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Optimal damping control for singularly perturbed time-delay systems
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Abstract: The optimal damping control design for singularly perturbed time-delay systems affected by external sinu-
soidal disturbances is considered. Based on the slow-fast decomposition theory of singular perturbation, the system is first
decomposed into a fast subsystem and a slow time-delay subsystem with disturbances. Then, the perturbation method is
proposed to solve the slow time scale time-delay optimal control problem, and the feedforward compensation technique
is used to reject the disturbances. The conditions of existence and uniqueness of the feedforward and feedback composite
control (FFCC) law are also obtained. The FFCC law consists of linear analytic terms and a time-delay compensation term
which is a series sum of adjoint vectors. The linear analytic terms can be found by solving Riccati matrix equation and
Sylvester equation respectively. The compensation term can be approximately obtained by a recursion formula of adjoint
vector equation. Finally, numerical examples are presented to illustrate the effectiveness of the proposed design method.
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1 ÚÚÚóóó(Introduction)
A�¤k�¢S��XÚÑÉ�	Ü6Ä�

K�, ~X°�²�¢���XÚ¥�ÅLå�
^[1], ^�°ÄXÚ¥�±Ï6Ä[2]�. Cc5, �
é6Ä³�¯K�ïÄ¤JØ�, ~X, Lee�[3]ï

Ä
¹(½Ú�Å6Ä�É�åXÚ,JÑ
Äu
�.�S�ÆS���{, Liu�[4]�Ñ
�CÛÉ

XÚ�6Ä)Í�"��ì. Äuc"Ö�g�,
Tang�[5,6]JÑ
�«^u	Ü6Ä³��c"�

"�`��ì�O�{. ,��¡,�¢XÚ�`�
��ïÄ�´<�'5�9:¯K��[7,8]. Äu�
g.5U�I��¢XÚ�`��¯Kò����

Ó�¹�¢�Ú�c��ü:>�(TPBV)¯K,Ï

~,T¯K�)Û)´�~(J�. Ïd,<�ÏL
ïÄÙê�){?
Ï¦XÚ�g`��Æ,Ù¥,
Åg%C{[9,10]Ú�Ä{[11]Ò´ü«�~k���

{,ùü«�{�I�S�¦)�þ�©�§,O�
þ�,Âñ�Ý¯,´ïÄ�¢XÚÚ��5XÚ�
`���kåóä.
Cc5, �¢ÛÉ�ÄXÚ�©Û��OïÄ

�5�É�<��­À. Glizer©O?Ø
¹G��
¢��IOÛÉ�ÄXÚ���5¯K[12]±9¹

G�Ú���¢��IOÛÉ�ÄXÚ�	½¯

K[13], Fridman[14]ïÄ
�¢éÛÉ�ÄXÚ­½

5�K�, Glizer[15]�Ñ
¹��¢��5ÛÉ�
ÄXÚ�H∞���{. 8c,'uÃ�¢ÛÉ�Ä

ÂvFÏ: 2005−06−13;Â?UvFÏ: 2006−03−14.
Ä7�8: I[g,�ÆÄ7]Ï�8(60574023);ìÀ�g,�ÆÄ7]Ï�8(Z2005G01);��½g,�ÆÄ7]Ï�8(05-1-JC-94).
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XÚ�`���ïÄ, ®kØ��¤J[16,17], 
É
6�¢ÛÉ�ÄXÚ`z���¡�ïÄØ©�é

��,�õê´ÄuH∞���[15].
�©ïÄIO�ÛÉ�Ä�¢�5XÚ3�u

6Äe��`~���¯K,ÄuÛÉ�Ä�¯¨
ú©)nØ[18],ò��`��¯K©)�ü��¯
úü�f`z¯K, ¿©O�O�`��Æ. Ù¥,
é�¢úfXÚ,æ^ëê�Ä{Úc"Ö�g�
��úfXÚ�c"�"�`��Æ,?
(Ü¯
fXÚ��`��Æ,��
�XÚ�FFCCÆ.

