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Explicit solution of Diophantine matrix polynomial equations in
generalized predictive control

SHI Wu-xi
(School of Computer Technology and Automation, Tianjin Polytechnic University, Tianjin 300160, China)

Abstract: Based on the discrete-time difference equation of the plant, an explicit solution of Diophantine matrix
polynomial equations in multivariable generalized predictive control is derived without appealing to Diophantine matrix
polynomial equations recursions or iterations, which makes the applications of generalized predictive control much more
convenient.
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1 ÚÚÚóóó (Introduction)
lClarke�3©[1 ∼ 3]¥JÑüCþ2Âýÿ

���{±5, duT�{äk�.ëê�, é6
Ä!�ÅD(!�¢Cz�k�r�°�5�A:,
¦Ù3ó�L§��¥��
¤õ�A^. �3¢
SA^¥, Nõó�L§´õÑ\õÑÑXÚ, Ï
d, éuõCþ2Âýÿ���{�ïÄ�ä¢S
¿Â.XÓüCþXÚ��,3O�õCþXÚ2Â
ýÿ�����Æ�,½I��âýÿÚê�ØÓ,
é Diophantine Ý
õ�ª�§S�¦)½4í¦
),ù¦T�{�A^Ø��B.
�©í�Ñ
��^��é�ëêÝ
L«

� DiophantineÝ
õ�ª�§wª),ù�;�

ÙS�¦)½4í¦), �2Âýÿ��3ó��
�¥�A^Jø
�B.
2 ¯̄̄KKK£££ããã (Problem statement)
��é�æ^Xe��êÆ�.5£ã[4]:
A(z−1)∆y(t) = B(z−1)∆u(t− 1) + ω(t). (1)

Ù¥: u(t) Úy(t)©O´n × 1�Ñ\ÚÑÑ�þ,

ω(t)´n × 1�pØ�'��Å6Ä�þ, ∆ =
diag(1 − z−1), A(z−1) = I + A1z

−1 + · · · +
AnA

z−nA , B(z−1)=B0+B1z
−1+· · ·+BnB

z−nB .
�
¦�2Âýÿ��Æ, I�¦)Xe

�DiophantineÝ
õ�ª�§[5]:
I = Ej(z−1)A(z−1)∆ + z−jFj(z−1), (2)

Ej(z−1)B(z−1)=Gj(z−1)+z−jHj(z−1). (3)

Ù¥:
j = 1, · · · , N,

Ej(z−1) = E0 + E1z
−1 + · · ·+ Ej−1z

−j+1,

Fj(z−1) = F j
0 + F j

1 z−1 + · · ·+ F j
nA

z−nA ,

Gj(z−1) = G0 + G1z
−1 + · · ·+ Gj−1z

−j+1,

Hj(z−1) = Hj
0 + Hj

1z
−1 + · · ·+ Hj

nB−1z
−nB+1.

3 DiophantineÝÝÝ


õõõ���ªªª���§§§���¦¦¦))) (So-
lution of Diophantine matrix polynomial
equation)
�ïÄ¯K�B,P
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max{na + 1, nb + 1} = n,

A(z−1)∆=I+A1z
−1+· · ·+Anz−n =A(z−1),

B0 + B1z
−1 + · · ·+ Bn−1z

−(n−1) = B(z−1).

ª¥:

Ai =





A1 − I, i = 1,

Ai −Ai−1, 2 6 i 6 nA,

−AnA
, i = nA + 1,

O, i > nA + 1,

Bi =

{
Bi, 0 6 i 6 nB,

O, i > nB.

Kª(1)���

A(z−1)y(t) = B(z−1)∆u(t− 1) + ω(t). (4)

ª(2)(3)���

I = Ej(z−1)A(z−1) + z−jFj(z−1), (5)

Ej(z−1)B(z−1) = Gj(z−1) + z−jHj(z−1). (6)

ª¥ j = 1, · · · , N . dª(4)Úª(5)(6)��
Y = GU + Fy(t) + H∆u(t− 1) + E. (7)

Ù¥:
Y = [y(t + 1)T, · · · , y(t + N)T]T,

U = [∆u(t)T, · · · ,∆u(t + Nu − 1)T]T,

F = [F1(z−1)T, · · · , FN(z−1)T]T,

H = [H1(z−1)T, · · · ,HN(z−1)T]T,

E =[(E1(z−1)ω(t+1))T,· · ·, (EN(z−1)ω(t+N))T]T,

G =




G0

G1 G0

...
...

. . .
GNu−1 GNu−2 · · · G0

...
...

...
GN−1 GN−2 · · · GN−Nu




.

þª¥Nu´����.dª(4)�
y(t + 1) =

B0∆u(t)−
n∑

i=1

Aiz
−(i−1)y(t) +

n−1∑
i=1

Biz
−(i−1)∆u(t− 1) + ω(t + 1) (8)

�j = 2, · · · , n�,

y(t + j) +
j−1∑
i=1

Aiy(t− i + j) =

j−1∑
i=0

Bi∆u(t−i+j−1)−
n∑

i=j

Aiz
−(i−j)y(t)+

n−1∑
i=j

Biz
−(i−j)∆u(t− 1) + ω(t + j). (9)

P

A =




−A1 I O · · · O

−A2 O I · · · O
...

...
...

...
...

−An−1 O O · · · I

−An O O · · · O


, c =




I
O
...
O


 .

