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Anti-windup compensation design based on LMI and IMC
MIAO Yin-long, WANG Jing-cheng, WU Feng

(Department of Automation, Shanghai Jiao Tong University, Shanghai 200240, China)

Abstract: A dynamic feedback compensator synthesis method based on linear matrix inequalities (LMI) and internal
model control (IMC) is proposed in this paper. Firstly, compensator synthesis method based on the unified framework
is briefly introduced. Then, based on the stability of closed-loop system guaranteed by stable controller and plant in an
IMC structure with precise model, a reformed framework is presented to reduce computational complexity. Thirdly, the
performance of closed-loop system is optimized through the minimization of a weighted L2 gain over LMI. Finally, an
example is given to illustrate the synthesis method.
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1 ÚÚÚóóó(Introduction)
3��XÚ��OL§¥, �Ú¯K©ª´�

�Ã{£;��¯K,Ù¥'�~��´�1ì
�Ú¯K. �1ì�Úq�±©�üa: Ñ\É�
Ú�.O�. �kÑ\É�u)�, ¬E¤��ì
ÑÑuÚ��é�Ñ\û�m�Ø��,��ì�Ñ
ÑuÃ{�~°Ä��é�,�ÙSÜG�x�¬Ó

�u)�Ø;�k�.O�u)�,��ìÑÑu�

]maC¬��XÚÑÑy�ØëY,l¦��C
þ�u)aC,�
��î��J�ék�U¬
u).3��+�¥,�Ú¯K���)º���ì
ÑÑuÚ��ìG�y�Ø��.
3¢S�nÜ¯K¥, o´òÑ\É�¯KÚ

�.O�¯K�3�åïÄ, ùÒ/¤
¤¢�
AWBT(anti-windup and bumpless transfer)¯K. 20
V", a;Í¶ÆöKothare[1,2]JÑ
^u)û

AWBT¯K�Ú�µe, ¿3dÄ:þ$^LMI(�

5Ý
Ø�ª), ÏLýk½Â�5U`z�I, ò
�ÚXÚ�½5¯KÚ5U`z¯K=z�

à8`z¯K. Ú�µe�JÑ, 3�*þÚ�

AWBT+����ïÄ©|. /ÏMATLAB¥g
��LMI`zóä, ��XÚÖ�ì�)�±�B
�¦�.,	,ÏLé5U�I�ýk�½,3�y
��XÚ½�Ó�,�±éÐ/)ûÙ5Uòz
¯K. 1994c, Zheng�[3]òS���EâÚ\�|

�Ú���ïÄ¥,JÑ
U?�IMCµe,^±J
pDÚIMC3u)�Ú��ó�5U. 3��é�
�.°(���cJe,ÏLÚ\IMCEâ,�±~
�3)û½5¯K�7L�Ä�Ï�,�Ò´`
�±{zE,���ì¦)¯K.�´,l4�D4
¼êéN´Ò�±wÑ, Ú\IMCEâé��XÚ
�5U`z¯KK�Ø�.²Lþ¡�©Û,�±w
�,òþãü«EâÓ�$^�|�Ú��XÚn
Ü¯K�©Û¥,�±����;á��J,ùÒ

ÂvFÏ: 2004−11−04;Â?UvFÏ: 2006−08−19.
Ä7�8:I[g,�ÆÄ7�8(60374011);I[863Oy�8(2006AA040308);þ°p�`D�c����<â�8.
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´�©¤�`²�Ì�SN.

2 ÄÄÄ uuuLMIÚÚÚIMC��� ||| ��� ÚÚÚ µµµ eee(Anti-
windup framework based on LMI and IMC)
��/,��é��G��m£ã�

P (s) = Cp (sI −Ap)
−1

Bp + Dp =

[
Ap Bp

Cp Dp

]
.

Ón,ò��ì�G��m£ã�

K(s) = Ck (sI −Ak)
−1

Bk + Dk =

[
Ak Bk

Ck Dk

]
.

�©�ïÄé�Ì�´�3��ìÑ\É��

�Ú��XÚ, ��ìÑ\É�¯K�êÆ£ã
�φ = diag(φi).
Ù¥

φi(u) =





φmax, u > umax,

ku, umin 6 u 6 umax,

φmin, u 6 umin.

(1)

©z[1]¥�Ñ,A�¤k�LTI(linear time invari-
able)XÚ�AWBT¯KÖ�ìÑ�±�£ã�

K̂(s) =
[
N(s) R(s)

]
. (2)

Ù¥:

N(s) =

[
A−H1C B −H1D

H2C H2D

]
,

R(s) =

[
A−H1C H1

H2C I −H2

]
.