2 ¯̄̄KKK���£££ããã(Problem formulation)
�Ä�5ÛÉ�Ä�¢XÚ



ẋ(t) =A11x(t) + A12z(t)+

A13x(t− τ) + B1u(t) + Dv(t),

εż(t)=A21x(t) + A22z(t)+

A23x(t−τ)+B2u(t), t>0,

x(t) = ϕ(t), − τ 6 t 6 0; z(0) = z0.

(1)

Ù¥: x ∈ RnÚz ∈ Rm�G��þ, u ∈ Rr���

Ñ\, τÚε©O��ê�¢Ú��Äëê, v ∈ Rp�

	Ü6Ä, Aij, Bi(i = 1, 2; j = 1, 2, 3)9D´·�

�ê�Ý
, ¿�A22�ÛÉ. ϕ(t)´®��Ð©G
�¼ê. b�v�±L«�

v(t)= [α1 sin(ω1t + ϕ1) α2 sin(ω2t + ϕ2) · · ·
αp sin(ωpt + ϕp)]T, (2)

�6Äv�ÿþ,ªÇωi�®�.
ÀJÃ����g.²þ5U�I

J = lim
tf→∞

1
tf

w tf

0
{
[

x(t)
z(t)

]T

Q

[
x(t)
z(t)

]
+u(t)TRu(t)}dt.

(3)

Ù¥RÚQ©O�·��ê��½Ý
Ú��½Ý


. Ø���5,b�Q = diag(Q1, Q3),Ù¥Q1 ∈
Rn×nÚQ3 ∈ Rm×m©O���½Ý
. XÚ��`
��¯K´Ïé��u∗(t), ¦J3�å(1)Ú(2)e�
���©

dÛÉ�Ä�¯ú©)nØ�, �`��¯
K(1)Ú(3)�úf¯K�




ẋs(t)=A0xs(t) + A3xs(t− τ)+

B0us(t) + Dv(t), t > 0,

xs(t) = ϕ(t), − τ 6 t 6 0,

(4)

Js = lim
tf→∞

1
tf

w tf

0

[
xT

s (t)Q0xs(t)+

2uT
s (t)Dsxs(t) + uT

s (t)Rsus(t)]dt. (5)

Ù¥: 



A0 = A11 −A12A
−1
22 A21,

A3 = A13 −A12A
−1
22 A23,

B0 = B1 −A12A
−1
22 B2,

Q0 = Q1 + AT
21A

−T
22 Q3A

−1
22 A21,

Ds = BT
2 A−T

22 Q3A
−1
22 A21,

Rs = R + BT
2 A−T

22 Q3A
−1
22 B2.

(6)

¯f¯K�

εżf(t)=A22zf(t)+B2uf(t), zf(0)=z0−zs(0),

(7)

Jf =
w ∞

0
[zT

f (t)Q3zf(t) + uT
f (t)Ruf(t)]dt. (8)

ª¥zs(t) = −A−1
22 [A21xs(t) + A23xs(t − τ) +

B2us(t)]. XÚ(7)'u(8)��`��Æ�

u∗f (t) = −R−1BT
2 Pfzf(t). (9)

Ù¥Pf��êRiccati�§

AT
22Pf + PfA22 − PfS2Pf + Q3 = 0 (10)

����½),Ù¥S2 = B2R
−1BT

2 .
úfXÚ(4)'u5U�I(5)��`��Æ�

u∗s (t) = −R−1
s [Dsxs(t) + BT

0 λs(t)]. (11)

Ù¥λs(t) ∈ Rn÷vTPBV¯K



ẋs(t) = Asxs(t) + A3xs(t− τ)−
S0λs(t) + Dv(t),

−λ̇s(t) = Qsxs(t) + AT
s λs(t) + d(t),

xs(t) = ϕ(t),−τ 6 t 6 0,

lim
tf→∞

λs(tf) = 0.

(12)

ª¥:

d(t) =

{
AT

3 λs(t + τ), 0 < t 6 tf − τ,

0, tf − τ < t < tf ,
(13)

S0 = B0R
−1
s BT

0 , As = A0 −B0R
−1
s Ds,

Qs = Q0 −DT
s R−1

s Ds.

eλs(t)�), Ku∗s (t)d(11)��(½. ?
, (Ü
u∗f (t)�±¦Ñ�XÚ(1)'u(3)�|Ü��Æuc(t).
,
,duTPBV¯K(12)Ó��¹�¢�Ú�c�,
Ù)Û)A�´Ø�U�. e¡?ØÙê�){.

