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Order-reduction of H-infinity controller for the active
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Abstract: The active suspension control system based on the full-vehicle model is usually with a high-order controller.
How to reduce the order of controller as low as possible and preserve the performance of closed-loop system is a problem
which should be solved. In this paper, a state-space model for a 7-DOF full-vehicle active suspension system is firstly
built. By considering the sensitivity of human to vibration, an H-infinity controller is then designed based on the model.
The optimal Hankel-norm reduction(OHNR) method is utilized in the study of order-reduction for the designed high-order
controller. Comparing with modal truncation method and balanced truncation method, it is shown that OHNR method can
obtain a better order-reduction effect. Finally, the simulation results of the reduced-order and full-order active suspension
systems demonstrate that the controller order can be considerably reduced by the OHNR method, and that the frequency
domain and time domain performances of closed-loop system are not obviously degraded and the vehicle ride-comfort

maintains well when the lower-order controller replaces the full-order controller.
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I (Modeling of 7-DOF active suspension
system)
NS = e TN G N 1 ) e 2
T ) [0 12 3, L VRET R ) B
TSI ().

K1 7H RN E K
Schematic diagram of 7-DOF full-vehicle model

Fig. 1
e A5 A FOT D 161 Fo AN I, 7 BaA
RU(A,B,C.D)RCIVHE BT S AT 40 R 26 &
Tpa = xp — ab + L,
Tpp = Tp — all — tp,
Ty = xp + b0 + Lo,
Tpp = Tp + 0O — tp.
=5 LD AL IE [ i 5 7 R

MyZy =

0]

ksa(wa — xpa) + fa+
sB(ﬂJwB —xy8) + f+
Csc(ETwe — Tue) sc(Twe — Toe) + fo +

Csp(Zwp—Zpp)+ksp(Twp —Tpp)+ fb- 2)

Csa(Zwa — Tpa)

_|_
Csp(Twp — Top) + k
+k

T BHRAIE Bl 7 F:
L0 =
[Cic(Twe — Toe) + ke (Twe — o) + fo
Cip(Zwp — Top) + ksp(Twp — Tup) + fp]b —
(Coa(Twa — Tpa) + ksa(Twa — Tpa) + fa +
Csp(twp — Top) + ksp(Twp — xoB) + fla. (3)

[Coc(Twe — Tve) + kso(Twe — o) + fo —
Csp(&wp — Top) — ksp(Twp — Tpp) — fp +
Csa(Twa — Tpa) + ksa(Twa — Toa) + fa —
Csp(Twp — @v8) — ksp(Twp — Ton) — fBlt. (4)
AT T TR 2 ) ds Bl

MupaZwa=kia(Xga — Twa) + ksa(Tpa — Typa) +

Coa(Tya — Twa) — fa, ()
MuwZws = kig(Tgp — Twp) + ksp(Top — Twp) +

Cip(tys — Tuwp) — B, (6)
Myctwe = kio(Tgo — Twe) + kso(Toe — Twe) +

Cic(Tyo — Twe) — fo, (7
MuwpLywp = kip(Typ — Twp) + ksp(Top — Twp) +

Cip(Top — Twp) — fp- ()
BN ARG HPIRSA N

r=1[zy, &y 0 0 © § Tus Fup Twe
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u=\fa fp fc fD]T'

Wbt fa. fo.fo. fo N EDBIRAES) ).
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T = Az 4+ Byw + Bou,
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e
GO = O(SI — A)_lB + D.
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Gop = Ci(sI — A)By + Dy;.
3 #HI28 ¥ Tl (Controller design)
Ho P10 H A2 T 0 28 K (s), 1873 I &R
Ge B E, HAL|| T (s)||o /. FoPT,, (s) 103
TP A w BB 42 it 2 P P B A 368 b 230K I
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w
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;

T.w(s) = Gi1 + G2 K(I — G2 K) ' Go.

