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On optimal liquidation strategy and optimal liquidation time
HU Xiao-ping, HE Jian-min, LÜ Hong-sheng

(School of Economics and Management, Southeast University, Nanjing Jiangsu 210096, China)

Abstract: The optimal liquidation strategy and optimal liquidation time are studied with endogenous liquidation time
horizon. Both the permanent impact and the temporary impact are the linear function of the liquidation velocity, and
the liquidation velocity is a closure set with an isolated point. An analytic solution is then obtained by the maximum
principles in optimal control theory. The result shows that the optimal liquidation strategy and optimal liquidation time are
commonly governed by market conditions, stock volatility, stock liquidity, position size and risk preference. Furthermore,
the permanent impact only affects the total liquidation return, not affects the optimal liquidation strategy and optimal
liquidation time.
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1 ÚÚÚóóó (Introduction)
Ý]ö¿ØU±½|�cd�×�ñÑ�þ

Þ�, Ý]ö¢S�¤�d�7, l�c½|
J«�þïd�, ùÒ´¤¢�6Ä5ºx. Ý
]öæ^�CyüÑ, K�Úû½
Cy�¤
�. Chan & Lakonishok[1]�ïÄuy,Å�Ý]öI
�Cy��5��Þ��,�
~�é½|�´d
��Ø|K�,o´r�5�Þ�©�eZ���
�Þ�,34UD�����mSñ�,
Ø´�g
5ñÑ¤kÞ�; 3�´��!6Ä5Øv�½|
þ,ù�y�Ò��ÊH.

Bertsimas & Lo[2,3]|^�ÅÄ�5yEâ,��
zï\�5�Þ��Ï"¤���Ä��`zü

Ñ,�vk�ÄØÓüÑ¤��ÅÄ5. Almgren &
Chriss[4,5]|^þ����{, �¹
3����m
SCyÞ���½|ºx. �?ØS)�`Cy
�m�, �
êÆ?nþ��B, {ü�b�3C

yÏ"�, Cy��Ý�", ��Ý]ök��Þ
�, �3Ã���mSÑ�â��`�(Ø, ùw
,�½|¢S�¹ØÎ. Dubil[6,7]?Ø
3�½ü

Ñ(ð½�Ý)e��`Cy�m, ù�Ø´ý�¿
Âþ��Û�`��`Cy�m.IS�Æöé�
`CyüÑ�ïÄ¤J��. 4°9, ®i²ÚÇ
À¹[8]3y d�ÑllÑ�m�âÙK$Ä�b

�e,ïÄ
m�ªÄ76Ä5ºx��`��¯
K. ���6Ä5Xê���, �`��üÑ�C
u�5üÑ; 6Ä5Xê���, ]�+nö¬×
�ò]�Þ�ü�n�Y²,¿3�Ü©�mS�
±ù«G�, ��CyÏ"��]�8IÞ�. ®
i², 4°9ÚÇÀ¹[9]ïÄy d�ÑlëY�

�âÙK$Ä�, Å�Ý]ö�Cy1�. r��
���å^�, þ��8I¼ê, ^.�KF¦f
{¦�¼4�, ��
�`CyüÑ. �©�Ì�
�z3uÝ]ö�Cy�m´S)�,Cy��Ý
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´��k�á:�48, ¿�Ñ
¯K�)Û).
�Dubil§Almgren & Chriss �ïÄ�Ó, rÝ]ö
é½|�Ø|K�©�[ÈÀÂÚ]�ÀÂ,8I
¼ê´þ����¼ê.��Almgren& Chriss¦^
î.–.�KF�§ù�;C©{��óäØÓ,�
©¦^y��`��nØ¥�4���nù�y�

C©{��óä,3y�C©Æµee,ØI�b�
Cy�Ý´ëY���,�I�Cy�Ý����
Cþ´�48ù�Ä�b½.ù�,Ò�±é½|�
´�ÝÚÝ]ö��´1��Ñ�ÎÜ�*¢S�

�½.�©vkéCyÏ"�Ýb��",�lnØ
þy²
=¦Ý]ö�Cy�Ý�±�",�3�
`CyüÑe,Cy�Ý�7Ø�"ù�(Ø.�C
y�m´S)�,CyüÑÚCy�m�pK�q
�pû½.