(3)

ØJwÑ, N(s)ÚR(s)´�5��ìK(s)��
p�Ïf:

K(s) = [I −R(s)]−1
N(s).

�©é©z[4]J��Ú�µe�
�A�?
U,ù�Ú�µeXã1¤«.

ã 1 ©z[4]¥�|�ÚÚ���µe

Fig. 1 Unified framework in literature[4]

Ù¥: φ���5�!, φ = I�, XÚó�3�
5G�e; φ 6= I�,XÚ?\�Ú«,��u 6= û.©

z[4]3dµeÄ:þÀ� sup
‖w‖2 6=0

‖u‖2 −
√

γ ‖û‖2

‖w‖2

�5U`z�I, Ó�$^LMIò�ÚXÚ�½
5¯K=z�à8`z¯K, ���(J�*�

�,�Ú5U��± k
²w�Jp.�´T©z
�éÖ�ìH2?1
�O(ýk�½H1 = 0),±d
5~�Ö�ì�OL§¥�O�þ,±��`z�
8�.w,,éu��`z¯K5ùù«Ö�ì��
O�{´Ø
�.
�é�µeO�þ
��¯K,�©(ÜIMC�

�'�n, é�µe?1
U?, ��ã2¤«
�IMC|�ÚÚ�µe. �âS�����'�
n,�ã2¥��.°(���(=P (s) = P̃ (s)),w
,, 4�XÚ�½5��Φ,R(s)k', ���
é�P (s)Ã'; XJÀ�Ú©z[4]���`z�
I,w,5U`z¯K�P (s)�(��´Ã'�.=
��Ö�ì��OL§Ñ�P (s)�(�ëêÃ
', ùò���~�©z[4]�O�þ, ¦�©é�
B/ÒU3�y4�5UÚ½5�Ä:þéÖ�

ìH1ÚH2?1�O.

ã 2 IMC|�ÚÚ���µe
Fig. 2 Unified framework based on IMC

�
ò�Ú¯K�(J=z�LMI/ª,��

?�Ú©Û,òã2¤«�IMC|�ÚÚ�µe�d
=z�ã3¤«�(�. Ù¥wL«l±��¸?\

XÚ�¤kÑ\&Ò,�)Z6,DaìDÑ�; zL

«XÚ�¤k���ÑÑ&Ò,�OÖ�ì�8�
Ò´3XÚ?\�Ú«�,�±z�������.

ã 3 AWBT¯K�IOSÜ(�
Fig. 3 Interconnection for AWBT problem

b�w = r, z = e, x ∈ Rn×1, w,�±�
�z = w, (Üª(2)Ú(3), ��ã3¤«�XÚ4
�XÚ�G��mL�ª�




ẋ = (A−H1C) x + (B −H1D) w + H1û,

u = H2Cx + H2Dw + (I −H2) û,

z = w.

(4)

3 ½½½555^̂̂���(Stability)
duù«|�Ú��ì�O(��±�d=

z�LFT(linear fractional transformation)�/ª, 3
©z[5]¥®²$^ÃnØÚõ£´��õCþ
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�LFT/ª�XÚ½5Jø
¿�^�.
½½½ÂÂÂ 1 �¼êf : Rn × R→ Rn,�ÃPÁ�

��5é�Ý
, ½=f = diag(f1, f2, · · · , fn), �
f (0, t) = 0 (∀t > 0), XJK2 −K1 > 0,Ù¥{

K1 = diag(K11,K12, · · · ,K1n),

K2 = diag(K21,K22, · · · ,K2n),

�K1ix
2
i 6 xifi(xi, t) 6 K2ix

2
i , xi ∈ R, t > 0, i =

1, 2, · · · , n,K@�f ∈ [K1,K2].
b�∆̃�¤k÷v±e^��ÃPÁ�C�

�58Ü, �);.�Ñ\��5�!, XÑ\�
Ú!k«!U>Ú�.���.

∆̃ = {∆ : Rnu × R→ Rnu |∆(0, t) = 0(∀t > 0),

∆ = diag(∆1,∆2, · · · ,∆nu
),∆i ∈ [0, 1]}.

