz(0) + zT(−1)Sz(−1).

ª¥: P = diag(P1, P2), S = diag(S1, S2), z(−1)L

«3O���cXÚ�G�, éAuëYXÚ¥

�z(0−).

yyy À�Lyapunov¼ê

Vk(z) = zT
k Pzk + zT

k−1Szk−1, (16)

∆Vk(z) = Vk+1(z) − Vk(z) =

zT
k+1Pzk+1 + zT

k (S − P )zk − zT
k−1Szk−1.

�fXÚi�^�,ò(13)�\þª�

∆V i
k (z) =

zT
k AT

ciPAcizk + zT
k AT

ciPAdizk−1 +

zT
k−1A

T
diPAcizk + zT

k−1A
T
diPAdizk−1 +

zT
k (S − P )zk − zT

k−1Szk−1 =
[

zk

zk−1

]T

Πi

[

zk

zk−1

]

.

ª¥

Πi =

[

AT
ciPAci + S − P AT

ciPAdi

AT
diPAci AT

diPAdi − S

]

.

1) Äk±fXÚi = 1�~,?ØXÚ�½5.

�âÚn1ÚÚn2, i = 1�,d½n1^�¥é
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A�Ý
Ø�ª��






−P−1 Ac1 Ad1

AT
c1 S − P + Q 0

AT
d1 0 −S






< 0

�du Π1 + diag(Q, 0) < 0,

=

∆V 1
k (z) < −zT

k Qzk 6 0.

l,éufXÚi = 1,�½n1¥�^�÷v�,

∆V 1
k (z) < 0.

²L�fXÚ1aq�í�,�±y²�½n1¥

�^�÷v�, ∆V i
k (z) < 0, i ∈ {1, 2, 3, 4}.

ª(16)�XÚ�ú�oäÊìÅ¼ê, d

∆V i
k (z) < 0, i ∈ {1, 2, 3, 4}, �â��XÚ½

5nØ��,�½n1¥�^�÷v�, 4��ä�

�XÚ(13)ìC½.

2) XÚ��¤�5.

d∆V i
k (z) < −zT

k Qzk, i ∈ {1, 2, 3, 4},��

J =
∞
∑

k=0

zT
k Qzk < −

∞
∑

k=0

∆Vk(z) 6

zT(0)Pz(0) + zT(−1)Sz(−1).

y..

3.3 ÖÖÖ���ììì���������ìììëëëêêê���¦¦¦)))���{{{(Method

of solving parameters of controller and compen-

sator)
½n1¥�^�(15)́ �|��5�Ý
Ø�

ª, Äkæ^IÖ�5z��{[5]é¯K?1¦

).Ý
Ø�ª(15)¦)�Cq�±e��z¯K�

¦):

min
P1,X1,P2,X2,S1,S2,K,W,Af ,ε1,ε2

[tr(P1X1 + P2X2)]

s.t.

[

Ω̃i Hi

∗ Θi

]

< 0,

[

Pj I

I Xj

]

> 0,

i ∈ {1, 2, 3, 4}, j ∈ {1, 2}. (17)

ª¥:

Ω̃i =


























































2

6

6

6

4

−X1 + εiDDT εiDDT A + B̄2K 0

∗ −X2 + εiDDT
Φ1 − W Af

∗ ∗ Γ1 0

∗ ∗ ∗ Γ2

3

7

7

7

5

,

i = 1, 2,

2

6

6

6

4

−X1 0 A + B̃2K −B̃2K

∗ −X2 Φ2 − W −Φ2 + A + W

∗ ∗ Γ1 0

∗ ∗ ∗ Γ2

3

7

7

7

5

, i = 3, 4,

Φ1 =A − Af + B̄2K, Φ2 =A − Af + B̃2K,

W = BfK, X1 = P−1
1 , X2 = P−1

2 .

