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Multi-agent learning in cooperative general-sum games
SONG Mei-ping, GU Guo-chang, ZHANG Guo-yin, LIU Hai-bo

(College of Computer Science and Technology, Harbin Engineering University, Harbin Heilongjiang l150001, China)

Abstract: Rationality and convergence are two topics in the research on multi-agent learning. A new method called
Pareto-Q is proposed with the concept of Pareto optimum, which is more rational than Nash equilibrium with regard to the
cooperative system. At the same time, social conventions are also introduced to promise the convergence of learning. When
tested on a two-person grid game, the algorithm performs better than the single Q-learning and Nash-Q learning.
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1 ÚÚÚóóó(Introduction)
�XüagentÆSïÄ�¤õ, õagentXÚ�Æ

S¯K�¤�Cc5�ïÄ:. duõagent?
Ö�¸e, �N�£�Ú�¸�=£�6u¤
kagent�1�, l�¸éü�agentóK�\
Ø(½,�ÒéJ2£ã¤���MarkovL§.Ï~
��{´ò��XÚw����N,¦�¸�=£
éXÚóE,÷vMarkovA5,XÚ�z�G
�q�agent/¤�����ãÆ�,l�¤~^
5ïÄõagentÆS¯K��ÅÆ�µe.
3Tµee�ïÄ�âæ^�Æ�)Vg�

©�^u0ÚÆ��Minimax-QÆS�{[1], ±9^
u��ÚÆ��Nash-Q[2,3], FFQ[4], CEQ[5]ÆS�

{�. Minimax-Q�Âñ5Úk�5®²��
y
²[6],(J´-<&Ñ�.��ÚÆ�e���{
K�É�¦.XNash-QÆS�{�^�b�[2,3]Lu

î�,ÂñØU�y[4]; FFQÆS¥Ü�/ª�AÏ
z, agentÃ�Nn5[5]; CEQÆS�éÜÄ��m�
Ý/J[5],�'þï)Vg[5]�n5§ÝØp�.

Ï���ÚÆ�´¢SA^¥�~��Æ�

/ª, Ü�3éõõagentXÚ¥�äk���
^, ¤±éuÜ���ÚÆ�¥�õagentÆS�
{ïÄäk¢S�¿Â. 8c, ��ÚÆ�¥A^
�2�´Nash-QÆS�{, �Nash²ï)[3]´�Ü

��¹e�n5�`)Vg(X§ä(¸¯K), ¿
Ø��·ÜuÜ��¹; ,	, Nash-QÆS�{|
^ü�î��^�b�[3], =�½ÆSL§¥�z
�éü/³Ñ�k���Û�`½Q:Nash),5
�y¤kagent�)ÀJ��.ù3¢SA^¥A�
ØU¢y[4]. éuÆ�¥�3õ�Nash²ï)��
¹, Nash-QÆS�{vk�ÑäN�)û�{[4].
)ÀJ���ÆS�Âñ5�y[3],¤±ïÄ�

)û�¯KÒ´n5Ü��)Vg�(½Ú)ÀJ

�Ú�.Äk|^ParetoÓ`)[7]�ONash)?1Æ
S±Oragentn5;Ùg,|^Ü�NSÜ��¬ú
�[8])û)ÀJ¯K.

2 ���'''½½½ÂÂÂ(Relative definitions)
30�õagentÆS��ÅÆ�µe�c, I�

ÂvFÏ: 2005−07−11; Â?UvFÏ: 2006−05−18.
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k�Ñê��ÅûüL§(MDP: Markov decision
process)ÚÆ�Ø(GT: game theory)�½Â.
2.1 MDP½½½ÂÂÂ(Definition of MDP)
éõüagent�rzÆS�.�±/ªz�ê�

�ÅûüL§,Ù½ÂXe:
½½½ÂÂÂ 1 [9] ê��ÅûüL§=õ�|(S,A,

R, T ),Ù¥:
1) S��¸�lÑG�8;
2) A�agent���lÑÄ�8;
3) R�¢�øü¼ê: S ×A → R;
4) T�G�=£¼ê: S ×A → PD(S).
PD�G�8Sþ���VÇ©Ù¼ê. ¼êT

ÎÜMarkovA5, =éuatkP [st+1|st, at, · · · , s0,

a0] = P [st+1|st, at], at ∈ A, st ∈ S.
2.2 ÆÆÆ������½½½ÂÂÂ(Concept of game)
,�G�e�õ<�p=/¤��Æ�/³.�

Û¥<8ÜN = {1, 2, · · · , n},z�Û¥<i�üÑ

8Si, Ù3éÜüÑe�|G¼êP i, i ∈ N . P i½

Â�ÃÛ¥<¤�éÜüÑ(σ1, σ2, · · · , σn)�¼
ê,Ù¥σi ∈ si, i ∈ N .dd½ÂÆ��
½½½ÂÂÂ 2 [10] �½n�|

Γ =< N, {Si}i∈N , {P i}i∈N > .

