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LQ fuzzy control of T-S discrete fuzzy systems with actuator saturation
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Abstract: The linear quadratic(LQ) fuzzy control problem for Takagi-Sugeno(T-S) discrete fuzzy systems with actuator
saturation is studied in this paper. Firstly, by Lyapunov stability theory, parallel distributed compensation(PDC) technique,
and linear matrix inequality(LMI) approach, a sufficient condition of asymptotic stability of the closed-loop fuzzy systems
is obtained. Secondly, the design method of LQ fuzzy controllers and an estimate of domain of attraction for such systems
are presented, and a computing formula of an upper-bound of the LQ performance cost function is also established. Fur-
thermore, for two kinds of optimization problems, i.e., minimization of LQ performance and maximization of domain of
attraction, two computing methods with LMI constraints are presented. Finally, a numerical example is given to illustrate
the effectiveness of the proposed method.
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2 e R R AE A S iR
and preliminaries)
RN AT ARAT 45 IO T-S 1 BB R 4

If e;(k) is Gip and --- and e (k) is Gy,
R Then z(k + 1) = A;x(k)+ B;oo(u(k)), "
. 2(k)=Ciz(k) + Dyoo(u(k)),

i=1,--,r
Ho: Ry ik BIHMN, 2(k) € R

(Problem statement

i, z(k) € RUZp 4, u(k) € R
iﬁA, Ai,Bi,Ci,Di(i = 1,"' ,T)%Eiﬂi%%ﬁ

B, r oot BUOWIIE-Then R ) (AN £, G, A2 45 7€ IO AR
WAE, e(k) = [en(k), -, eq(k)] T2 /A2 &, bR
Koo (u(k)) 1 2 Y B AR A pR £, Moo (u)=
[oo(ur), -+ aUO(Um)]T’UO(Ui) = sgnu; min{1, [u;[}
(i = 1,2, ,m), 1, oo BEZR 7R 1) 52 1) R B 4
X%Tﬁ_ﬁaﬁ’]@%ﬂ@iﬁ JUIT-S &5 BB 3 ge(1) )
BE— DR Ny

x(k+1) = Az(k) + Boo(u(k)), )

z(k) = Cx(k) + Dog(u(k)).

X
A= szAm B = szBz, C= lez iy
D=3 Dy pi = pile(k)) = 2Bl
i=1 ; w;(e(k))
w;(e(k)) = : Gij(e;(k)).

j=1

Horpe Gijle;(k))te; (k)TEG ;IO RO 3¢ s 2 po 4,
ij:150<pj<1

j=1
T-S 38 BOBOA 2 45(2) TLQIE RS B SGE L
J = i 2"(k)z(k), 3)
k=0
FERA 22 46(2) 5 0, P B R B3O B S A R4S 1) 4
EGATHIHN.

FETFPDCEIA, % T T-S & HUBRM 2 40(2), &0 an
BN EEGHE R

‘ If e1(k) is G;1 and - - - and e, (k) is G, @
" | Thenu(k) = Fiz(k), i=1,--- ,r,
T2 JRptR A R s Ak
u(k) = >_ pilia(k). ®)
=1

B 45 il HE S IUNT-S 9 RSO R 40(2), 15 P AR

/\éﬁ

Ax(k) + Boo(3 p;Fye(k)),
. (6)
2(k) = Cx(k) + DUo(j;ijjx(k))'

z(k+1)=

AT F S B0 A AT 25 O T-S 25 HL
B 2R 28(2), e R 2 T A () 1 19 A1 B0 BEH) 2%
Z8(6) Ja HE WAL A€, I 4 tZ R ZEHILQ TEREG)I
AN E L R AR G G — A o RO 4
FEFR AR RS2 LQEEA 7 il e,

