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Optimal damping control for singularly perturbed time-delay systems

with sinusoidal disturbances
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Abstract: The optimal damping control design for singularly perturbed time-delay systems affected by external sinu-
soidal disturbances is considered. Based on the slow-fast decomposition theory of singular perturbation, the system is first
decomposed into a fast subsystem and a slow time-delay subsystem with disturbances. Then, the perturbation method is
proposed to solve the slow time scale time-delay optimal control problem, and the feedforward compensation technique
is used to reject the disturbances. The conditions of existence and uniqueness of the feedforward and feedback composite
control (FFCC) law are also obtained. The FFCC law consists of linear analytic terms and a time-delay compensation term
which is a series sum of adjoint vectors. The linear analytic terms can be found by solving Riccati matrix equation and
Sylvester equation respectively. The compensation term can be approximately obtained by a recursion formula of adjoint
vector equation. Finally, numerical examples are presented to illustrate the effectiveness of the proposed design method.
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JLF B A I 52 B 42 1 R L8 32 B A R 3l 1
S, ) QT B SE I R R g ORI
FAW, B IR B0 R G i R IR Eh 24 Ik, A
X B A0 ) 16 AR TSR A 2D, B0, Lee S5 B14F
RT EWEMBEIINE IR LARARSE, 2 THT
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REGBMBHITIT, EF A BRLT 152
PRI i 7 S 4 30 R G A 12 561 07 T PRV 18 ST G
B, HZHRIEFH &5
A ST FEH HE 1R 77 57 4 3 ISV 8 1 R G AE 1 5%
PUBHT B AR5 i e) @, BT A7 R sl i —
18 o A 2 (18 K JER B A 4 1 o R 4688 Ay AR o AR
1& WA T LA 1) B, I 53 70 ¥ v B A 5 il . o,
XF IR 7 RGE, K S BBk 3h R i ot kb 2 AR
2218 7 R Ge I A S B IR I AR, BET 4 A PR
TR BRI, 72T R RGHFFCCHE.
2 BB KR (Problem formulation)
7 RS T SR Bl N R G
#(t) =Anz(t) + Aaz(t)+
Apz(t — 1) + Byu(t) + Do(t),
ez(t)=Agx(t) + Axpz(t)+ (1)
Aozx(t—7)+ Bau(t), t>0,
L z(t) = o(t), —7 <t <0; 2(0) = 2.

Hp: o e R"Mz € R™ARESHE, u € RTGFEH]
BN, THIEZ A A IERUN i RNERR S S8, v € RPA
SMERIBN, Ay, Bi(i = 1,2;7 = 1,2,3) KDREIEH
YERHIFE R, IR A dERT 5. (1) 2 B AR
AR BT ARIR A
v(t) = [o sin(wit + 1) agsin(wat + @g) - - -
ap sin(wyt + ¢p)]", 2)

Htsho Tl &, Pikw, 5.
IEFETC R R B 3 P e R bR

) ol
)

Horh RANQ Sy 7 A 38 2 A 500 I 5 R 0 2 1 52 R
B, RR—RE, Bi%Q = diag(Q1, Qs), HHQ, €
R™"HIQ5 € R™* ™43 k2 IE @A . RGHITAR
¥ 41 1) B T kI il (), M TAELI R ()FI(2) FEX
B/ M.
F 7T 5 B 3 1 ARG o g B 8 S, B A0 4% 1 1)
(DRI K18 1 B
(t)=Agzs(t) + Azze(t — 7)+
{ Bouy(t) + Du(t), t > 0, (4)
zs(t) = p(t), —7 <t <0,
Jo= lim + jot [T (1) Qoo (t)+

tfr—o00 £
2ug (t) Dazo(t) + ug (t) Rous(t)]dt. (5)

+u(t)T Ru(t)}dt.

24 %
Hrp:
( Ag = Ay — A Ajy Asy,
Az = A13 — A12A5) Ass,
By = A12A2_21B27 ©)
Qo = Ql + A5 A% Qs A5y Ay,
Dy = BzTAzzTQsAzz A,
| R = R+ B; A5,/ Q3 45, Bs.
BT
eZ¢(t) = Agaze () + Boug(t), 2¢(0) =20 —25(0),
(7
Jo= [T 0Qsz() + uf O Rur(D)at. ®)
R at) = —Ay[Ana(t) + At — 7) +
Boug(t)]. RGU(TKT @) mAMEE IR
ui(t) = —R™' By Pz (t). )
Hrh P o %Riccati 772
AQTQPf+PfA22_PfSQPf+Q3:0 (10)
fIME—IEE M, 2 S, = BoR™'B;.