3 FFCC���OOO(Design of FFCC)
3.1 TPBV¯̄̄KKK{{{zzz(Simplification of TPBV prob-

lem)
�{zTPBV¯K(12), Ú\�Äëêζ , �E'

uζ�#TPBV¯KÚ�A��`��Æ:
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



ẋs(t, ζ) = Asxs(t, ζ) + ζA3xs(t− τ, ζ)−
S0λs(t, ζ) + Dv(t),

−λ̇s(t, ζ)=Qsxs(t, ζ)+AT
s λs(t, ζ)+ζd(t, ζ),

xs(t, ζ) = ϕ(t), −τ 6 t 6 0,

lim
tf→∞

λs(tf , ζ) = 0.

(14)

us(t, ζ) = −R−1
s [Dsxs(t, ζ) + BT

0 λs(t, ζ)]. (15)

b�é?¿�ζ ∈ [0, 1], TPBV¯K(14)�)�
��3. w,,�ζ = 1�,�`��Æ(15)=�úf
XÚ�`��Æ(11). b�αs(t, ζ)'uζ3ζ = 0?
Ã���,ÙMaclaurin?ê�

αs(t, ζ) =
∞∑

i=0

ζi

i!
α(i)

s (t), αs ∈ {xs, us, λs}. (16)

Ù¥(·)(i) =
∂i(·)
∂ζi

|ζ=0. 3e¡?Ø¥,b�ª(16)¥

�?ê3ζ = 1?Âñ. �ζ = 1�, �`��
Æ(11)�­��

u∗s (t) =
∞∑

i=0

1
i!

u(i)
s (t). (17)

òª(16)�\ª(14)Ú(15) ,'�ζ�Óg�Xê,N
´��




ẋ(i)
s (t) = Asx

(i)
s (t) + δ(i)(t)− S0λ

(i)
s (t)+

[1− sgn i]Dv(t),

− λ̇(i)
s (t)=Qsx

(i)
s (t)+AT

s λ(i)
s (t)+σ(i)(t),

x(i)
s (t) = [1− sgn i]ϕ(t), τ 6 t 6 0,

lim
tf→∞

λ(i)
s (tf) = 0, i = 0, 1, 2, · · · ,

(18)

Ú

u(i)
s (t) =−R−1

s [Dsx
(i)
s (t) + BT

0 λ(i)
s (t)],

i = 0, 1, 2, · · · . (19)

Ù¥:



sgn i=

{
0, i = 0,

1, i = 1, 2, · · · ,

δ(i)(t)=

{
0, i = 0,

iA3x
(i−1)
s (t− τ), i = 1, 2, · · · ,

σ(i)(t)=





0, i = 0, t > 0,

iAT
3 λ(i−1)

s (t + τ), i=1, 2,· · · ,

06 t6 tf−τ ;
0, i=1, 2,· · · ,

tf−τ <t<tf .

(20)

ÄuþãC�, TPBV¯K(12)=z�TPBV¯K
x(18). w,, TTPBV¯Kx�ÏL4í�{Å�
¦).

3.2 FFCC���CCCqqq���OOO(Approximation process of
FFCC)
½½½nnn 1 �Ä¹�u6Ä�IO�5ÛÉ�

Ä�¢XÚ(1)'u5U�I(3)��`��¯K.b
�(A22, B2, Q

1/2
3 )Ú(A0, B0, Q

1/2
s )þ�����*,

KXÚ�FFCCÆdeª��(½:

uc(t) = Kxx(t) + Kzz(t) + Kτx(t− τ) +

Kc[Pvv(t) + Pωvω(t) + g(∞)(t)]. (21)

Ù¥:



Kz = −R−1BT
2 Pf ,

Kτ = KzA
−1
22 A23,

Kc = −(Ir + KzA
−1
22 B2)R−1

s BT
0 ,

Kx = KzA
−1
22 A21−

(Ir+KzA
−1
22 B2)R−1

s (Ds+BT
0 Ps),

g(∞)(t) =
∞∑

i=1

g(i)(t)
i!

