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Exponential stability of a system of
linear Timoshenko type with boundary controls
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Abstract: In this paper we consider the stabilization problem of porous elastic solids in real world. The kinetic

behavior of porous solids is governed by equations of linear Timoshenko type which is usually asymptotically stable but

not exponentially stable. We apply boundary velocity feedback controls to the system with both ends free, then examine

the well-posedness and exponential stability of the closed loop system. Firstly, we obtain the well-posedness of the system

by the semigroup theory of bounded linear operators. Secondly, we get the asymptotic values of eigenvalues of the system,

which are isolated and lie in a strip area under certain condition. Moreover, we introduce an auxiliary operator, and then

by means of its spectral properties and theory of perturbations of bounded linear operators to prove that there is a sequence

of generalized eigenvector system which forms a Riesz basis for Hilbert state space. Finally, we obtain the exponential

stability of the closed loop system by using the Riesz basis property and spectral distribution .
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1 (Introduction)
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: {
ρ0ü = T ′,
ρ0Kϕ̈ = h′ + g,

(1)
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: T , h , g .

u ϕ .

⎧⎨⎩
T = μu′ + βϕ,

h = αϕ′,
g = −βu′ − γϕ̇ − ξϕ.

(2)

,

μ > 0, α > 0, ξ > 0, ξμ > β2.

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ρ0ü(x, t)=μu′′(x, t) + βϕ′(x, t),

0 < x < �, t > 0,

ρ0Kϕ̈(x, t)=αϕ′′(x, t) − βu′(x, t) − ξϕ(x, t)−
γϕ̇(x, t), 0 < x < �, t > 0,

(3)

ρ0 , K . (3)

Timoshenko , Timoshenko

.

,

. :

. ,

,

?

R.Quintanilla ( [5]),

u(x, t) = 0, ϕ′(x, t) = 0, x = 0, �,

,

. ,

. ,

.

,

,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ0ü(x, t)=μu′′(x, t)+βϕ′(x, t), 0<x<�, t>0,

ρ0Kϕ̈(x, t)=αϕ′′(x, t) − βu′(x, t) − ξϕ(x, t)−
γϕ̇(x, t), 0 < x < �, t > 0,

μu′(0, t)+βϕ(0, t)=α1u̇(0, t)+α2u(0, t), t>0,

ϕ′(0, t) = 0, t > 0,

μu′(�, t) + βϕ(�, t) = 0, t > 0,

ϕ′(�, t) = −β1ϕ̇(�, t), t > 0,
(4)

{
μ > 0, α > 0, K > 0, ρ0 > 0, ξ > 0, γ > 0,

β > 0, ξμ > β2, α1 > 0, α2 > 0, β1 > 0.
(5)

(4) (5)

, .

Timoshenko , ,

[9∼12]

Riesz .

Timoshenko ,

Timoshenko ,

, .

Timoshenko

( [8]). , ,

Birkhoff ( [14]),

.

,

Riesz ,

, .

: 2 ,

, , (4)

,

(4) .

A . 3 .

, .

,

,

.

,

, A
. 4 , A

, A0,

A0 A A0

A . 5 ,

A Riesz

. A
Riesz , ,

3 A
.

2
(Normalization, well-posed-ness and

asymptotic stability of the system)
H

H = H1(0, �) × L2(0, �) × H1(0, �) × L2(0, �),

Hk(0, �) k Sobolev .

Yi = [ui, vi, ϕi, φi]τ ∈ H, i = 1, 2,

H
(Y1, Y2)1 =� �

0
ρ0v1(x)v̄2(x)dx +

� �

0
ρ0Kφ1(x)φ̄2(x)dx+
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1
μ

� �

0
[μu′

1(x) + βϕ1(x)] ¯[μu′
2(x) + βϕ2(x)]dx +

1
α

� �

0
α2ϕ′

1(x)ϕ̄′
2(x)dx +

(ξ − β2

μ
)
� �

0
ϕ1(x)ϕ̄2(x)dx + α2u1(0)ū2(0),

(H, (·, ·)1) Hilbert .