R HEISO2631-1(1997)4x #E, A 44 % 4k 50 1) %
S R 0 Bl AE TR H O 7 b4 Hz~8 Hz, 7 i # )5
] 1 Hz~2Hz. DA 326 B A o& 50, R ok
T H 9% 3)) 754 Hz~8 Hz LA % I 400 41 2l A1 0] 16 % 2))
761 Hz~2 Hz FBUE. BB i b 5081y

s+ 314.2s + 987 .
W, =
1T 6% 1 43.985 + 987 (FEHTT),

s*+5027s+25.72 ., . .
We = 7 0375 + 25,70 (EHETTID.
G H A i R IASUA 328 bR 280 %
Wert = diag{W, Wo W, 11111111},
TP N AR 2

S,y = diag{0.0001 0.0001 0.0001 0.0001}.
Hedrtan AR K
S. = diag{6 5 5 25 25 25 25 0.022
0.022 0.022 0.022}.

w

G11 (S) G12 (5)
Ga1(5) Gaa(s)

= Go(s)

u

Jl

Ho N B B 257 71s.

B2 Hoo AL TIHEE
Fig.2 Framework for weighted H-infinity control

MRAEH oo 32 LR, D A8 T-IRMm A 15 M 13 247
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1Tz () lloo=l1S= - Woert - Teus(5) - Sl oo EF /D

S IST, 42 1) i 110 e o T i A Sy 0, I BRI T

XF G I H o b HE B U 1) . A1 TIMATLAB/LMI L.

HA R B8 K = Cyp(sI — Ay) ™' By + Dy

4 31023 BB (Controller reduction)

4.1 F:TOHNRYE i % [ £ 1] 8% & 1 (Reduced-
order controller design based on OHNR
method)

TE 253797 v SR A I H L35 i 45 K () I B 28 20,
K(Sﬁ% JE E—(Ak; By, Cy, Dk){é Hofg /s Bl
Hankel#7 5% {to (i = 1,2,---,20)% 5 A: 7553.0,
4470.5,4662.6,4193.7,1843.7,1700.8, 1540.7, 1373.6,
1267.5, 817.6, 360.4, 265.1, 163.9, 122.7,80.7,31.8,
15.9,1.1,0.47,0.50. n LA F: MO B Z 101
Hankel & 5 {8 CE A7 A BRI AR 4k, B0 Al
alr i = 5 ~ 10, M4 SCHRI6] i I 5 G
HMATLABFE T, 73 5l 3K H BB # Hl 48 G (s), JLFE
e 7R e

& 1 20MHoo 42 %] % 89 OHNRZE R Hb 4R

Table 1 Comparison of full-order H-infinity controller reduction by OHNR
i Xi= Bz N/IKlE B =Eille Bi/llKlloo i = Tizwlloo  vi/720 =1
10 360.4 0.048 438.1 0.031 0.8503 0.031
9 817.6 0.108 1019.9 0.073 0.8434 0.023
8 1267.5 0.168 2257.5 0.161 0.8629 0.046
7 1373.6 0.182 2454.9 0.175 0.8666 0.051
6 1540.7 0.204 2031.1 0.144 0.8479 0.028
5 1700.8 0.225 2095.7 0.149 0.8470 0.027

T BRI g S AP i 2 AL 08 R
BHEBEZ 225 (| Tiza oo i niM 5 il 28 5 ) U %
R G IR R e, P N 4045 i o ) 4% 3k
PR S B I Hoo VG2, ] LA 21 A 10BY 29T FHOBY
FI8WY, 5 TFR bR E I IR K.

h T B 4 A 0 Ak B o K T 1 2
[115~10,200 45 1 25 FH T T ) B 28 R 4, M g2 L4

R AR A T KR A 7 B 10B B L (¥ 4 7
e 5 B A I ORI AL, S~TR
5 (0 2 T2 R W S AR 22, T8, 9 42 T A AR AL
R348 H R AN IR B Bcd il 2 I, /e Wi e Ak i 1 oz
o 22 7 B 5 Lo A T L JIN3E JE 1F) P PR AR 1 2.

