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Abstract:A level-threshold cointegration model is proposed for modeling nonstationary and nonlinear time series.
Firstly, the quasi-maximum likelihood estimation, combining genetic simulated annealing (GSA) and maximum likelihood
estimation (MLE), is developed for the parameter estimation of the model. The log-likelihood function of level-threshold
cointegration model is neither differentiable, nor smooth with respect to the threshold parameter and the cointegrating vec-
tor. The threshold parameter and the cointegrating vectors are thus estimated by GSA. The remainder parameters of the
model are then computed based on MLE. Furthermore, simulation experiment demonstrates that the proposed method is
valid and feasible for estimating the parameters of the large cointegrating system. Finally, numerical calculation results
show that GSA outperforms random search, simulated annealing and genetic algorithm.
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1 ÚÚÚóóó (Introduction)
�5ÓÈ�.[1]dEngleÚGranger(¼2003cÝ

Nobel²LÆø)JÑ, ^5£ã÷*²L¥�mS
�Cþ�m�þïK�'X. ��ÓÈ�.[2]´�

a*Ð���5�., ÙA:´3ØÓ���«
�,þï'XéÓÈXÚ�K�dØÓ�N!�þ
¤��,
ÓÈ�þ3¤k«�S�±ØC.'u�
�ÓÈ�.�nØïÄ®²¤Ù,
±��ÓÈ�
.�Ä:uÐå5�2Â��ÓÈ�.[3]����

ïÄ.�
ïÄ2Â��ÓÈ�.�b�u��Ú

Oíä, 3©[2,3]�Ä:þ�©JÑ��LÞ�#
�.–Y²��ÓÈ�.,¿�ÄT�.�ëê�O
¯K.
¯¤±�,�5ÓÈ�.�ëê�OÏ~^��

�¦�O[1]½4�q,�O(MLE)[4]¢y.��ÓÈ
�.ØU|^cü«�{,Ï�q,¼ê¥�¹

Ø���ëê. ��O��ÓÈ�.ëê, ©[5]ò
�:|¢Ú\4�q,�O�¥,¿¡T�{�[
4�q,�O.©[5]��Ñ�Ñü�±þ�Ø��
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��
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[4�q,�O3p���ÓÈ�.¥A^©

Y²��ÓÈ�.äk'��ÓÈ�.�E,

��.(�,q,¼ê'uØ��ëê��3�,Ø
U$^�:|¢?1�O. �d, �d, �©JÑ
^¢D�[ò»[6](genetic simulated annealing,{¡
GSA)�4�q,�O�(Ü�[q,�O. Äk
^GSAéØ��ëê��O,,�^4�q,�{
�OÙ{�ëê. �
ïÄGSA3ëê�O¥�5
U,�©æ^
�Å|¢(random search,{¡RS)!
¢D�{[7](genetic algorithm, {¡GA)Ú�[ò
»[8](simulated annealing,{¡SA) 3«�{?1�O
'�©

2 YYY²²²������ÓÓÓÈÈÈ���... (Level threshold coin-
tegration model)
�{xn, n = 1, 2, · · · }´p ���þü �L

§, §�z��©þS�{xin}(i = 1, 2, · · · , p)Ñ
��üCþü �L§, =xin ∼ I(1). XJ�3�
�p���"�þβ,¦�{xn}��5|Üβ′xn ¤

��²­L§,=β′xn ∼ I(0),K¡{xn}ÓÈ, β�Ù
ÓÈ�þ©dβ′xn�)�²­L§´���ÅCþ

S�,^{zn, n = 1, 2, · · · }L«,¡�þïL§. 3
ÓÈ�.�ïÄ¥,~�Ñ��5�z5^�,=-
ÓÈ�þβ�1�����1©
½ÂY²��ÓÈ�.Xe:

∆xn = α(β + δ1{β′xn−1 > γ})′xn−1 +
l−1∑
i=1

Γ ′
i ∆xn−i + un. (1)