87 ARG R TIEE ?E*T(S)E’J%’dn?ffﬁﬂ?i%
ul(t) = —R;'[Dyry(t) + By A(1)]. (11)

S

Hrp X (t) € R i ZTPBV il @
Is(t) = Asas(t) + Asas(t —7)—

SoAs(t) + Du(t),
A(t) = Qura(t) + ATA() +d(1),  (12)
ws()Zw() -7 <t <0,
lim A(t¢) = 0.

tf—00

KA
T < .
d(t) = ANt +17),0 <t <ty — T, (13)
0, te—7 <t <ty
Sy = BoR;'Bf, A, = Ay — ByR; ' Dy,

Qs = Qo — DIR;'D,.

FEN(E) T, W () A DME— B . BEm, &4
up (6) AT LR H R R G ()R T Q) A A il i u. ().
SR, EHTTPBV il 8 (12) [7] B, £ B T R 8 iy 0,
HAENTRR LT R AR, R e HEUE R
3 FFCC# it (Design of FFCC)
3.1 TPBYV a4k (Simplification of TPBV prob-
lem)

h AL TPBV i) #(12), SIS S H(, W& R

FCHIBITPBYV [n) R AN AH Y. 1) B It 42 il A
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T5(t,¢) = Aswy(t, Q) + CAsz(t — 7,()—
SoAs(t, ¢) + Du(t),

= Ao(t, Q) = Qura (£, QHAT A(t, OH€(t, ), (14)

zs(t, Q) = ¢(t), —7<t<0,

Jlim A (tr,¢) = 0.

ug(t, ¢) = —R; [ Dsxy(t, ¢) + By As(t,€)]. (15)

BB R K¢ € [0, 1], TPBV I 14—
B, BAR, ¢ = 1N, BMsHE0sS) By eF
RGEmMBFIRAD. Bkt Q) RTCEC = 0k
ToFR AT, H:MaclaurinZZ #0 4

0ult,0 = S 5al(1), a, € frsun A} (16)
1=0 0
()0 = 2 é‘) o 2 F I, BRAR16)H

g AEC = bk, ¢ = 1N, S EH
BRADATESA

ul(t) = flu“’(t). (17)

=oi! °

¥RAMRAR(14) FM15) , LEECHFIRER L, &
5133
@0 (t) = Azl (t) + 09 (1) — SoAL (1) +
[1 —sgn ] Du(t),
— A1) = Qe (1) + ATA (1) +0 W (), (18)
2 (t) = [1 = sgn ilp(t), T <t <0,
lim A9(t) =0,i=0,1,2,---,

tr—o00

P
ugi) (t) = —Rs_l[szgi) (t) + ngﬁi) )l
1=0,1,2,---. (19)

Hr:

((gn iz {0 7=0
BTN =12,

, 0 i=0
@)= ’ . ’
o) {z’AgzL“gl_l)(tT), i=1,2,---,
2
0, z’:O,t>0,(0)
PASACD(E+7), i=1,2, -,
0<t<te—,
0, i=1,2,--,
\ tr—T <t<tg.
FF LA #, TPBV A (12)% 4L ATPBV i)
W(18). BAR, IZTPBV |a) fUjg ] 1 i 336 #E 77 ¥ & iy
KA.

o (t)=

3.2 FFCCHyIE L #% 7 (Approximation process of
FFCC)

EHE 1 HESTZNSM UL T 757
B HE R GE() TP REFE AR 3) I R L 2 1 vl L. B2
B (Ao, Ba, Q") RI(Ag, Bo, QM) B 58 & T # 7T W,
MR G FIFFCCHE i T A ME— T 5 -

ue(t) = Kpx(t) + K.2(t) + K-a(t — 1) +

K.[Pw(t) + Pou,(t) + g 1)]. (1)

Hor:
K.=-R'BJP,
K‘r = KZA521A237
K.=—(I, + K.A,'By)R; ' By,
Ka: - KZA2_21A21* (22)
(Ir+KZA2_2132)RS_1(DS+B(TPS)’
oo () (¢
(oo)(t) _ ZQ ( )
= !
T ™
=0 - _
0ult) = =2a(t = 5) valt - 5)
T \1T
t——)| . 2
it = 5] @3)