Ù¥: N, Siþ´8Ü, i ∈ N ; P i´½Â3S =∏
i∈N

Siþ�¢�¼ê,K¡Γ���Æ�.

�â´ÄNN¯k��!D4&E¿¾á,«

r�5�½,�ò��ÚÆ�©��Ü�Æ�ÚÜ
�Æ�[10].�Ü�Æ�¥~^�)Vg´Nash²ï
),Ü�Æ�¥~^ParetoÓ`).e¡�Ñ�ö
�½Â.
½½½ÂÂÂ 3 [3] Nash²ï´��n�|σ∗=(σ1

∗, · · · ,

σn
∗ ),¦�éu¤k�σi ∈ Si, i ∈ Nk

P i(σ1
∗, · · · , σn

∗ ) >
P i(σ1

∗, · · · , σi−1
∗ , σi, σi+1

∗ , · · · , σn
∗ ).

½½½ÂÂÂ 4 [9] Ü�.Æ�¥, ûüCþσ∗ ∈ S�

ParetoÓ`�^�´:Ø�3Ù¦?ÛCþσ ∈ S,¦
é¤k�i = 1, · · · , nkP i(σ) > P i(σ∗),���é
��Û¥<jkP j(σ) > P j(σ∗)¤á.

2.3 õõõagent��� ÅÅÅ ÆÆÆ ��� ��� ½½½ ÂÂÂ(Definition of
stochastic game)
3þãÄ:þ, �Ñõagent�ÅÆ��/ª

£ã:
½½½ÂÂÂ 5 [11] �ÅÆ�=õ�|< n, S, A1,··· ,n,

T,R1,··· ,n >,Ù¥:
1) n�agent�êþ;
2) S�lÑG�8;

3) Ai�agent i���Ä�8, A�¤kagent�é
ÜÄ��mA = A1 ×A2 × · · · ×An;

4) T�G�=£¼ê:S × A × S → [0, 1], ÷
v∀s ∈ S,∀~a ∈ A,

∑
s∈S

T (s,~a, s′) = 1;

5) Ri�1i�agent�£�¼ê, S × A → R. Ù
¥G�=£¼êTÎÜMarkovA5.

3 Pareto-Q���{{{(Pareto-Q learning algorithm)
3.1 Pareto-Q���{{{///ªªª£££ããã(Formulation descrip-

tion)
üagent Q-ÆS¥Q-¼ê�N��ª�

Qt+1(s, at)=(1−αt)Qt(s, at)+αt[rt+γV (s′)]

(1)

Ù¥: αt���mtP~�ÆS�Ý, V (s′)�G��
¼ê:

V (s′) = max{Qt(s′, a)}. (2)

3òÙ*Ð�õagentÆS¥�, ��*��{
´òü�agent�Ä�O��¤kagent�éÜÄ�:

Qi
t+1(s,~a) =

(1− αt)Qi
t(s,~a) + αt[Ri

t(s,~a) + γV i(s′)]. (3)

Ó�½Â#��¼ê. ØÓ�{¤æ^��¼ê
½ÂØÓ, XMinimax-Qæ^�´Ý
Æ����
���, CEQæ^Æ���'þï, Nash-QK´
±Nash²ï)5½Â�¼ê.
dd,½ÂPareto-QÆS��#5K:

Qi
t+1(s, a

1, · · · , an) =

(1− αt)Qi
t(s, a

1, · · · , an) +

αt[ri
t(s,~a) + γParetoQi

t(s
′)], (4)

ParetoQi
t(s) = π1(s) · · ·πn(s) ·Qi

t(s). (5)

Ù¥: π1(s) · · ·πn(s)�Q-�Æ�/³Q1
t (s), · · · ,

Qn
t (s)�ParetoÓ`).

agent i�
3~�Ï&þ��¹eÝºÆ�

/³, I�3ÆSgCQ-¼ê�Ó��o��'
uagent j(j 6= i)�Q-¼ê,=I�Øä�#eª:

Qj
t+1(s, a

1, · · · , an) =

(1− αt)Q
j
t(s, a

1, · · · , an) +

αt[r
j
t (s,~a) + γParetoQj

t(s
′)]. (6)

3.2 ���½½½úúú���(Creating lexicographic convention)
Æ�¥Ï~kõ�ParetoÓ`),�ØÓagenté

�Ó`)� ÐØÓ,¤±XÛ3õ�Ü�agentm
Ú�Ó`)�ÀJ, l�yÆS�Âñ�JÒ
´I�?�Ú�Ä�¯K. Ï~�)û�{kü
«[12]: �«´Ï&�û, XÚ\�&13�[13]5r
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¦��Æ�V���@��(J.�´ù��{w
,Ø�·^uõagentÆSL§.Ï���¡Lõ�
Ï&¬~úagent�ûül��K�ÆS�Ý;,
��¡, Ó�G�eØÓ����û(J�UØ
Ó, �¬K�ÆS�Âñ�J. ,�«�{´�½
�¬ú�,3agent�m/¤��ú��£[8],lé
�agent�Ä�ÀJ/¤�½��å.