Ù¥: ∆xn = xn − xn−1, β Úδ ´p × 1�ÓÈ�
þ, α�p × 1��N!Ý
, γ �1����, l �g

£8�ê, Γi(i = 1, · · · , l−1)�p×p��g£8X

êÝ
; {un}�ÕáÓ©Ù�S�,Ùþ��",�
��Ý
�Ω; 1{·}�«5¼ê.
3Y²��ÓÈ�.¥,þïL§{zn}d��ë

ê©�üa.�zn 6 γ�,�3ÓÈ�þβ¦�{zn}
²­,=zn = β′xn;�zn > γ�,�3ÓÈ�þβ + δ

¦�{zn}²­,=zn = (β + δ)′xn. Y²��ÓÈ�
.�A:´3ØÓ���«�xn kØÓ�ÓÈ�

þ, l
¦�{zn} 3���mþ´²­�. �.(1)
¥���5Ì�Ny3«5¼ê¥,d��ëê(
½
ü�«�SØÓ�ÓÈ�þ.

3 [[[444���qqq,,,���OOO(Quasi-maximum likeli-
hood estimation)
�!�ÑY²��ÓÈ�.ëê�O�[4�

q,�O¯K.rMLEÚGSA(Ü¦^�ëê�O
�{,½Â�Y²��ÓÈ�.�[4�q,�O.

3.1 444���qqq,,,���OOO(Maximum likelihood estima-
tion (MLE))
�xn���þ�N ,KÙGaussq,¼ê�

LN = −N

2
log |Ω| − 1

2

N∑
n=1

u′nΩ−1un. (2)

Ù¥

un = ∆xn − α(β + δ1{β′xn−1 > γ})′xn−1 −
l−1∑
i=1

Γ ′
i ∆xn−i.

3ª(2)¥�½β, δÚγ,^q,¼êéαÚΓi(i =
1, · · · , l − 1)¦�-Ù�",��

∂LN

∂α′
=

N∑
n=1

(β + δ1{β′xn−1 > γ})′xn−1û
′
nΩ̂−1,

(3)
∂LN

∂Γ ′
i

=
N∑

n=1

∆xn−iû
′
nΩ̂−1(i = 1, · · · , l − 1),

(4)

±9

Ω̂(β, δ, γ) =
1
N

N∑
n=1

ûn(β, δ, γ)ûn(β, δ, γ)′. (5)

Ù¥ûn(β, δ, γ) = un(α̂, Γ̂i, β, δ, γ).

½ÂΘ�β, δÚγ�¤�ëê8,-ëê�þθ =
(β′, δ′, γ). �
lª(2)¥¦�θ̂, {zª(2)mà
12�k

LN(θ) = LN(α̂(θ), Γ̂i(θ), Ω̂(θ), θ) =

−N

2
log

∣∣∣Ω̂(θ)
∣∣∣− Np

2
(6)

¦�ª(6)�����(α̂, Γ̂i, Ω̂, θ̂)Ò´Y²��Ó
È�.ëê�4�q,�O.
3θ̂®���¹e, dª(3)(4)Úª(5)��α̂, Γ̂i

ÚΩ̂. duëê�þθ'uq,¼ê´Ø��,�d
æ^¢D�[ò»�Oª(6)¥�θ̂.

3.2 ¢¢¢DDD���[[[òòò»»»(Genetic simulated anneal-
ing(GSA))

GSA´±GA�Ä:, (Üò»Å���«·Ü
�{. GSA�`:´U«
GA�²1|¢(�, ¿
æ^SA�Metropolis�ÉOK�±«+�õ�5,�
Ñ
GA�@Ùy�ÚSAÂñ�Ý$�"�. -
8I¼êmax F (θ) = max LN(θ), æ^¢ê?
è, GSA�äNÚ½Xe:

ÚÚÚ½½½ 1 ?z�êÐ©z: g = 0,��?z�ê
�G;�Å�)M��N�Ð©«+P (0);��ò»
ëê(�)Ð©§ÝC0,��ò»Úê�K);
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ÚÚÚ½½½ 2 |^8I¼êµd«+P (g)��N·
AÝFj = F (θj)(j = 1, 2, · · · ,M);
ÚÚÚ½½½ 3 é«+P (g)©üÚ?1¢Dö���

«+P ′(g):
a) ��. �©æ^�â��{, =dü��

Nθg
a,θg

b�5|Ü�)#��Nθg+1
a , θg+1

b ,{
θg+1

a = rθg
a + (1− r)θg

b ,

θg+1
b = rθg

b + (1− r)θg
a.