K 2 = diag(wy, wa, -+ ,wy), I, € R™" AL
FERE, PP, 53 5 A A B Riccati 77 F2(10)
ATP,+ PA, — PSP, + Q. =0 (24)
HIME—IEREfR; P, AP, R Sylvester i fE 7 %
(AT=P.S,)? PP, Q2%+ (AL — P,Sy) P.D =0,
(25)
(AT — P,Sy)*P, + P,2* + P,D2 =0 (26)
fRIE—f#: g (¢) W RIS M RIS T
g (t) = (SoPs — A)TgW (t)—
iP,Asz "V (t — 1) —
t}ijrgog(i)(tf) =0,i=1,2,---,

oy (t),
@7

g9 t)=0,t>0,

Hrp
A7 [P (1) gV (t47)),
ot)={ 0<t<t—,
0, tr —7 <t <ty
(28)
iE 4
AD () =P (t)+[1—sgn i][Pyv(t)+

Pwvw(t)] + g(i) (t)7
i:O>1727"'7 (29)



258 7= oH w5 N M

24 %

HrhgO(t) € R 3, Hg©(t) = 0.
#329) FRAF(18) (19), AT AR EISEIN S T R
i () = (As—SoP)xl? (£)+6D (£) — Sog? (t -
[1—sgn i][(D—SoP,)v(t)— SoPv.(t)],
i=0,1,2,---; t>0,
e (t)=0,i=1,2,---; =7 <t <0,
z(t) = ¢(t), —7<t<0

(30)
B A i
ul? (t)=—R;(Ds+ By P)al (t) = R By g (t) -
[1—sgn i|R;* By [Pyv(t) + Pv,(t)],
i=0,1,2,---. (31)

RO I K Tk &, MARUS)F2K, IH 4 &
HEOFMKRN

0(t) = — Dy (t), vu(t) =

2 5 153 F|RiccatiJj F£(24), Sylvester /7 F£(26)(26) LA
KIS MBS TTFEQ2T).

& B(Ag, Bo, QV2) 58 & W] ¥ v M, #h 7 2
QA ME— IE B ML, MRYE LM R 401 7 88 2
w8, SRRy € o(Ay — SoP,), HRey < 0L,
Hrpo()VRREMER L, 55— 7w, ZERIAIER
Hip € o(02?), ARep > 0. B—LEZUEH, Xt
EEBIN € o[(As — SoP)* | Fiu € o(02?), A&
AN+ # ORSL. T2, Sylvestersf Ff 77 F£(25) 1
QeyEME—fE P AP,

P, PAP M5 5, Wi SRR m &M 77
BeNERIFEEREGD (). #—5, R 16)(17)
R @31, BIA[ 12181 KRG B phd il
ul(t)=—R; Y (Ds+ By P,)x(t)— R By [Pyv(t)+

Pv, ()] =R By g™ (t). (33)

B —J7 1, BT (As, Ba, Qy/%) 56 AW AW,
Riccati 7 F2(10)E ME— E M P, T2, () (33)

Qu(t),  (32)

T EEEEKCD .
R
E 1 FRCCHQDF WK [Pou(t) + Puvw(t)]

Keg(®) (8) 43 5 g iy 1542 7 R 2 J5URD I 385 b 2 050, P T
53 AAME SIS IE 5L RS FI IR i 0 ZR eV Be R . KR ),
P, = P, = OFF, Ai[13 RG24l R 152 & #5 l (FCO)fE:
ue(t) = Kaex(t) + Ko 2(t) +
Kra(t — 1) + Keg™ (1), (34)

MARLG()T A3 = 0, Ayg = 0, D = OB, FFCCHEQ2DEN K

SCHR[19TH I 4518

2 fESERR TR R, FRCCEEQ D 1959 (1)
JUF AT REXS B SR . 8, AR B R MR
FIAE ARG (™) (£), AT IASE) M IFFCCHEFIFCCE:

ups(t) = Kpa(t) + Kz2(t) + Krax(t—71) +
Ke[Poo(t) + Pove(t) + gar (1)), (35)
ups(t) = Kex(t) + Ko2(8) +
Kra(t—7) + Kegnr (t). (36)

fgar(8) = 3 (19 (0) ). MROIEHT LR 50
FEBSRE . HE— 25, 5 IFFCCHEFIFCCHE i HE % A 2t
3

wi(t) =us_1 () + ¢ 900, i=120 M,

ug(t) =Kgpx(t) + Ko 2(t) + Kra(t — 1)+ (37
Kc[Pyv(t) + Povw(t)].

F
) — Ke &)y 5-1.9...
ul(t) - ulfl(t) + Z' g (t)a 1= 1727 7M7 (38)
ug(t) = Kpx(t) + Kz 2(t) + Krx(t — 7).