JelleQ�õ<Ü�Æ��Ñ��{ü�ú
�[12]. b�agentkUåp�(@, K�±|^e¡
A^b�5�½��{ü�5K:

· agent8kS;
·z�agent�Ä�8kS;
·ù«^S3agentm´ú��£.
�âTú�, ÀJ���`éÜÄ��L

§Xe: 11�agentÀJÙÄ�^S¥Ñy�
11�Nash²ï)éA�Ä�; 12�agentK3�
½agent 1�ÀJ�, 3gC�Ä�^S¥À11�
�`Ä�;�g��,��¤k�agentÀJ�..
e¡�é~^��A«��Æ�/³éú�?

1?�(�ã1).

ã 1 3«~���Úéü

Fig. 1 Three typical games of general-sum

éuVÝ
Æ�1, ��3���`Nash²ï
)(10, 9),²ï)�ÀJØÀâ.
éuVÝ
Æ�2(§ä(¸¯K), ��3�

�Q:)(2,2), ��3Ó`uQ:�ParetoÓ`
)(5,5),d�,½ÂParetoÓ`)>Q:).
éuVÝ
Æ�3,Ó��3�`)(10,9)ÚQ:

)(2,2),½Â�`)>Q:).
dd,�Ñ#¾á��¬ú��:
· �«Æ�)kS(�`Nash)>ParetoÓ`

)>Q:Nash));
· agent8kS;

·z�agent�Ä�8kS;
·ù«^S3agentm´ú��£.
ú�¥�11^5K�±¢y)Vg�(½,(

�¤kagent3Æ��ParetoÓ`)8¥?1ÀJ;
12,3^��k5KõU�Ó,�±�yagent3�½
)8¥�)ÀJ��.
3.3 ���{{{£££ããã(Algorithm description)
�agent�ÆSL§�±£ã�e¡�Ú½:
1) Ð©z:é¤k�s0∈S, ai∈Ai, i=1, 2, · · · ,

n,-Qi
0(s0, a

1, · · · , an) = 0, Qj
0(s0, a

1, · · · , an) =
0, j 6= i;

2) Ee¡�ö�:
a) *	�cG�st;
b) �â�¬5KÚg��3�Qi

t(st, a
1, · · · ,

an)ÚQj
t(st, a

1, · · · , an), (j 6= i)ÀJParetoÓ`Ä
�;

c) *	#G�,�agent*d�£�9c���
¤æ��Ä�;

d) �âª(4)Úª(6)5�#gCÚÙ¦agent�
Q-¼ê�.

��÷v(å^�.

4 ¢¢¢���999(((JJJ©©©ÛÛÛ(Experiment and results)
ã3´agentÆS¥�~^»�iZ¢�,§ä�

Ä��¸�¤k'�Ï�, =Äu �½G��
Ä�, ½5�=£(agent�£Ä)±9=�Ú�Ï£
�. iZ�?Ö´�agent3ØÀâ�cJe, ±�
��£ÄÚê���g�8I:. lã2�G�Ñ
u, k��8I:�agent�¼��½�£�. eü
öÓ���, KÑ�±���c¡�þ�£�, =
��agent�¤õØ¬{�,��agent�¤õ,�ö
�é|'X, ù¤/¤�Ò´����ÚÆ�. b
�agent�±*	*d�c�Ä�, �cG�(ü
�agent�éÜ �)±9*d�£�, �Ð©G�
e,�agentØ��gC�8I: �.
�©æ^VC++3Windows 2000²�þ¢y
T

»�iZ,¿æ^§é��ÚÆ�¥õagentÆS�
ØÓ�{?1
é'Ú©Û.

4.1 ���ÅÅÅÆÆÆ���LLL���(Representation as stochastic
games)

agent i�Ä��m�

Ai = {left, right,up,down}(i = 1, 2);

G��m�

S = {(0, 1), (0, 2), · · · , (8, 7)}.
Ù¥: G�s = (l1, l2)L«ü�agent�éÜ 
�, agent i� �^ã3¥� �ÒL«.
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ã 2 í�iZ«¿ã

Fig. 2 Grid game

ã 3  �Ò«¿ã

Fig. 3 Positions of agent

rz&Ò��½�: agent��8I�, rz&
Ò�100; �Ù¦agent�E�, rz&Ò�–1, �ü
�agentÑ£�c� �;ÄK,rz&Ò�0.=

ri
t =





100, L(lit, a
i
t) = Goali,

−1, L(l1t , a
1
t ) = L(l2t , a

2
t ),

0, Ù¦.