H A :

A

⎛⎜⎜⎜⎝
u

v

ϕ

φ

⎞⎟⎟⎟⎠ :=

⎛⎜⎜⎜⎜⎜⎜⎝
v

μ

ρ0

u′′+
β

ρ0

ϕ′

φ
α

ρ0K
ϕ′′− β

ρ0K
u′− ξ

ρ0K
ϕ− γ

ρ0K
φ

⎞⎟⎟⎟⎟⎟⎟⎠.

(6)

A
D(A) =

{
[u, v, ϕ, φ]τ ∈ H2 × H1 × H2 × H1

∣∣∣ μu′(0) + βϕ(0) = α1v(0) + α2u(0),
ϕ′(0) = 0, μu′(�) + βϕ(�) = 0,

ϕ′(�) = −β1φ(�),

⎫⎬⎭ (7)

(4)⎧⎨⎩
dY (t)

dt
= AY (t), t > 0,

Y (0) = Y0,
(8)

Y (t) = [u(·, t), u̇(·, t), ϕ(·, t), ϕ̇(·, t)]τ , Y0 ∈
H .

(8)

. .

1 A , A , 0 ∈
ρ(A), A−1 , A C0 .

A .

Y = [f, g, ϕ, φ]τ ∈ D(A),

(AY, Y )1 = −α1[g(0)]2 − αβ1[φ(�)]2 −
γ

� �

0
[φ(x)]2dx � 0.

A .

0 ∈ ρ(A), A , A−1

.

F = [f1, f2, g1,g2]τ ∈ H,

AY = F , Y = [u, v, ϕ, φ]τ ∈ D(A),⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

v(x) = f1(x), φ(x) = g1(x),
μu′′(x) + βϕ′(x) = ρ0f2(x),
αϕ′′(x) − βu′(x) − ξϕ(x) − γφ(x) = ρ0Kg2(x),
μu′(0) + βϕ(0) = α1f1(0) + α2u(0),
ϕ′(0) = 0, μu′(�) + βϕ(�) = 0,

ϕ′(�) = −β1g1(�).
(9)

(9),

G(x)=
1

αμ
[−μγg1(x)−μρ0Kg2(x)+

β
� �

x
ρ0f2(s)ds],

m =

√
ξμ − β2

αμ
,

C1 =
1

2m sinh(m�)
[
� �

0
cosh(m(�−r))G(r)dr−

β1g1(�)]. (10)

(9)

ϕ(x)=C1 cosh(mx)− 1
m

� x

0
sinh(m(x−r))G(r)dr,

(11)

u(x)=− 1
μ

[β
� x

0
ϕ(r)dr+

� x

0
dr

� �

r
ρ0f2(s)ds]. (12)

F = [f1, f2, g1,g2]τ ∈ H, v =
f1, φ = g1, u(x) ϕ(x) (12) (11) ,

C1 (10) , Y = [u, v, ϕ, φ]τ ∈
D(A) AY = F . A−1 ,

A−1F = Y 0 ∈ ρ(A). Sobolev

A−1 . Lumer-Phillips A
C0 .

2 A , A
T (t) .

A−1 , A σ(A)
. A .

. λ ∈ σ(A) .

λ �= 0. λ = ir, Y = [u, v, ϕ, φ]τ

. (λI −A)Y = 0. A ,

�λ‖Y ‖2 =−α1[v(0)]2 − αβ1[φ(�)]2 −
γ

� �

0
[φ(x)]2dx � 0,

v(0) = φ(x) = 0. u(0) = ϕ(x) = 0.

u(x) = 0. Y = [0, 0, 0, 0]τ .

Y A . A
, Lyubich Phóng ( [7]) T (t)

.

3 A (Asymptotic analysis of

spectrum of A)
A ,

, .

, A .

.

Timoshenko ,

, A
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. 4 .

3.1 (Eigenvalues of boundary

values problem )
λ A , Y = [u, v, ϕ, φ]τ ∈

D(A) .

v(x) = λu(x), φ(x) = λϕ(x),

u(x), ϕ(x)⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ρ0λ
2u(x) − μu′′(x) − βϕ′(x) = 0, 0 < x < �,

ρ0Kλ2ϕ(x) − αϕ′′(x) + βu′(x) + ξϕ(x)+
γλϕ(x) = 0, 0 < x < �,

μu′(0) + βϕ(0) = (α1λ + α2)u(0),
ϕ′(0) = 0, μu′(�) + βϕ(�) = 0,

ϕ′(�) = −β1λϕ(�).

z(x) = u′(x), ψ(x) = ϕ′(x), Z(x) = [u, z, ϕ, ψ]τ ,

dZ(x)
dx

= M(λ)Z(x).