.

(22)

vω(t) = −Ω[v1(t− π

2ω1

) v2(t− π

2ω2

) · · ·

vp(t− π

2ωp

)]T. (23)

ª¥: Ω = diag(ω1, ω2, · · · , ωp), Ir ∈ Rr×r �ü 

Ý
, PfÚPs©O��êRiccati�§(10)Ú

AT
s Ps + PsAs − PsS0Ps + Qs = 0 (24)

����½); Pv ÚPω�SylvesterÝ
�§

(AT
s−PsS0)2Pv+PvΩ

2+(AT
s −PsS0)PsD=0,

(25)

(AT
s − PsS0)2Pω + PωΩ2 + PsDΩ = 0 (26)

���): g(i)(t)÷v���þ�©�§



ġ(i)(t) = (S0Ps −As)Tg(i)(t)−
iPsA3x

(i−1)(t− τ)− σ
(i)
0 (t),

lim
tf→∞

g(i)(tf) = 0, i = 1, 2, · · · ,

g(0)(t) = 0, t > 0,

(27)

Ù¥

σ
(i)
0 (t)=





iAT
3 [Psx

(i−1)(t+τ)+g(i−1)(t+τ)],

0 6 t 6 tf − τ,

0, tf − τ < t < tf ,
(28)

yyy -

λ(i)
s (t)=Psx

(i)
s (t)+[1−sgn i][Pvv(t)+

Pωvω(t)] + g(i)(t),

i = 0, 1, 2, · · · , (29)



258 � � n Ø � A ^ 1 24ò

Ù¥g(i)(t) ∈ Rn����þ,�g(0)(t) ≡ 0.
òª(29)�\ª(18) (19),�±��1i�úfX

Ú��`G��§



ẋ(i)
s (t)=(As−S0Ps)x(i)

s (t)+δ(i)(t)−S0g
(i)(t)+

[1−sgn i][(D−S0Pv)v(t)−S0Pωvω(t)],

i = 0, 1, 2, · · · ; t > 0,

x(i)
s (t) = 0, i = 1, 2, · · · ; − τ 6 t 6 0,

x(0)
s (t) = ϕ(t), − τ 6 t 6 0

(30)

9�`��Æ

u(i)
s (t)=−R−1

s (Ds+BT
0 Ps)x(i)

s (t)−R−1
s BT

0 g(i)(t)−
[1−sgn i]R−1

s BT
0 [Pvv(t) + Pωvω(t)],

i = 0, 1, 2, · · · . (31)

ª(29)ü>'ut¦�, �\ª(18)12ª, ¿(Ü
ª(30)Ú'Xª

v̇(t) = −Ωvω(t), v̇ω(t) = Ωv(t), (32)

N´��Riccati�§(24), Sylvester�§(26)(26) ±
9���þ�©�§(27).
5¿�(A0, B0, Q

1/2
s )�����*, ��§

(24)k���½)Ps. �â�5XÚ�N!ìn
Ø, é?¿�γ ∈ σ(As − S0Ps), kRe γ < 0¤á,
Ù¥σ(·)L«Ý
�Ì; ,��¡, �Ä�é?¿
�µ ∈ σ(Ω2), kRe µ > 0. ?�ÚN´y², é
?¿�λ ∈ σ[(As − S0Ps)2]Úµ ∈ σ(Ω2), Ø�
ªλ + µ 6= 0¤á. u´, SylvesterÝ
�§(25)Ú
(26)k��)PvÚPω.
�Ps, PvÚPω(½�,ÏL¦)���þ�©�

§(27)�����þg(i)(t). ?�Ú,dª(16)(17)Ú
ª(31),=���úfXÚ��`��Æ:

u∗s (t)=−R−1
s (Ds+BT

0 Ps)xs(t)−R−1
s BT

0 [Pvv(t)+

Pωvω(t)]−R−1
s BT

0 g(∞)(t). (33)