Xã3��Ú�!÷vþª���5�!, =

φ ∈ ∆̃.
½½½nnn 1 (õ£´��½n) Xã3,�P̃−11(s) =[

A−H1C H1

H2C I −H2

]
�lû�u�D4¼ê, XJ§

÷v

1) P̃ (s)ìC½;

2) ∃W = diag(W1,W2, · · · ,Wnu
)∈Rnu×nu ,X

JÓ�4�XÚq÷vW > 0, δ > 0, �
WP̃−11(jω) + P̃ ∗

−11(jω) > δI , K@�XÚL24

�½.

±þ^��du�3P = PT > 0, W =
diag(W1,W2, · · · ,Wnu

) > 0, δ > 0,÷v
[
(A−H1C)T P + P (A−H1C)

HT
1 P + WH2C

CTHT
2 W + PH1

δI −WH2 −HT
2 W

]
< 0. (5)

lþª��, 4�XÚ�½5��R(s)k
', N(s),P (s)�(�ëêØ¬�ªK�XÚ�
½5`zL§.
y²�ëwN¹.

4 555UUU`̀̀zzz(Optimization)
3|�ÚÖ�ì��OL§¥, Ø
7L�y

4�XÚ�½5±	,�I��ÄXÚ5U�`
z¯K. �
UÚ©z[4]�(J�'�, �©�À
�±��ìÑÑu,��é�Ñ\û±9XÚÑ\&

Òw|¤�5U`z�I:

sup
‖w‖2 6=0

‖u‖2 −
√

γ ‖û‖2

‖w‖2

= Γ. (6)

(Üþã5U�I,��Xe�5U`z½n:
½½½nnn 2 éXã3¤«�XÚG��mL�

ª(4), �0 6 γ 6 1´���½�~ê, �½5U
�I�þ��Γ > 0, e�3P = PT > 0, W =
diag(W1,W2, · · · ,Wnu

) > 0, δ > 0,÷ve¡��
5Ý
Ø�ª:
2
664

(A−H1C)T P +P (A−H1C) P (B −H1D)

(B −H1D)T P −ΓW
HT

1 P + WH2C WH2D
WH2C WH2D

PH1 + CTHT
2 W CTHT

2 W
DTHT

2 W DTHT
2 W

δI−WH2−HT
2 W−γW W−HT

2 W
W −WH2 −W

3
775 < 0,

K4�XÚL2½, ¿�Ó�÷v
5U`z^

�
‖u‖2 −

√
γ ‖û‖2

‖w‖2

6
√

Γ .

y²�ëwN¹.
��, =¦´Ó��Ä
½5Ú5U`z

�L§��´��3ü�Ö�ìR(s)ÚN(s)��
S��O,�XÚ�Ù{Ü©Ã', ù«�{é
�§Ýþ{z
±cE,��OL§, 3�yX
Ú�½5�5U��`z�Ó�, �¤é|�
ÚÖ�ìR(s)ÚN(s)��O. ùpδ´���½�

ëê, ^5�y¤À�Lyapunov¼ê��½5, 3
$^MATLAB¥�LMI Toolbox¦)H19H2�L§

¥, �)δ,W�3S�Ù¦�½ëêòÓ�ÏLO
�Å3ù�`zL§¥�(½.

5 ���AAA«««���'''���������{{{���'''���(Comparison
with previous methods)
|^©z[3]¥Jø�A«IMC��ìÚ©

z[4]�¢~, b�ã2¥, ÏLï������é
�Ú��ì�(�ëê�

P (s) =
10

100s + 1

[
4−5

−3 4

]
,

K(s) = (1 +
1

100s
)

[
2 2.5
1.5 2

]
.

½Âw = r, z = e,w,�±��z = w,4�X
Ú�G��mL�ª�




ẋ = (A−H1C) x + (B −H1D) w + H1û,

u = H2Cx + H2Dw + (I −H2) û,

z = w.

ÏLÀ�γ = 0.99,�â�©¤ã�{,À�5
U`z�IΓ = 0.48,�ª����XÚü�Ö�
ì�ëê:
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H1 =

[
0.1119−0.1396

−0.1012 0.1345

]
,

H2 =

[
0.0934−0.1006

−0.0888 0.1285

]
.

�
?�Ú'��I�, ©Oé��©�'�
�«µe?1�ý, 3t = 0�, �XÚÑ\��Ì
��[0.63 0.79]T���&Ò, 3�Ú�!�Ì�
�±2, t�0 ∼ 10 s��¹e, ò�©��O(J�
A«�'�{���5U�I?1'�, (JX
L1.