NIk T(Hy) = {z € R ¢ |hjgz| <
L, d=1,---,m}, hjg ZFIEH;(j = 1,"' ;7))
SRAAT. A AR A 2 TT R O m x m4E XS )
TR s o, WA A2 A e 3R, Kb oo 3Rl
HNE(s=1,---,2™), EXE; =1—-FE,, BRE;
NATTEE. W TIEEREP € R ", & A
W. Q(P1) = {x € R : 2"Px < 1}, HI&W

"N Lyapunov b %1
V(z) = 2" (k) Px(k). (7)
518 1 g Eﬁﬁﬁééﬁii%EBiFFj,H €
R™n(j=1,---,r). MzeR", Wifz e m I'(Hj),
=1
it ’
Uo(zlijjx) € co{E; leijx + B lejijUL
j= j= j=
Al
r 2m
UO(;ijjx) EZnspj(E F;+E;H;)x. (8)
gm
Hr: 2RSSR, 0<n, <1, > n, = 1.
s=1
UE FHPRAE SRR B R BRI, 159
ﬂ I'(Hj) C F(Z p;H;).
AR SCHRR 71+ 5 | 2, T T%H T

g1, 4 e (k)
GE(6)H I T Fers:

eﬂF(

Jj=

3), WA FR RO 2

z(k+1) = Mxz(k),
{z(k:) — Na(h). 2

)
K}

2m

M=A+B} > npj(EF;+ ESHj),
s=1j=1
2m

N = C+DZZ775pJ(EF+E H;).

s=1j=
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3 FFE4LE 8 (Main results)

EE 1 HEHARER R506). W RAA7E
HEX > 0,7 € R L;,W; € R™"(j =
1o ,r), b Z 55 2, ﬁﬁ:uTLMIsﬁiu

( X—-z-27" £

(C;Z + Di(EsL; + E;W;)) — 1 % <0,
(AZ+ Bi(EsLi + EsW;)) 0 —-X
li=1,---,r,s=1,---,2™,
(10)
([2(x—Z-27) « =«
= —2I <0,
=, 0 —2X an
j=1,--- r i=5+1,--- 7, s=1,--- 2™
Hr:

=, =(C;Z+ D;,(E;L; + E;W;)) +
(C;Z + D;(E.Li + E;W3)),
(A;Z + B;(E,L; + E;W,)),
F=L,Z7', H;=W,Z '(i=1,-- 1), P=X"".

HXH2P1) C ﬂF( ), WU PAER BB AR

GL6)TENR(P, 1)N J4 AB ﬁﬁnﬂﬁ SEW(PL) T
W51 ), MK &R 4 LQNE BEG)E L AT =
2 (0) Pz (0). BRI I 4) 2 B R 48(2)ILQRE
EGEHIEES
IE ATz € 2(P1) C ﬂ I(H;), S
BIR G 6) /5 O, ﬂllJLyapunovﬁf@&V( ) =
x (k) P (k)T SO 28 48 (8) IR A B 1) i 1) 22
7k
AV(z(k)) = V(z(k+1)) = V(z(k)) =

2" (k)[MTPM — Plz(k).

HAS XA D)L, X HF, = L,Z YV H, =

W, Z1i=1,---,r), W

2m X—Z- ZT o

> 2 dsii | (Ci+ Di(BsFy + EH))Z ~1 + | +
s=1i=1 (Ai + Bi(EsF; + E5 Hy))Z 0 =X

2 T T 2(X -7 - ZT) * *

LX Ydy| 5 2 s <0
s=1j=1i=j+1 z, 0 —2X

(12)

J§Ar. Hoe

Z;=(Cy+ Di(EsF; + E; Hy))Z +
(C; + D;(E.F, + E; H,))Z,
Es=(Ai + Bi(EF; + E Hy))Z +
(A; + B;(E.F, + E; H,))Z,
dsij = Nspip;-
RA2)FE T
X—-7Z-7% 5 «

NZ -1 % | <o. (13)
MZ 0 -X
MHZT-X) XY Z-X)208X-2Z2-2Z">
—ZT X1 7. A3 ar, W) Rz
—7ZTX17 x  «x
NZ —I % | <O. (14)
MZ 0 -X

¥4 A Fediag{ 2T, I, I} £ifediag{Z 1, I, I}13

— X1 % % —P x x
N -1 % <O, Bl N —T =% < 0,
M 0 -X M 0 —p!