,��¡, du(A22, B2, Q
1/2
3 ) �����*,

Riccati�§(10)k���½)Pf . u´, dª(9) (33)
�����ª(21) .
y..
555 1 FFCCÆ(21)¥ �Kc[Pvv(t) + Pωvω(t)] Ú

Kcg
(∞)(t) ©O�c"��Ö��Ú�¢Ö��, ^u

©OÖ�	.�u6ÄÚ�¢éXÚ5U�K�.AO�,
�Pv = Pω = 0�,��XÚ�X�"|Ü��(FCC)Æ:

uc(t) = Kxx(t) + Kzz(t) +

Kτx(t− τ) + Kcg
(∞)(t). (34)

�XÚ(1)¥A13 = 0, A23 = 0, D = 0�, FFCCÆ(21)=�

©z[19]¥�(Ø.

555 2 3¢Só§�O¥, FFCCÆ(21)¥�g(∞)(t)

A�´Ø�U°(¦Ñ�. Ï~, ÏL��?ê�cM�

ÚCqg(∞)(t),l
©O��M��FFCCÆÚFCCÆ:

uM (t) = Kxx(t) + Kzz(t) + Kτx(t− τ) +

Kc[Pvv(t) + Pωvω(t) + gM (t)], (35)

uM (t) = Kxx(t) + Kzz(t) +

Kτx(t− τ) + KcgM (t). (36)

Ù¥gM (t) =
MP
i=1

(g(i)(t)/i!), M�À��±�â�½�°

Ý�¦(½. ?�Ú,´�FFCCÆÚFCCÆ�4í'Xª

©O�8
>>>><
>>>>:

ui(t) =ui−1(t) +
Kc

i!
g(i)(t), i = 1, 2, · · · , M,

u0(t) =Kxx(t) + Kzz(t) + Kτx(t− τ)+

Kc[Pvv(t) + Pωvω(t)].

(37)

Ú 8
><
>:

ui(t) = ui−1(t) +
Kc

i!
g(i)(t), i = 1, 2, · · · , M,

u0(t) = Kxx(t) + Kzz(t) + Kτx(t− τ).

(38)

3.3 kkk���������(FFCC for finite-horizon)
éuk����/,ÀJ5U�I

J =
1
2

[
x(tf)
z(tf)

]T

F

[
x(tf)
z(tf)

]
+

1
2

w tf

0
(

[
x(t)
z(t)

]T

·

Q

[
x(t)
z(t)

]
+ uT(t)Ru(t))dt. (39)

Ù¥F���½Ý
, �F = diag(F1, F3), F1 ∈
Rn×n, F3 ∈ Rm×m. aquÃ�����/,·�

Ø\y²/�Ñe¡(Ø.

½½½nnn 2 ¹�u6Ä��5�¢ÛÉ�ÄX

Ú(1)'u5U�I(39)�FFCCÆdeª��(½:

uc(t) = Kx(t)x(t) + Kz(t)z(t) +

Kτ (t)x(t− τ) + Kc(t)[Pv(t)v(t) +

Pω(t)vω(t) + g(∞)(t)]. (40)

Ù¥:




Kz(t) = −R−1BT
2 Pf(t),

Kτ (t) = Kz(t)A−1
22 A23,

Kc(t) = −[Ir + Kz(t)A−1
22 B2]R−1

s BT
0 ,

Kx(t)=Kz(t)A−1
22 A21−[Ir+Kz(t)A−1

22 B2]

R−1
s [Ds + BT

0 Ps(t)].
(41)
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Ù¥Pf(t)ÚPs(t)©O�RiccatiÝ
�©�§{
Ṗf(t)=Pf(t)S2Pf(t)−AT

22Pf(t)−Pf(t)A22−Q3,

Pf(tf) = F3

(42)
Ú{

Ṗs(t)=Ps(t)S0Ps(t)−AT
s Ps(t)−Ps(t)As−Qs,

Ps(tf) = F0

(43)
�����½), ª¥F0 = F1 + AT

21A
−T
22 F3A

−1
22

A21; Pv(t)ÚPω(t)÷ve¡Ý
�©�§:



Ṗv(t) = [Ps(t)− S0A
T
s ]Pv(t)−

Ps(t)D + Pω(t)Ω2,

Pv(tf) = 0.