L 1 |�Ú���{5U�I�'�

Table 1 Performance comparison

�{ ‖û‖2 / ‖u‖2 ‖û‖2 / ‖u‖2 ‖z‖2 ‖z‖2
input1 input2 input1 input2

²;IMC 40/114 40/71 6.3 7.9

AÏIMC 40/307 40/205.6 6.3 7.9

©z[4]�{ 42.62/44.66 33.29/33.29 6.31 7.91

�©�{ 40/41.2 28.4/28.4 6.3 7.91

lL1�±wÑ,²;IMC|�Ú{{ü´1,�
´ÙA^��, 4�XÚ5UÃ{-<÷¿; A
ÏIMC´ÏLÀ�f5é|�Ú��ì?1�O

�,�´duf�ÀJ´�Å�,¿vk�@k��
)û�Ú¯K��Y;©z[4]ÏLÀ�5U`z�
I,òXÚ�½5¯Kz�à8`z¯K,XÚ5
Uk
��Jp;�©(ÜIMC��'�n,ÏLÀ
��©z[4]����{,Ø=��
Ó��éü�
Ö�ìH1ÚH2?1�O�8�,�4�XÚ�ó
�5U�k
��/Jp.L1y²,ÃØ3Ö�ì
��O�¡,�´34�XÚ5U�¡,�©¤ã�
{²w`u©¥¤ãÙ¦�«|�Ú©Û�{.
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NNN¹¹¹(Appendix):
½½½nnn1���yyy²²² �ELyapunov¼ê

V (x, û) =

xTPx +
w t

0
ûT(τ)δû(τ)dτ +

2
nuP
i=1

Wi

w t

0
[ûi(τ)ui(τ)− ûi(τ)ûi(τ)]dτ.

�âLyapunov½5^�, Xã3¤«�4�X
Ú���5�!φ ∈ ∆̃, P = PT > 0, W =

diag(W1, W2, · · · , Wnu) > 0, δ > 0,e÷v^�:

1) �(x, û) 6= 0�, V (x, û) > 0; =�

 
x

û

!
=

0�, V (x, û) = 0;

2) �

 
x

û

!
6= 0�,

d

dt
V (x, û) < 0.

�@�XÚL2½, (Üª(4)Ú
d

dt
V (x, û) < 0, ��

�±�yXÚ4�½5��5Ý
Ø�ª(5).
½½½nnn2���yyy²²² �4�XÚ�5U�I�

sup
‖w‖2 6=0

‖u‖2 −
√

γ ‖û‖2
‖w‖2

= Γ,

(Ü½n1�y²,��E��Lyapunov¼ê

V (x, w, û) =

xTPx +
w t

0
ûT(τ)δû(τ)dτ +

2
nuP
i=1

Wi

tw

0

[ûi(τ)ui(τ)− ûi(τ)ûi(τ)]dτ +

W [(
w t

0
uTudτ − γ

w t

0
ûTûdτ)− Γt

w t

0
wTwdτ ].

( Ü 4 � X Ú � G � � m L � ª (4) Ú
d

dt
V (x, w, û) < 0,=

d

dt
{xTPx +

w t

0
ûT(τ)δû(τ)dτ +

2
nuP
i=1

Wi

w t

0
[ûi(τ)ui(τ)− ûi(τ)ûi(τ)]dτ}+

W [(uTu− γûTû)− ΓwTw] < 0.

�±í�Ñe¡ù�Ø�ª:
2
4

x(t)
w(t)
û(t)

3
5

T8<
:

2
4

(A−H1C)T P + P (A−H1C)

(B −H1D)T P
HT

1 P + WH2C

P (B −H1D) PH1 + CTHT
2 W

−ΓW DTHT
2 W

WH2D δI −WH2 −HT
2 W − γW

3
5+

2
4

CTHT
2

DTHT
2

I −HT
2

3
5W

2
4

CTHT
2

DTHT
2

I −HT
2

3
5
9
=
;

2
4

x(t)
w(t)
û(t)

3
5 < 0.

Ù¥: P = PT > 0, W = diag(W1, W2, · · · , Wnu) > 0, δ >

0, 5U`z�IΓ > 0, �âSchurÖ5�, XJ��
þ[x(t) w(t) û(t)]T 6= 0,þª�du (e=1311�)
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2
6664

(A−H1C)TP + P (A−H1C) P (B −H1D) PH1 + CTHT
2 W CTHT

2 W

(B −H1D)TP − ΓW DTHT
2 W DTHT

2 W

HT
1 P + WH2C WH2DδI −WH2 −HT

2 W − γW W −HT
2 W

WH2C WH2DW −WH2 −W

3
7775 < 0.
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