3.3 A MREE(FFCC for finite-horizon)
T FRIHIE T, B e Fabr

1 fa)] 2] 1 [a0)]
2 L(m)] 3 L(u)] ol (L@)]

+u” (t)Ru(t))dt. (39)

HApFREERMER, BHF = diag(Fy, Fs), F) €
R Fy € R™ ™ RBITF- TS BRI 5 %, BeAll
AARAIE B A R T 4
EE2 FEZERHPEHERNET RS R
(1) T M REFE AR (39) MIFFCCAH i F X ME— T 5E
ue(t) = K, (H)x(t) + K.(£)z(t) +
K. ()x(t —7) + K.(t)[P,(t)v(t) +
Py (t)va(t) + ¢ (1)]. (40)

)
=

(t) = —R™'BIPy(t),
K. (t) = K.(t) A3} Aos,

(t) = —[I, + K.(t) A%, B:] R ' By
K, (t) =K. (t) Ay Aoy —[I,+ K. (t) A3, By
R7'[D, + By P(t)).

(41)
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i P () F1 P, (t) 43 3 K RiccatiF P 43 5 7
Pr(t) = Pi(t) Sy P (t)—AL Pr(t)—Pi (t) Ay — Qs,
Pi(te) = F3
(42)
il
PS(t) :PS(t)SOPS(t)_A;FPS(t)_PS(t)AS_Qsa
Ps(tf) = FO
(43)
MM — IR 2R, NP F, = FL + AL AL FR Ay
Agy; P,(6)FAP,, (¢)35 & T Tk FER 2 77 72
Py(t) = [P(t) — SoATIP,(t)—

P.(t)D + P,(t)$2?, (44)
P,(t;) = 0.
{ Pu(t) = [P(t)So — AJTP.(t) — Pu(1), 45)
P,(t;) = 0.

A E gD ()WL
§9(t) = [SoPu(t) — AJ"g"(t) —iPy(t)

At V=) —o0,

g (t) =0,i=1,2,--,
g (t) =0, t>0.
Hrp
IAF[P(t + 1)z D (t + 1)+
o)) = Qg (T, 0<t<tr—T,  @D)
0, tr—7 <t <t
HFFCCHRIEHER RN

1 ,
wit) = u (8) + S Ko()g (1), i = 1,2,
1!

uo (1) =Ko (1) x(t)+ K. (1) 2(t) + K () (t—7H
K (8)[Py(t)o(t) + P (t)ve(t)].
(48)
4 5 HSEH](Simulation examples)
% RESI LT RN I R 4,

)
00 0 1 0.50
S VR 3.45—5]’ ' [0 0.8]’
05.24 4.65 2.62 0.50
Ayp= Ago= Bo—

21 02 s 4122 1 0 y 22 0 1]7
p| 050 Ay 0.50 A 0 06 ,
0 0.2 0 08 0.10
o) =10.10]",-02<t<0,

2(0)=[00]", e = 0.02.

(49)

Bzt RedabR 2 5 A
ot) = [2sin(§7rt) sin(Crt)]", £ > 0. (50)

5
e [e)] [ o] [«
7= 0 {[z(t)] [O QJ L(t) *
u” (t) Ru(t) }dt. (51)
Hp _
3 0
Ql = [O 5- s
5 0]
Q3 = [O " ) (52)
r=| Yl
0 15

SR F AR SC 1 774045 51 T 0 R R 4L A P I R
IRV T Tk B AR AR LT, 1 4
B R Ak i R 60 R A ARARL,

Table 1 Cost functional values of the different
iteration times
7 1 2 3 4
J; 11.2153  11.1927 11.0301 11.0268

R 1] 40, P e F8 Aw A Rl & 15 4R Ik S 3
fnm T AL R fR AT 29 = 0.001, W
|(Js— J3)/Ju] < 6, TH&, w(t)FT A RFEMIE
B A s . P L. 2R 340 il 44 T SR F 4B
FFCCHEMIFCCHER, REMIEREL &R, o, PR
DRz, 20, TWHIL By, us TR R, Hrp, 5L
5 F1 P 2R 43 39l 3R 7 A I ot A B 4 o R 4 st
BRI g R B 1 ~370] LLYE 2 HUF B, AT
ot I ot 21 A 8 I A0 S IE 5230 1 1 B B AR
F R A HI .

1 T T T T T T T T T

t/s
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025 10 15

1 1 1 1 1 1
20 25 30 35 40 45 50

t/s
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Fig. 1 Curves of the slow state variables x1, z2
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5 %5 (Conclusion)

AR 8Bk, R T & IER R8N 1 A ik
B I ¥iiE 2R 4 ) e L et A2 1 i) . i VA I
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