2 ���... (Model)
b�½|d�$Ä"yª³5,37K©z¥@

�½|d�ÑlXe�AÛÙK$Ä:

ds = sσ̃dtW (t). (1)

W (t) ´IO�BL§. duAÛÙK$ÄØBu
êÆ?n,q�Ä�Cy��méá( ¿ 1c),�±
Cq�^�âÙK$Ä5�Oª(1)�AÛÙK$
Ä(sσ̃ ≈ σ~ê),=

ds = σdW (t). (2)

Ð©d�s(0) = S0,Ý]ö3��t = 0�,PkÞ
�X > 0,�3½|¥Cy,Cy�m�[0, T ], T g
d. �©�ïÄÝ]ö�XñüÑ,�Ä�½|��
�´ü (tick size)��3, ÚÝ]öÅ¬¤���
�,Cy�Ýv�~�(Ã¡ªu0)Ã²L¿Â,Ïd,
Cy�Ýv �U�"½�u,��Ý v. d	, �A
�u,��Ýv̄(v̄ >v). =k

v ∈ V = {0}⋃
[v, v̄] . (3)

Ù¥0 < v. 3¢SA^¥, v �À�,^½|���
´ü Ø±�´m���; 
 v̄ K��âF�´o

þØ±F�´�m��.
�x(t), v(t)©O´Ý]ö3 t��Pk�Þ�

ÚCy(ñÑ)��Ý, �v(t) ´t ��ëY¼ê, K
k

x(0) = X, x(T ) = 0, v(t) = −dx(t)
dt

. (4)

3 (t− dt, t)SñÑ�Þ��

nt = −dx(t) = v(t)dt. (5)

�Dubil§Almgren & Chriss�Ó,�©rÝ]ö
Cy�´Úå�!é½|Ø|K�©�[ÈÀÂ

(permanent impact)�]�ÀÂ(temporary impact). ¤
¢�[ÈÀÂ´�Ý]ö�Cy�´(ñ)é½|d
��Ø|K���±Y��CyÏ[0, T ],
]�À
Â�´3�m(t − dt, t)¦SÝ]ö�¢S¤�d
� l½|�þïd�.[ÈÀÂ�AÚ]�ÀÂ
�AÑ´Cy�Ý�¼ê,�©æ^�5ÀÂ�A

g(v(t)) = γv(t), γ > 0,

h(v(t)) = βv(t), β > 0.
(6)

dAlmgren& Chriss �, du[ÈÀÂ�A��
3, ½|d�$Äª(2)¥¤£�C�−g(v(t)), ½
|d�C�

s(t) = S0 + σW (t)−
w t

0
g(v(s))ds =

S0 + σW (t)− γx(t). (7)

du]�ÀÂ�Ah(v(t))��3,Ý]öý�¢y
��´d��

ŝ(t) = s(t)− h(v(t)). (8)


Ý]ölCy¤�EC�

EC = XS0 −
w T

0
ŝ(t)(−dx(t)) =

XS0−
w T

0
(S0+σW (t)−γx(t)−βv(t))v(t)dt =

γ

2
X2 +

w T

0
σW (t)v(t)dt + β

w T

0
v(t)2dt. (9)

Ïv(t)´(½5¼ê,¤±

E(
w T

0
σW (t)v(t)dt)=E(

w T

0
σx(t)dW (t))=0,

(10)

D(EC) = D(
w T

0
σW (t)v(t)dt) =

D(σW (t)(−x(t))|T0 +
w T

0
σx(t)dW (t)) =

w T

0
σ2x(t)2D(dW (t)) =

w T

0
σ2x(t)2dt. (11)

EC�êÆÏ"�

E(EC) =
γ

2
X2 + β

w T

0
v(t)2dt, (12)

���

D(EC) =
w T

0
σ2x(t)2dt. (13)

Ý]öÀJüÑ(x(t), v(t)),¦eª����:

U = E(EC) + αD(EC). (14)

α´�NÝ]ö�ºx Ð, α < 0�, Ý]ö Ð
ºx;�α = 0�Ý]öºx¥5;�α > 0�,Ý]
öºx��. �©�ïÄÝ]öºx���¹, �
Qã�B, éºx���n5Ý]ö, ±e{¡Ý
]ö.
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3 ���`̀̀CCCyyyüüüÑÑÑÚÚÚ���`̀̀ÑÑÑ������mmm (Optimal
liquidation strategy and optimal liquidation
time)
3ØK�n)�cJe, �
ÎÒ{', k�

^x, v�Ox(t), v(t). X ´~ê,ØK�Ý]ö�`
üÑ�/¤. ¦ª(14)éA��`CyüÑÚS)
�`Cy�m¯K,�du�`��¯K

J [X] = min
v∈{0}∪[v,v̄]

1
2

w T

0
(v2 + θx2)dt, (15)