PRI, O T RENS AT i b FERARAR 4 1 B 2T
AN R BRI P AP R 40K, K200 12 7l 4%
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Fig.3 Closed-loop frequency response gain from x4 4 to
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4.2 T I Ath 5 vk 16 35 4 2% BE B (Controller re-
duction based on other methods)

25 A5 X 2 (modal truncation method, i ic by
MT%). ¥ 17 #% B ¥:(balanced truncation method,
i 1 W BTIR) AL 2 M I AN AR 38 8 0 1) B e B 7
U

1) FEAHIGE.
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RS B v 2%, T s SRS

HRHEMTE XS 200 42 1 25 BEAT BB, B 42 71
A RIS i OB IR, BRI R B AR 7.
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Fig. 5 Comparison of order-reduction results
by BT method
4.3  AJHE BB J5 v 1 B (Comparison of differ-
ent order-reduction methods)

A A5, Al FIMTI: BTV FIOHNRYE 43 i
20 Hoo 725 il 45 B3 28T, I 08 L B i &5 SR kAT
L.

Klogs AN [F] B B J7 43 21 (R 8F 42 il 4% 5
4 B 45 o A% A% 0 ek B e 2 22 I B K T SR
{f(maximal singular value, fiijic AMSV)[1) L.
HTMTE B L TR 2 s, nT LA 1T
X I FRIMS VAR BEA BB 1 38 H A 9 b 07 1k K43
% BTV W (IMSVAE AR Sl B OHNRVE K, 7
KT100HzA0 BE |, MSVIE T %, 76 & 48 7 1 2%
WU 11 B A M0 BE 1 Hz~10 Hz iU [l Py, OHNRYA
X5 N FIMS V3R 7 925 e A 1, R WA 0 B
P OHNRIZ 43 21| 1) B i 428 ) 5 8 3 0L T 42 B 4%
il 4.
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% | Hz
B4 MTIkFRRY 45 R P
Fig. 4 Comparison of order-reduction results
by MT method
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BRI K R G B T PR R B
oK, A AN H B A KT E PR LR IR
A A AR Y. () Hankel 7 {85 R

M T B2 v 20897 445 ] 4% T Hankel 77 53 8 7]
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Fig. 6 Comparison of MSVs of Fg
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Table 2 Comparison of reduction results by S
different order-reduction methods 50 . .
BWIE  Bsla 1Bsllo [ Thzalloo 40
MT 7570.7 14072 0.9677 o 30
BT 22923 36523 0.8386 = 20
OHNR 1267.5 22575  0.8633 = 10
0
AT HE 25 XBTIA AOHNRIA #E 47 T L, 10
B 725 H R 9 B 145 B I8 ¥4 il 5, M ZE B 207
Y A TR A7 A N R T 0 R 1 A 10 myﬁHw 1
. e ~ R
IRl ARE v B e o] B 754 Hz~8 Hzit [ 1 % e
FHOHNR J7 142 11 PR ER 2k B 5 4 50 @ & — g4
50 T T 1 I
— 2k 40 -
40l ---OHNR | sk
% 7 ooo BT % ol
E 30 + __;gﬁe" ] ﬁ 10
= N
20+ 1 or
,10 =
10 lloo ll()l 102 72010’l 160 IIO1 102
Wi | Hz E [ Hz
K7 BTIEAIOHNRIL MM 45 R LA ()6 —z44

Fig. 7 Comparison of order-reduction results by

BT method and OHNR method

5 {5 H 45 B 43 Pr(Analysis of simulation re-
sults)
H 13k 43 87 1T %1, OHNRGAE % 3% #3554 B
% SR BRI g, O Tk DR
B 25 SR, AR ) T OHNRYE £5 21 (8 47 thi 25 14