ÚÚÚ½½½ 1 |^LMIóä�¥feasp¦)ì¦Ñ¦
Ø�ª|(17)¤á��|�1)Ψ0 = {P1,0, P2,0,
X1,0,X2,0, Af,0,W0, S1,0, S2,0,K0, ε1,0, ε2,0}, ¿ -
S�gêl = 0;
ÚÚÚ½½½ 2 |^LMIóä�¥�mincx¦)ì¦)

±e�58I¼ê���z¯K:

min
P1,X1,P2,X2,S1,S2,K,W,Af ,ε1,ε2

tr(
h

X1,l X2,l P1,l P2,l

i

2

6

6

6

6

4

P1

P2

X1

X2

3

7

7

7

7

5

)

s.t.ª(17).

e¦��)�Ψ ∗ ,�|^�§W = BfK¦�¿�

Ö�ìëêBf .eK∗�_,KB∗

f = W ∗K∗−1,eK∗

Ø�_, �B∗

f = W ∗K∗+(K∗+�2Â_)��§

W = BfK����¦).

ÚÚÚ½½½ 3 òÚ½2¦��)Ψ ∗�\½n1¥�Ý


Ø�ª|(15)��, e½n1¥�^�÷v, K∗,

A∗

f , B∗

f©O�¤¦�G��"OÃ
Ú¿�Ö�ì

ëê,Kª�S�.ÄK,?1Ú½4;
ÚÚÚ½½½ 4 eS�gêl 6 L, L�ýk�½�S�

gêþ., K-Ψl+1 = Ψ ∗, l = l + 1,¿�£Ú½2

?1e�gS�; ÄK=Ú½1,#ÀJ�|�1

)Ψ0,#O�.

4 ���ýýý���~~~(Simulation example)
�Ä��é�

ẋ(t) =

[

0.1 0.1

0 −0.95

]

x(t) +

[

0.2

0.1

]

u(t).

Daìæ�±Ï�T = 0.5 s, �äp��òτk3

(0, 0.04 s]SCz. 3�ýL§¥, ÉMATLAB�ý

^�¤�,b��ò�CzÑlþ!©Ù,êâ�±

�½�'~¿�,¿�Ç�½�40 .5U�I

J =
∞
∑

k=0

zT(k)Qz(k), Q1 =

[

1 0

0 1

]

, Q2 =

[

1 0

0 1

]

.

²LO��,lÑXÚ�§¥�ëê�

A =

[

1.0513 1.0513

1 0.6219

]

,

B̄1 =

[

2.2089

−0.0655

]

, B̄2 =

[

−2.1053

0.1053

]

,

B̃1 =

[

2.1788

−0.0303

]

, B̃2 =

[

0.0201

0.0095

]

,

D =

[

27.1828 0

0 −0.0001

]

, E =

[

0.21

0.1

]

.
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�ì�ëê

Af =

[

0.1643 − 0.0007

−0.0005 0.1634

]

,

Bf =

[

0.5

0.2

]

, K =
[

0.0517 0.1275
]

.

�XÚÐ©G��z(0)=z(−1)=
[

10 2 0 0
]T

�, XÚ�A�5U�I÷vJ < 270.0799, XÚ

�A�Ú¿�Ö�ìØ��©OXã2!ã3¤

«,�L²3¤�O���Æ�¿�Ö�ìe4

��ä��XÚ´ìC½.

ã 2 XÚG��A�

Fig. 2 Response curve of state

ã 3 Ö�ìØ��

Fig. 3 Curve of compensator error

5 (((ØØØ(Conclusion)
�é�3Ø(½á�òÚêâ�¿���ä�

�XÚ,Ú\
¿�Ö�ì^uÖ�êâ�¿�é

XÚ5U�K�,��ìÑ\3XÚG�ÚÖ�ì

G��m��.ÏLò�ò�Ø(½5���XÚ

ëê�Ø(½5,ïá
�ä��XÚ�lÑ��

XÚ�.,¿�Ñ
XÚ�¤���ÆÚÖ�ì�

�O�{. �ý(JL², 3¤JÑ�¿�Ö�ì

Ú��Æe,XÚ´ìC½�,¿�Ö�ìU
k

�/Ö�êâ�¿�éXÚE¤�K�.
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