{
ẋ = −v, x(0) = X > 0, x(T ) = 0,

v ∈ V, Tgd.
(16)

Ù¥θ =
ασ2

β
> 0. T�`��¯K����´�

¹�á:�k.48,��`���¦348�>
.þ��, �;C©{ÃU�å. �Ä¯K�AÏ
5,�©æ^4���n��óä.
½ÂHamilton¼ê

H(v, x, λ) =
1
2
(v2 + θx2) + λ(−v). (17)

Hamilton�§|�



ẋ =
∂H(v, x, λ)

∂λ
= −v,

x(0) = X,

x(T ) = 0,

(18)

λ̇ = −∂H(v, x, λ)
∂x

= −θx. (19)

�`;�x∗!��Cþλ∗ ?, �`��v∗A¦

Hamilton¼ê3���þ��Û��. k¦Hamilton
¼ê�7�¼êvs,Ïd

∂H

∂v
= v − λ∗, (20)

¤±k

vs = λ∗. (21)

Hamilton¼ê��3���V = {0} ∪ [v, v̄]S.
�λ∗ > v̄�, H(v, x, λ∗)3v∗ = v̄?����;

�v 6 λ∗ 6 v̄ �, H(v, x, λ∗)3 v∗ = λ∗ ?�

���;

�λ∗ >
v

2
�, H(v, x, λ∗)3v∗ = v?����;

� λ∗ =
v

2
�, H(v, x, λ∗) 3 v∗ = v, 0 ?��

��;
�λ∗ <

v

2
�, H(v, x, λ∗)3v∗ = 0?����;

3 λ∗ =
v

2
, H(v, x, λ∗)3ü�:����,�Ä

�v(t)��ëY5,kv∗ = v. ��

v∗ =





0, λ∗ <
v

2
,

v,
v

2
6 λ∗ 6 v,

λ∗, v < λ∗ 6 v̄,

v̄, v̄ < λ∗.

(22)

½½½nnn 1 �`üÑe�Þ�CyL§¥, Ø�
3,���0 < t1 < T ,ñÑ�Ýv ∗ (t1) = 0.
yyy �0 < t < T �,XñüÑû½x(t) > 0,d

ª(19)�λ∗(t)´î�üNeü�.
b�v∗(t1) = 0,Kdª(22)�

λ∗(t1) <
v

2
, λ∗(t) < λ∗(t1) <

v

2
, t1 < t 6 T.

dª(22)�

v∗(t) = 0, t1 < t 6 T.

dx(T ) = 0,�

x(t) ≡ 0, t ∈ [t1, T ].

ù�T ´�`Cy�mgñ,=½n¤á.
½nL²,Ý]ö3Þ�Ñ�cØ�Uk�ã�

m?u*"G�,=3Tã�mSvkÞ�ñÑ,Ý
]öU��¯�Ò´N�ñÑ��Ý,3CyÞ�
Úå�6Ä5ºxÚ±kÞ�
«É�½|ÅÄº

xm�Ñ²ï. *"�ã�m�,6Ä5ºxØ¬ü
$,
O\
½|ÅÄÚå�½|ºx.
ÏTgd,3�`;���à, Hamilton¼êA÷

v

H(v∗(T ), x∗(T ), λ∗(T )) =
1
2
v∗(T )2 − λ∗(T )v∗(T ) = 0. (23)

3�`;���àx∗(T )=0, λ∗(T ) 6=0,d·K�

v∗(t) > 0, λ∗(t) > 0, t < T. (24)

dλ∗�üNeü5Úª(23)�

λ∗(T ) > 0, (25)

l


v∗(T ) = 2λ∗(T ). (26)

2dª(22)�

v∗(T ) = v = 2λ∗(T ). (27)

d·K(ØÚλ∗�üNeü5, dª(22) ��`C
y�Ýv∗�´�X�müNeü�. é¿©��
Ð©Þ�x(0) = X§[0, T ]�©�3Ü©, =[0, T1],
[T1, T2], [T2, T ](0 < T1 < T2 < T ),3ù3�«mS,
v∗ ©O�v̄, λ∗, v. e¡�
Qã�B, �Æ��þ
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I“*” Ò. 3[0, T1]S, v = v̄, dẋ = −v̄, x(0) = X

��

x = −v̄t + X. (28)

�\ª(19),k

λ̇ = −θ(−v̄t + X). (29)

��«m[0, T1]S�¼ê/ª

x1(t) = −v̄t + X,

λ1(t) =
1
2
θv̄t2 − θXt + C11, t ∈ [0, T1].