A FESchurfMEST, HMTPM — P+ NTN < 0.
JUES)
AV (z(k)) = 2" (k)(M"PM — P)z(k) <
—2T (k) (NTN)z (k).

AR, MY (k) € 2 (P,1)/{0}, AV (2(k)) <
0. [Ht, HISMEM R SU6)7E X 02 (P, 1) R T
IREGE. H2(0) € 2 (P, 1), AV (z(c0)) = 0.
V(z(o0)) = V(2(0)) = =V (2(0)) =

— T (0)Pa(0) < — é 2T (k)(NTN)z(k) = —J.

Bl J < 2T(0)Px(0). H A K £ 45(6)IILQIE
BEG)H LA J = 2T(0)Px(0).  EEE
MR R eI PR S PR AR E

DAk — A2 A B PR R ST 12
R 1 B A IBOR R Z8(6), W1 A7 785
X >0, X;;,Z € R, L,y W, € R™"(j =

R

Lo r), b ZHEw 5, @%u NLMIs {37

FEFLED, T

(Ai+ Bi(E.Fi + E; H;))Z 0 —X
i= 1, s =1, 2",
(15)
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516 B A A |
2X 2727+ X+ X5« x
= —2I x | <0,
Zy 0 —2X
jzl,"',T,’i:j+1,"',T,821,"',2m,
(16)
X X Xyp
* Xogo oo Xop
N = (17)
x ok -0 X,

j=1

W,Z7'i = 1,---,r),P = X' U B B
1R GLO)EQ (P, 1) J= il i 1L A€ (2(P, 1) %
TG, S &R g MLQME k3T L AT =
2T (0)Pa(0). BRI # BIHE ) 1 UM 3R S )HILQA
WP A

UE  HHE PR UE Wk 2 L ACSCRR9], Sy

WO TR LRI = 2T (0)Px(0) HI Ik
Az (0) HAGE, i Bea(0) K BEML 1] & 730 2L E{z(0)} =
OME{z(0)2T(0)} = I(W SCHR[11,12]). B, PER &R
FO)MLQYERE) M TERE LA ECA I Ny J* £ E{J} =
E{zT(0)Pz(0)} = tr{P} = tr{X " }.
4 P4 ) B (Two kinds of optimal prob-

lems)

fEME, 4t — NS H i r C R LA oHI 5
sl HCR — AN D R XA, 6 AN S
eh e X Ilp € R™, 3 X ag(p) := sup{a > 0 :
axr C ¢}. AR FZ xR = co{z1, 2, - , T4},
Hhz, eRYi=1,---,t).
41 LQ M#E& /Mt (Minimization of LQ perfor-

mance)

X T T-SE HUH R 58(2), 45 WK 2%
D} Iox g, BEVFLQ BB AR (4), 1613 PR 21
Zi(6) Jal HR M AT AR 8, I R G5 [ 1A 5 xR,
FEUERTIE T, RS HILQ PERE3) LS T /b
b %F ik, BT RAEE ST R A 1)

X,XZ-]-,Z,II%?,le,Wj,V f = tr{V},
s.t.a) 2(P,1) C N I'(H;),
j=1
b) R (15)(16) and (17), (18)
C) XRr C Q(Pv 1)7
d) v > 0.
IX

Forp: 290K 2% AFa) M) bR IE T B B2 T 1 BOM 4%

A (4) 173 P IR B 2 80(6) 7 S i T A e, It
HOP, )W G, L&A Te)PRE T ¥4 4
PELEMR S Irp, AR RIE T X < V.
TIN5 2 R S BT I Wl O
HLMIsZ WKL ) 8
PR SCHR[10], Z9 0 S AFa) 5540 T