(44)

{
Ṗω(t) = [Ps(t)S0 −AT

s ]Pω(t)− Pv(t),

Pω(tf) = 0.
(45)

���þg(i)(t)÷v




ġ(i)(t) = [S0Ps(t)−As]Tg(i)(t)− iPs(t)·
A3x

(i−1)(t− τ)− σ
(i)
1 (t),

g(i)(tf) = 0, i = 1, 2, · · · ,

g(0)(t) = 0, t > 0.

(46)

Ù¥

σ
(i)
1 (t) =





iAT
3 [Ps(t + τ)x(i−1)(t + τ)+

g(i−1)(t + τ)], 0 6 t 6 tf − τ,

0, tf − τ < t < tf ,

(47)

�FFCCÆ�4í'Xª�



ui(t) = ui−1(t) +
1
i!

Kc(t)g(i)(t), i = 1, 2, · · · ,

u0(t)=Kx(t)x(t)+Kz(t)z(t)+Kτ (t)x(t−τ)+

Kc(t)[Pv(t)v(t) + Pω(t)vω(t)].
(48)

4 ���ýýý¢¢¢~~~(Simulation examples)
�Ä5��5ÛÉ�Ä�¢XÚ,Ù¥




A11=

[
0 0
4−1

]
, A12=

[
0 1
3.45−5

]
, B1=

[
0.5 0
0 0.8

]
,

A21=

[
0 5.24
0 2

]
, A22=

[
4.65 2.62
1 0

]
, B2=

[
0.5 0
0 1

]
,

D=

[
0.5 0
0 0.2

]
, A13=

[
0.5 0
0 0.8

]
, A23=

[
0 0.6
0.1 0

]
,

ϕ(t) = [ 0.1 0 ]T,−0.2 6 t 6 0,

z(0) = [ 0 0 ]T, ε = 0.02.

(49)

�u6ÄÚ5U�I©O�

v(t) = [2 sin(
4
5
πt) sin(

3
5
πt)]T, t > 0. (50)

J =
w 50

0
{
[

x(t)
z(t)

]T [
Q1 0
0 Q3

][
x(t)
z(t)

]
+

uT(t)Ru(t)}dt. (51)

Ù¥ 



Q1 =

[
3 0
0 5

]
,

Q3 =

[
5 0
0 4

]
,

R =

[
3 0
0 15

]
.

(52)

æ^�©��{���c"�"|Ü��3Ø

ÓS�gêe�5U�I�JidL1�Ñ.

L 1 ØÓS�gêiéA�5U�I�Ji

Table 1 Cost functional values of the different
iteration times

i 1 2 3 4
Ji 11.2153 11.1927 11.0301 11.0268

dL1��, 5U�I��XS�gêi�O

\
ª�u�`5U�IJ∗. -δ = 0.001, K
|(J4 − J3)/J4| < δ, u´, u4(t)�À�XÚ�C
q�`��Æ. ã1!ã2Úã3©O�Ñ
æ^4�
FFCCÆÚFCCÆ�,XÚ�úG�Cþx1, x2,¯G
�Cþz1, z2, ��Cþu1, u2��ý(J, Ù¥, ¢
�Ú:�©OL«c"�"|Ü��ÚX�"|

Ü�����(J. lã1∼3�±�Ù/w�, c
"–�"|Ü��é	.�u6Ä�°�5²w`
u�"|Ü����/.

ã 1 úG�Cþx1, x2�­�

Fig. 1 Curves of the slow state variables x1, x2
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ã 2 ¯G�Cþz1, z2�­�

Fig. 2 Curves of the fast state variables z1, z2

ã 3 ��Cþu1, u2�­�

Fig. 3 Curves of the control variables u1, u2

5 (((ØØØ(Conclusion)
�©|^�Ä{, ïÄ
¹�u6Ä�ÛÉ�

Ä�¢XÚ��`~���¯K.T�{ÏLÚ\
�Äëê, ò¦)Q¹�c�q¹�¢��ü:>
�¯K=z��)��5�àg�©�§�¦)¯

K,?
¼�
XÚ�Cq|Ü��Æ.T�{N´
¢y,O�þ�.
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