(7)

ÆS�Ý½Â��¯gê��ê, =αt(s, a1,

a2) =
1

nt(s, a1, a2)
, nt(s, a1, a2)�(s, a1, a2)��¯

�gê.
agentÆSL§¥?1Ä�ÀJ�, æ^ε−�8

üÑ, ±εt(s) =
1

1 + nt(s)
ÀJ&¢Ä�, ±(1 −

εt(s))ÀJParetoÓ`)Ä�.
4.2 ¢¢¢���(((JJJ���555UUU'''���(Results and perfor-

mance analysis)
�½ÆS(å^��ÆSgê��40000g,Ï

�TiZ¥�G�-Ä�éoê�424, ¤±z�G
�-Ä�é²þ��¯�gê�95g, �(å�, Æ

S�Ý�αt =
1
95

≈ 0.01,#�¯�(JÒØ�U


K�®Æ��Q-¼ê�. |^3«ÆSagent?1
¢�, =Single agent,First Nash agentÚPareto agent.
Ù¥, Single agentæ^�´üagentÆS�{,=Q-Æ
S; First Nash agentæ^�´Nash-QÆS�{,¿<
�5½XÚ¥¤k�agentÀJ11�Nash²ï)ü
Ñ; Pareto agentæ^�´�©¤JÑ�Pareto-QÆS
�{,¿|^�¬ú�Ú�XÚ�)ÀJ.
¢�(JXL1¤«,z«�¹Ñ$1100g,O

�¢y�`éÜ´»�¤õÇ.

L 1 ÆS(J'�

Table 1 Comparison of learning results

ÆSüÑ ÆS(J

Agent1 Agent2 ¢y�`éÜ´»�¤õÇ

Single Single 23%

First Nash Single 45%

Pareto Single 54%

First Nash First Nash 100%

Pareto Pareto 100%

d(J�±wÑ, ü�agentÑæ^üagent Q-
ÆS�, ¢y¤õÇ�23%, ù´üagentØéÙ
¦agentï���Ï¤�; Nash-Q agent�üagent�,
¢y¤õÇ�45%, ù�Hu Junling�¢�(J'
��C, �1�«�¹k
é��Jp; �Ó^
���e�Pareto-Q agent�üagent�, ¢y¤õÇ
�54%,'Nash-Qqk
�½�Jp;�ü�agent�
a.�Ó, �À)���, �ü«agent�¢y¤õ
ÇÑ�±��100%. �´3Nash-QÆS�{�¢
yL§¥, Hu Junling´|^��	.�w�55
½agentÀJ11�½12�Nash²ï),éu�Ü�
�¹eù�	.�w��5��`².

5 (((ØØØ999���ÏÏÏóóó���(Conclusions and the fu-
ture works)
Pareto-QÆS�{¤¦^�ParetoÓ`)Vg

�Nash²ï)�'�·^uÜ����ÚÆ�,¦
Ü��agent�än5.,	,|^�¬ú���{Ú
��agent�ûü,��
Nash-QÆS�{¥�^�
b�.¦�{éÆSL§¥�éü/ªvkAO�
¦,�BuA^.�¬ú�¦¤kagent�)ÀJ��
��, �y
ÆS�Âñ5. 3Hu Junlingé)ÀJ
���ÆSÂñ5�Ñ�nØy²Ä:þ,©Ù¥
�¢�(J�?�ÚJø
k|��â.
�FFQÚCEQ�'�, ÆS8I�ÀJ¦�

Pareto-Q¥�agent3�NÚ�N|Ã�¡Ñw�
��n5.
�´,8c'uù�¡�ó��3?1¥,Ek

A�¯KI�)û:
1�, Ü�¥���.ùpvk�ÄÜ�agentm

���1�, éuù�¯K, �±|^¨vÅ�(n
tit-for-a-tat)��\�ïÄ.
1�, &Ý©�¯K.Ï�ØÓn5agentéØÓ

�ParetoÓ`)���§ÝØÓ,3¢yÚ��ÀJ
�,XÛ²ïagentm�|Ã©��´I�?�Ú�
Ä�¯K.
1n, Ø�3XüÑNash²ï��)ÀJ¯

K.T¯K3Ù¦�{¥�vk?1?Ø,EI?�
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ÚïÄ.
1o, E,?Ö�G�, Ä��m¯K. 3A^

�E,?Ö¥�,G�,Ä��m�|Ü�¿9d�
éü)�O�IUYïÄ.
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