Hrhh;g HH;WEEAT. Bk Tfediag{—1, ZT M
Fediag{—1, Z} 115
[—1 Wid

d=1,--
T _1 <07 .
« —ZTX"1Z j=1,--

(19)

Horw; g AW, 5d 17, XH-ZTX71Z7 < X —

-1 Wjd <0 dzla'”amu
« X—Z-ZY =7 j=1,---,r
(20)
A7 = (19) k.
LR A o) ST

X Pz, <1 [_1 *_1] <0 [_1 ! ] <0.
x. —P Te —X
gi b, DAk IR) E(L8) W] e Ak by iy AT LMIs 2y 3R AL
e a)
( X,Xijgl,%,/:j,v = v
s.t. a) 7 (20),
b) x((15)(16) and (17),

C) <0,c=1,---,1,
Te —X
VI

d) 0.
I X

Z A Ak 1) AT 3l S MATLABRR £F FPLMIT. H
Aok m. B BRItk RO AT
MRX,V,Z,Li(i = 1,--- ,r), WA f4LQ R 2
MR SR, = LiZ7 6 =1, ,r),
ORI R S Q)W 5 334k v 2 (P1), P =
XL LQ MeRe R R/ ME A T = tr{V}.
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4.2 W 5|3 KA (Maximization of domain of at- Ry : If 2y (k) is K1, then
traction)

X T T-SES BRI R 40(2) S PERE R EL(3) I — A
BVFPERE | o, BOUFLQEDRIE L (4), 1573 3R
B 2R 48(6) Ja A A e, 1t BE pR 250 (3) Wi AR 2 VF
FETER T, R RGNS AT Q(P 1) B
KA. R T2 0] B, W F 2B T4 188 4 K T
V2%, LA ST A AT AT LMIs 29 R A AL 1]
#(22), Horh, L3RG AFa)Mib) fRIE T BT Be v R4
A 325 S (4) 150 15 P PR ASOR 2R B(6) Jm) 8 W I A5
LY G ATd)Me) DRAIE T LQYE e bl H0ih /2 A VF Ik E
A, SRy iy HRARE SRS [ KA, ~ s/
AT CRAE IR 5 3R 5 KA.
7,X>0,ZTII/II/IJ-I,1LJ-,X¢J',V =
s.t. a) 7((20),

b) #(15)(16) and (17),

—y %
c) !azc—Xlgo’C:l’”.’t’ (22)

vV I

d
)IX

> 0,

e)trV < a.
\

A4 1) 8L(22) 7] il I MATLAB#44: FHLMI L
HAA ORI, 3 R P4k ) 8L(22)F nl 47 iR
X, Z,Li(i = 1,---,r), W n] f9LQRFL R 2 i 2
)R i W SR B N, = LiZz 6 = 1,--- 1),
HP = X1 15 3 BRSO & G(6) 1) W 51 48k 1)
R (P 1),

5 i E4F (Numerical example)
T R8N A AT VAN AT AR I AR L 1 S R 4

-IEl(l{I + 1)
| z2(k + 1)

x1(k) — 0.5x2(k) + oo (u1(k)) ]

zo(k) — 2sin(z1(k)) + 0.500(u1(k)) + oo (ua(k))

(23)
AR GE e SCHRR(12] H B 5 (0 SR AT #45% 1R
B, it — P, HERFH W k) =
x1(k) + oo(u(k)) FILQRRI ] in) 7. 4 T 4% %
RGN NT-SE B, e (k) € [—a,a], 3
Ha > 0. BRI, AELME R GEQ23)m] & on A W R T
SHH R 4

x(k+1) = Ayz(k) + Bioo(u(k)),
z(k) = Crz(k) + Diog(u(k)),

Ry : If 21 (k) is K2, then

x(k+ 1) = Asx(k) + Baop(u(k)),
Z(k‘) = CQx(k) + DQUO(U(k) .