ME{E / dB

JS ) BB 3 3y 7 22 & S (active suspension system 107 100 1o T0°
of reduced-order, fiijic. JRASS). 200t ¥ ] 2% ) 4= Bk [ He
B = 2 & 42 &R Si(active suspension system of full- © ¢ — 290
order, fi i WFASS)HIH ) 8 2 R Zu(PSS)REAT i Vel 8 A i A B 7 245 74 0 R BE ) B
SCRIFST. A S0 FHYRZE 50 70 M ) 25 0 255 ML =% Fig. 8 Frequency response gain from the left-front
5.1 Ak, B34 BT (Analysis in frequency domain displacement to vehicle body accelerations
and time domain) 10 ' '

M 8 F tH, FASS,RASSTE it 1 /7 [1]4 Hz~
8 Hz, e 4% 7 111 Hz~2 M35 LI 05 505 P AR 3, ’
HILHRAE A PSSAT A RHE L (9, 2 WIAT 3L 1) S 10
I A . & 20

H1 9] A i, 725 HBL_E, RASSHFASSH 30
FAFPEA 22 A K. AR 45 H R (411 Hz~2 Hz) 0
HZE B8 188 40 (L8 Hz~10Hz) 2 [A], R'1 Hz~ 107
10 HzH % 101 [ 749, FASS RASSIIR PSS . 4 P e

VIR SZ 3 Rk Bl I (B110), FASS,RASS 1 & 225 @) (Tpa — Twa) — Tga
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: : Fig. 10 Time-domain response of left-front suspension
0 deflection (x4 — 2, 4) excited by the impulse
inputs(magnitude of 1 cm, impulse width
of 0.1s) from the 4 wheels
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S 100 T T
i
Jluc::g 90
= -100
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= 60
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0 L -
= Y @ fa—zga
_r L e o i
20 \‘.f{,... o \ 100 : :
8 -aof ' =N 1
4 AY
= 60t .: \\ i
0| —-Fass R 2
...... RASS g
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107! 10° 10! 10%
SH# / Hz
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i | Hz
B9 oo AR H A7 A% 42 5B L8NP8 B (R MR S 1 ®) fp— zoa
Fig.9 Frequency response gain from the left-front % g
displacement to each suspension deflection I I
KI5t T A e ab i 0 # 2 &AE 8 1 i g
= J 7= = PHE Y > o
g ks, LA 3 %S 22 1 30 ) O ks PR DR =

i

81, % BFASS,RASSH5 HIME I AHUT.
5.2 VK % Fe ML 4T 3G 4 BT (Analysis of vehicle
ride-comfort)
T 2 Ho e g o) 58 42 AR D B A e
#EIS02631-1(1997) i ¥R ZE 3 AL AT G 1. © fo — 244
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Fig. 11 Frequency response gain from the left-front — FASS
displacement to each actuator force ? ootskp RASS ]
=]
2 JE VU LA20 m/s 3 JEE T 26 AT B (EB YR 5 ool |
1 b, 2% T 1) D) 2 3% % B (power spectral density, ﬁ; '
ﬁ'ﬁiﬂ %PSD)IZJ ;ﬁ[s]jﬂS(f) = Kroadv/fz’Kroad - g 0.005 |- i
5x 1075m, V = 20m/s, frEdi%, Hi7 EHz. h
PRI AA T AN [ 43 %51 P ) 9 20 AB0RRE 2 AN [, 0 : . .
1S02631-1(1997 Vb4 th )T EL I3 AR 1 e
TS DU Ay sk 1 ek v (20
— 3.10 x 107s? y (b) By 1IPSDHI 2
(2 43.5545+6.317)(s2+23.135+433) 0.06 —— . .
(s + 78.54)(s2 + 16.365 + 221.7)  oosli e
2 2 ) i3
(s°4+124.7s+6169)(s*+888.65+394800) S 0.04 |
2.48 x 10°%s? = :
=— 5 X g 0.03H .
(s°4+3.5545+6.317)(s°+9.9735+39.48) Eﬂ
(s + 6.283) = " I
(s + 888.65 + 394800)° = 001 ]
n 00 5 10 15 20
PSD(.fbwei> = ’Wk’2 PSD({L‘b), MF / Hz
PSD(0uei) = |[Wel* - PSD(6), (¢) Guei HIPSDHIZE