(7)

Ù¥r�«m[0, 1]þ�)�þ!�Åê.
b) CÉ.�©æ^pdCÉ{,K#��Nθ′ad

eª(½:

θ′a = θa + bτ. (8)

Ù¥: τ´����©Ù��Åê, b�XÚëê,û
½�Å6Äé?z�ê��6§Ý.
ÚÚÚ½½½ 4 é«+P ′(g)©3Ú?1�[ò»ö�

��«+P ′′(g):
a) 3�Nθ′j(j = 1, 2, · · · ,M)���¥�)#

��1)θ′′j ;
b) O�#�N·AÝF (θ′′j )ÚÎ�N·AÝ

F (θ′j)���∆Fj ,�VÇmin{1, exp(−∆Fj/Ck)}>
r�Â#�N,Ù¥r�þ!�Åê, Ck��c§Ý;

c) -Ck+1 = a∗Ck, k ← k+1,Ù¥a = 0.95,e
÷vÄ�OK,K�gò»L§(å;ÄK=a).
ÚÚÚ½½½ 5 µd«+P ′′(g)��N·AÝFi =

F (θ′′j ),Ù¥j = 1, · · · ,M , i = j + M ;

ÚÚÚ½½½ 6 E�:l«+P (g)Ú«+P ′′(g)·Ü�
2M��N¥ÀJM��N�¤e��«+P (g +
1). �©æ^Ó�Ù{E�«+, �N�À¥�V
Çpis�Ù·AÝFi¤�',

pis = Fi/
2M∑
i=1

Fi(i = 1, 2, · · · , 2M). (9)

ÚÚÚ½½½ 7 ª�^��ä,eg < G,Kg← g + 1,
=�Ú½3?1e�Ú?zL§; eg = G, KÑÑ
�c�`�N,�{(å.
3¢D�[ò»�{�?zL§¥, duÀ

J!��!CÉ�¢Dö���Å5,k�U»��
c+N¥·AÝ�Ð��N.�d¦^�`üÑ,=
�c+N¥·AÝ�p��N���3�e��.

4 ���ýýý¢¢¢���ÚÚÚ©©©ÛÛÛ (Simulation experiment
and analysis)
�ý¢�d�.(1)�)�êp = 3��[

êâ{xt}, ���NþN = 250. Äkdþ��
", ���Ω�ü 
�IO��©Ù)¤D(

S�{ut},,�|^����.ëê(�L1ÚL2�
ý�)�)�[êâ. �{z�ý¢�,-Γi =0(i=
1, · · · , l − 1). d5�z^�®�β1 = 1Úδ1 = 0.

�
'�GSA��O5U, Ó�^RS,SAÚGA
�O��ëêÚÓÈ�þ. z«�{­E10g, O
�þ�ÚIO�,�O(J�L1()ÒS�IO�).
�O��ëêÚÓÈ�þ��,dª(3)Úª(5)�O
N!Ý
Ú���
,�O(J�L2.

L 1 ��ÚÓÈ�þ��Oþ�ÚIO�

Table 1 Mean value and standard error of the threshold and cointegrating vector

ëê ý� RS SA GA GSA

γ̂ 0.0 – 0.369 0.059 – 0.123 – 0.008
(0.406) (0.278) (0.160) (0.088)

β̂2 – 0.5 – 0.530 – 0.464 – 0.483 – 0.501
(0.142) (0.113) (0.235) (0.035)

β̂3 – 0.5 – 0.097 – 0.516 – 0.508 – 0.497
(0.288) (0.320) (0.130) (0.054)

δ̂2 0.2 – 0.218 – 0.047 0.175 0.190
(0.172) (0.240) (0.103) (0.089)