(24)

W a(k) = [x1(k),z2(k)]", 2(k) = [z(k),
2o(K)]T, w(k) = [ur(k), wa (k)] A55R0 4 ¥ SR )@ JiE
MK (21(k)), Ko (a1 (k) SAH R 233 A

Ki(z1(k)) =
{asm xl()k)—sma-xl(k) (k) #

z1(k)-(a—sina)

1, :L'l(k> = U,
a(xz1(k)—sin z1(k
z1(k) - (a—sin a
0, xl(k) = U,

1 —0.5
]731:

~—
~—

~—

K2($1(k)){

A=
N DR

1 —-0.5
—2sin a

Ay = , By =

10

D2 = [0 0] '
HTIE, % Ea = 1L.5MIETE. 45 HHE S X 5
Hxr = co{z1, o, w3, 24}, HPay = [1,0]T, To =
[07 l]Tv 3 = [_LO]T7 Ty = [0;_1]T- XﬂLTT—SF’é‘]
OB R 20(24) UL 4, B 226 ™ X 3y, W
THLQISEM 4 il At (4), FRIE R S24) 1M 5|k 4
ExrITIE T, 1 & 4 MLQM: At p& 23 b A g+
f /AL ST B S RO LN, N R A AR T
ANV CEIERY

a

1 0 10
02: 7D1:
00 00

I [—2.1926 —1.8808 _ [~2.0534 —1.7371
YT 20431 —11142)7 TP | 0.1871 —3.7457 )

7 [2.5085 3.1182 _ [2.4604 3.0413
31172 6.6621 )" [3.0413 6.5351 |

v [ 0.9572 —0.4453 | 0.9569 —0.4453
© | -0.4453 0.3605|" © | —0.4453 0.3603 |

HT UL AT 43 LQUYE B8 B B PR A bk e L SR T =
tr{V'} = 1.3177, LQ M b 114 25 A

oo [-t2s07 03031] 0 [-1is21 02925
V7| 24433 -13109|7 % | 1.8481 —1.4273]°
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BlI1~3 43l g5 T 4 9146 R3S R (21(0),
22(0)) = (1.1,2.55) F1H A1 2 % o0 1 2R &
g5 08 WL PR IR 28 i N il 2, VR HRAT A I 4 ol
i & S W 5 Al k. B AT A, TR 4 e )
4R & (21(0), 22(0)) = (1.1,2.55) F, M R4
(IR 2 i 2 mp BLAR PRk B AR A, Hoh wran R
A (x1(0), 29(0)) = (1.1,2.55)7EW 5138 . K244
T Y PRI R AT B 0 o il e, I
Hi[v1(k), va (k)] = [o0(u1(k), oo(uz(k)], 7 2% 2
TLRIBRAT B AEF IR0 46 o B IR R 5. €13
ﬂfﬁ!l:ﬂimlﬂﬂf% R 5 R A o

3 T T T T T T

2.5

2

1.5

R 1k
0.5

0

-0.5

_1 1 1 1 1 1 1 1

SR ENGEE RN R

Fig. 1 State trajectory of closed-loop system

0.8 K T T T T T T

B2 WA T 28 1Al

Fig. 2 Output trajectory of saturating actuator

3 T T T T T T T
2_ -
L )l
£ of .
=
71_ -
_2_ -
— 1 L L L L 1 1

2 -15-1 05 0 05 1 15 2
x,(k)
K3 mE s
Fig. 3 Estimate for the domain of attraction
6 45 Wi (Conclusion)
AR S LAT-SHE ) J7 0T 50 T Al A AN AT
A I T-S B BOBERI &R 48 IVLQ MTM 25 1 i) /L, iz

HIPDC #i K. Lyapunoviz & 2 i¢, 44 2] T T-S &
HABEA 28 G A7 LR LQASTRN 2 1) A 1R 1 il 4 A, &5
TLQ BUMI IR e v Ik e —ANLQIE g LS.
’EJFXHLK [F vt B bR g 7 R4k in) 8, IR

X LB AR A, i) A Ak R 5 AT LMIs 2 o (1) A] AT P 1]

A B, AN U T e TR
RHE.
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