PSD(Buei) = [Wel* - PSD(). ©)

X e NG TN TE BN S, Opei N
2 55 INAAREAD A7 D0 BE, Guped 20 25 S AU 5T £
T 2. ASTR] 2R 40 & b Dy 28 135 25 1 it 2 1) L A dan
K12.

T S HER LA PSS, FASS FIRASS 1) Ffe A F
WL, 7E R BT 45 TR U pwei - Owei N Guei
J7 #R(root mean square, fij icl Arms). I1SO2631-
1(1997)% T — > I 1 T A &7 38 48 FrGC1®,
AIGClI=
\/k%rms2 (Zpuwei) + k3rms? (Hwel) + k2rms?(Guei)
HAR RSk = 1, ke = 0.4, k3 = 0.63.

B 12 2525 B AU n i Ty 2 1% 8 32 wh 2
Fig. 12 PSD curves of weighted vehicle body
accelerations
A3 AFERAFERILK

Table 3 Comparison of vehicle ride-comfort

b=ty PSS FASS RASS
ms(Epwe;)  0.8001  0.6500  0.6201
rms(fye;) 04472 0.1903  0.1882
ms(Gye;)  1.3211  0.2889 03117
GCI 1.1683 0.6793  0.6548

LE R FI3 N FRH, rms(Zpype;) iT 5 22 H A .
M ] LLE Hi: FASS,RASS & Ti4E bR 18 15 LLPSS
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6 45i&(Conclusion)

A SCIENT BT H B R B, 4B
ANARES R SIS, A T TR SR, 8 B ik
THIR200 T Hoo 45 il 25 E AT B BT AL BE. 7 2 >k 5
THankelJu B L FR bR BT T BRI #2425, K19
(RIS 42 il 2 15 4 B 42 il s 2 AT AH T 1) A 34 4 ol
P BE; FrOHNRIE 5 U 1 [ 42 il 2 15 A5 2 AU
VR B8y Al e BB B v ) B 2 R AR AT T EOER,
25 B WJOHNRYE A] kAT 55 47 1R B 3 R 7
S0 E B, R BEBY 5 A 45 il 28 17 42 280
AR R G LT A T BN L UG A T
A A in T80 PR AR e SIS AR, 3 bt B B AR AR
G BRI s (RN bR B i
R BN P R B A AH ), HLAE1~10HZ
T B BN, BRI R4 H 2 RE R
A REF R FALET G M. DRk, FH 8 4 il #5% HX
AR20[ T 4 il s ), AN REIRAT A () 42 il 12 g, 1T
] 2R TR SE BT R A A
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Bff 3% (Appendix)

17 FL T VR0 43 S 25 ) S

e 5 PO B ZE S AT PR e = 1.4 m;

B LA B 5 R ESD = 1.7 m;

HEEB(2t) = 0.9m, T Emy = 1500kg;

AR TR My = MywB = Mywc = Myp = 59ke;

AIEZERH e ZRHC, 4 = Csp = 1000N - s/m;

Ja B e £ ¥ Cc = Csp = 1100N - 5/m;

T BN kg q = ksp = 35000 N /m;

Ja BN ko = ksp = 38000 N/m;

BB AN IR T T, = 2160 kg - m?;

GBS IR I = 460 kg - m?;

BHaNIEk 4 = kg = kic = kep = 190000N /m.
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