δ̂3 – 0.5 – 0.261 – 0.077 – 0.465 – 0.479
(0.273) (0.571) (0.103) (0.145)

L1��O(Jw«, dGSA�O�ëêþ�
��Cuý�, Ó�GSA�IO�Øδ̂3	þ'Ù

¦3«�{�Ø�$. Ù¦3a�O�{�(J�
�, ÄÙ�Ï3uGA3|¢L§¥N´@Ù, k
�ÿÂñ�ÛÜ�`:;
RSÚSAN´É�Ð�

�K�. 
GSAnÜ
SAÚGA�`:, �ÑÙ"
:,äk�r�`z�OUå. L2´ÄuL1��
O(J, dMLE�O���N!�þÚ���Ý

. �±w�,`z�{�5U��K��4�q
,�O��O(J.ÄuGSA��O�,N!�þ
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Ú���
��O(J��Cuý¢�.
�?�Ú`²4«`z�{3ëêS��O¥

�äNCz,ã1�Ñ�g�O¥q,¼ê��Â
ñ�¹.ã1î�I�S�gêg,p�IL«q,
¼ê�LN . lã1w�, 3Ð©)�C�^�e,
GSAÏé��8I¼ê��UåpuÙ¦3«�

{,Âñ���q,¼ê�.��I�5¿�/�
´dGSA���LN (–392.176)'ý¢�(–392.203)
��,ù´Ï�ý¢�d�½�ëêO���,ý
¢��C���LN�Ø�½Ò´���LN , 

^GSA�O´¦q,¼ê�����, Ïd��
�q,¼ê���uý¢�´��k�U�.

L 2 N!�þÚ���Ý
�4�q,�O

Table 2 Estimates of adjustment vector and coinvariance matrix by MLE

ëê ý� ÄuRS ÄuSA ÄuGA ÄuGSA

α̂1 – 0.4 – 0.404 – 0.320 – 0.446 – 0.437
α̂2 0.3 0.353 0.266 0.367 0.356
α̂3 0.2 0.181 0.108 0.219 0.212
Ω̂11 1.0 1.252 1.347 1.082 1.056
Ω̂22 1.0 1.158 1.245 1.046 1.034
Ω̂33 1.0 1.138 1.171 1.069 1.058
Ω̂12 0.0 – 0.061 – 0.153 0.080 0.099
Ω̂13 0.0 – 0.178 – 0.241 – 0.050 – 0.031
Ω̂23 0.0 0.065 0.122 – 0.034 – 0.049

ã 1 LN�Âñ5

Fig. 1 Convergence of LN

5 (((ååå��� (Conclusion)
�©JÑ
�a#���5�mS��.–Y

²��ÓÈ�., ¿�Ñ
d4�q,�OÚ¢
D�[ò»�(Ü�ëê[4�q,�O. éq
,¼êØ�����ëêÚÓÈ�þ, ^�Å|
¢, ¢D�{, �[ò»Ú¢D�[ò»�4«`
z�{?1�O'�.�ý(JL²,3�½�o
«`z�{'�¥, ^¢D�[ò»Ú4�q,
�O(Ü�[4�q,�Oäk�Ð��O5

U,Ù`:3uØÉ�.�ê���,ØÉÐ©)
�K�,�OØ���,äk'�²w�k�5Ú
�15.
du¢D�[ò»�{KÜ
¢DÚò»ü

«Å�,§S���ëê�õ,3?§L§¥A�

éØÓ�¯K�µ���A�§S��ëê, â
U¿©u�T�{�`zUåÚp�5©3Y²

��ÓÈ�.ëê�O�Ä:þ, �.�ÚOí
ä±93¢S¥�A^ò´e�ÚïÄ�SN.
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(A−H1C)TP + P (A−H1C) P (B −H1D) PH1 + CTHT
2 W CTHT

2 W

(B −H1D)TP − ΓW DTHT
2 W DTHT

2 W

HT
1 P + WH2C WH2DδI −WH2 −HT

2 W − γW W −HT
2 W

WH2C WH2DW −WH2 −W

3
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