�

Φn =




c
T

c
T
A

...

c
T
A

n−1


, Φ =




c
T

c
T
A

...

c
T
A

N−1


.

I) �n > N�,ª(8)Ú(9)�¤�þ/ª�

Rn
A
Yn = Rn

B
Un + Mn(z−1)y(t) +

Rn(z−1)∆u(t− 1) + Ωn (10)

Ù¥:

Yn = [y(t + 1)T, · · · , y(t + n)T]T,

Un = [∆u(t)T , · · · ,∆u(t + n− 1)T]T,

Ωn = [ω(t + 1)T, · · · , ω(t + n)T]T,

Rn
A

=




I O · · · O

A1 I · · · O
...

...
...

...
An−1 An−2 · · · I


,

Rn
B

=




B0 O · · · O

B1 B0 · · · O
...

...
...

...
Bn−1 Bn−2 · · · B0


,

Mn(z−1)=




−A1−A2z
−1−· · ·−Anz−(n−1)

−A2−A3z
−1−· · ·−Anz−(n−2)

...
−An


,

Rn(z−1)=




B1+B2z
−1+· · ·+Bn−1z

−(n−2)

B2+B3z
−1+· · ·+Bn−1z

−(n−3)

...
Bn−1

O


.

´�Φn� Rn
A
p�_Ý
,dª(10)�

Yn = Φn[Rn
B
Un + Mn(z−1)y(t) +

Rn(z−1)∆u(t− 1) + Ωn]. (11)

q32Âýÿ��¥, ∆u(t + j) = 0(j =
Nu, · · · , N),dª(11)�

Y = ΦRn
Nu

U + ΦMn(z−1)y(t) +

ΦRn(z−1)∆u(t− 1) + ΦΩn. (12)

Ù¥Rn
Nu
´Rn

B
�cn×Nu�.
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'�ª(7)Úª(12)�{
G = ΦRn

Nu
, F (z−1) = ΦMn(z−1),

H(z−1) = ΦRn(z−1), E = ΦΩn.
(13)

dª(13)�




G0

G1

...
GN−1




= Φ




B0

B1

...
Bn−1




.-ΩN = [ω(t+

1)T, · · · , ω(t + N)T]T,K

E =




E0

E1 E0

...
...

. . .
EN−1 EN−2 · · · E0


ΩN .

-ΦNL«Φ�cn × N �, KΦ = [ΦN O], ¤
±ΦΩn = ΦNΩN ,Ïd


E0

E1 E0

...
...

. . .
EN−1 EN−2 · · · E0


 = ΦN ,

¤± 


E0

E1

...
EN−1


 = ΦN




I
O
...
O


 = Φ




I
O
...
O


.

II) � n < N�,r±þ I)¥�n�¤N ,,�U
ì I)¥lª(10)�ª(11)�í�g´��

Y = ΦNRN
Nu

U + ΦNMN(z−1)y(t) +

ΦNRN(z−1)∆u(t− 1) + ΦNΩN . (14)

Ù¥ΦN , RN
B

,MN(z−1), RN(z−1) ©O´r±þ
Φn, Rn

B
,Mn(z−1), Rn(z−1)¥ �n� ¤N� ¤ �,

RN
Nu
´RN

B
�cn×Nu�.

'�ª(7)Úª(14)�{
G = ΦNRN

Nu
, F (z−1) = ΦNMN(z−1),

H(z−1) = ΦNRN(z−1), E = ΦNΩN .
(15)

�n < N�, ΦN = [Φ ∗],dª(15)�



G0

G1

...
GN−1


=Φ




B0

B1

...
Bn−1


,




E0

E1

...
EN−1


 = Φ




I
O
...
O


,

F (z−1) = [Φ ∗]
[

Mn(z−1)
O

]
= ΦMn(z−1),

H(z−1) = [Φ ∗]
[

Rn(z−1)
O

]
= ΦRn(z−1).

nþ¤ã, ±þü«�¹e¤��Gj(z−1),
Ej(z−1), F (z−1),H(z−1)äkÓ�/ª,q

Mn(z−1) =




−A1 −A2 · · · −An

−A2 −A3 · · · O
...

...
...

−An O · · · O







1
z−1

...
z−(n−1)


 ,

Rn(z−1) =




B1 B2 · · · Bn−1 O
B2 B3 · · · O O

...
...

...
...

Bn−1 O · · · O O
O O · · · O O







1
z−1

...
z−(n−1)


 .
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õ�ª�§)

�XêÝ
�

2
6664

E0

E1

...
EN−1

3
7775=Φ

2
6664

I
O
...
O

3
7775 ,

2
6664

G0

G1

...
GN−1

3
7775=Φ
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6664

F 1
0 F 1

1 · · · F 1
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F 2
0 F 2

1 · · · F 2
n−1

...
...

...
F N

0 F N
1 · · · F N

n−1

3
7775=Φ

2
6664

−A1 −A2 · · · −An

−A2 −A3 · · · O
...

...
...

−An O · · · O

3
7775 ,

2
6664

H1
0 H1

1 · · · H1
n−1

H2
0 H2

1 · · · H2
n−1

...
...

...
HN

0 HN
1 · · · HN

n−1

3
7775=Φ

2
666664

B1 B2 · · · Bn−1 O
B2 B3 · · · O O

...
...

...
...

Bn−1 O · · · O O
O O · · · O O
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777775

.
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