(30)

3(T1, T2]S, v = λ,Kª(18)(19)C�{
ẋ = −λ,

λ̇ = −θx.
(31)

)ª(31)�~Xê~�©�§|��(T1, T2]S�¼
ê/ª:




x2(t) = C21e
√

θt + C22e−
√

θt,

λ2(t) = −
√

θ(C21e
√

θt − C22e−
√

θt),

t ∈ (T1, T2].

(32)

3(T2, T ]S, v = v,�[0, T1]S��{�Ó,¿�Ä
�x(T ) = 0,��(T2, T ]S�¼ê/ª:




x3(t) = −vt + vT,

λ3(t) =
1
2
θvt2 − vTθt + C31,

t ∈ (T2, T ].

(33)

d;�Ú��Cþ�ëY5Úª(27), ��Xeé
á�§|:




x1(T1) = x2(T1), λ1(T1) = v̄ = λ2(T1),

x2(T2) = x3(T2),

λ2(T2) = v = λ3(T2), λ3(T ) =
v

2
.

(34)

ª(34)¥, �k7��§, 7���þ(C11, C21, C22,

C31, T1, T2, T ), ÷v0 < T1 < T2 < T ^���

§|)�

T1 =
X
√

θ − v̄

v̄
√

θ
, (35)

T2 =
ln(v̄/v) + X

√
θ − v̄

v̄
√

θ
, (36)

T =
ln(v̄/v)v̄ + X

√
θ

v̄
√

θ
, (37)

C21 = 0, C22 =
v̄

√
θ exp(−X

√
θ

v̄
+ 1)

, (38)





C11 =
X2θ + v̄2

2

2v̄
, ψ = ln(

v̄

v
),

C31 =
v

(
v̄2ψ2+2v̄ψX

√
θ+X2θ2+v̄2

)

2v̄2
.

(39)

x1(t), x2(t), x3(t)�x
XÚ��`;�,�Ò
´�`CyüÑ, 
T ´S)��`Ñ��m. r
ª(35)∼(39)�\ª(30)∼(33),-

XU = x1(T1) = x2(T1) =
v̄√
θ
, (40)

XL = x2(T2) = x3(T2) =
v√
θ
. (41)

ØJ��

T − T2 =
1√
θ
, T2 − T1 =

ln
(
v̄/v

)
√

θ
. (42)

ª(40)∼(42)�(J�Ð©Þ�x(0) = X Ã'.
�Ð©Þ�XØÓ���,äN?ØÝ]ö��

`�yüÑÚ�`Cy�m:
1) X > XU . Ý]ö��`�yüÑ´k±

~�v̄ Cy, ¦Þ�ü�XU , 2÷x2(t) Cy, Þ�
ü�XL, �X±�Ýv Ñ�Ã¥Þ�, �`Cy�

mT ∗ = T =
ln (v̄/v) v̄ + X

√
θ

v̄
√

θ
.

2) XU > X > XL. dBellman �`z�n�,
Ý]ök±ª(32)£ã�x2(t)CyÞ��XL,2±
�ÝvÑ�Þ�.d�,ª(32)�>.^��

x(0) = X, x(T21) = XL, λ(T21) = v, (43)

¦�

T21 = T21 =
ln(θX

2
/
v2)

2
√

θ
. (44)

éA��`Cy�m�

T ∗ =
XL

v
+ T21 =

1√
θ

+
ln(θX

2
/v2)

2
√

θ
. (45)

3) X 6 XL. Ý]ö±ð½�ÝvCy, ��ñ
�¤kÞ�.d�,�`Cy�m�

T ∗ =
X

v
. (46)

l�`CyüÑx(t)ÚCy�mT ∗�L�ª�w

Ñ,½|^�vÚv̄!�¦�ÅÄÇσ!6Ä5β!Þ�

5�XÚÝ]ö�ºx Ðα�Óû½;[ÈÀÂ�
K�CyÂÃEC(X),��`CyüÑÚ�mÃ'.

4 (((ØØØ (Conclusion)
�©¦^y���nØ,éÝ]ö�Cy�Ý�

Ñ
ÎÜ½|¢S�¹���,��
¯K�)Û
),¿y²
Ý]ö�Cy�Ý=¦#N�",ºx
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���n5Ý]ö3�`CyüÑ�, ÙCy�Ý
�Ø�U�". � Almgren& Chriss�©Ù�',�
©vk{ü�b�CyÏ"��Ý�", (Ø��
Ün,�Ð��N
y¢½|¥Ý]ö�Cy1�.
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