M(λ) =

⎛⎜⎜⎜⎜⎜⎝
0 1 0 0

ρ0

μ
λ2 0 0 − β

μ
0 0 0 1

0
β

α

ρ0K

α
λ2+

γ

α
λ+

ξ

α
0

⎞⎟⎟⎟⎟⎟⎠ ,

B0(λ) =

⎛⎜⎜⎜⎝
α1λ+α2 − μ − β 0

0 0 0 0
0 0 0 1
0 0 0 0

⎞⎟⎟⎟⎠ ,

B1(λ) =

⎛⎜⎜⎜⎝
0 0 0 0
0 μ β 0
0 0 0 0
0 0 β1λ 1

⎞⎟⎟⎟⎠ ,

B0(λ)Z(0) + B1(λ)Z(�) = 0.

.

1⎧⎨⎩
dZ(x)

dx
= M(λ)Z(x), 0 < x < �,

B0(λ)Z(0) + B1(λ)Z(�) = 0
(13)

A
.

3.2 (Linearization

of parameters of boundary eigenvalues prob-

lem)
M(λ) λ ,

M(λ) λ ,

, M(λ)
. P (λ)
P−1(λ)M(λ)P (λ) .

m1 =
√

ρ0

μ
, m2 =

√
ρ0K

α
, ,

|λ| > 0,

P (λ) =

⎛⎜⎜⎜⎝
1 1 0 0

m1λ − m1λ 0 0
0 0 1 1
0 0 m2λ − m2λ

⎞⎟⎟⎟⎠ ,

Z(x) = P (λ)W (x),

dW (x)
dx

= P−1(λ)M(λ)P (λ)W (x),

P−1(λ)M(λ)P (λ) =

λ

⎛⎜⎜⎜⎝
m1 0 0 0
0 −m1 0 0
0 0 m2 0
0 0 0 −m2

⎞⎟⎟⎟⎠ +

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 − βm2

2μm1

βm2

2μm1

0 0
βm2

2μm1

− βm2

2μm1
βm1

2αm2

− βm1

2αm2

γ

2αm2

γ

2αm2

− βm1

2αm2

βm1

2αm2

− γ

2αm2

− γ

2αm2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+

1
λ

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0
0 0 0 0

0 0
ξ

2αm2

ξ

2αm2

0 0− ξ

2αm2

− ξ

2αm2

⎞⎟⎟⎟⎟⎟⎟⎠ =

λM∗
0 + M∗

1 + λ−1M∗
2 = M∗(λ).

⎧⎨⎩
dW (x)

dx
= M∗(λ)W (x), 0 < x < �,

B0(λ)P (λ)W (0) + B1(λ)P (λ)W (�) = 0.
(14)

2⎧⎨⎩
dZ(x)

dx
= M(λ)Z(x), 0 < x < �,

B0(λ)Z(0) + B1(λ)Z(�) = 0
(15)

(14) .
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3.3 (Asymptotic expansion

of the fundamental matrix)
dR(x)

dx
= λM∗

0 R(x)

E(x, λ) = eλM∗
0 x.

3
dW (x)

dx
= [λM∗

0 + M∗
1 + λ−1M∗

2 ]W (x) (16)

W (x, λ) = [P0(x) + O(λ−1)]E(x, λ),

P0(x) = diag{1, 1, e
γ

2αm2
x, e−

γ
2αm2

x}.
Birkhoff , .

[14].

3.4 (Calculation of asymptotic

eigenvalues)

,

.⎧⎨⎩
dW (x)

dx
= M∗(λ)W (x), 0 < x < �,

B0(λ)P (λ)W (0) + B1(λ)P (λ)W (�) = 0
(17)

.

W (x)

W (x) = W (x, λ)η, η ∈ C
4,

{B0(λ)P (λ) + B1(λ)P (λ)[P0(�) +

O(λ−1)]E(�, λ)}η = 0.

Φ̂(λ) = B0(λ)P (λ)+B1(λ)P (λ) ·[
P0(�)+O(λ−1)

]
E(�, λ),

η,

Δ(λ) = det(Φ̂(λ)) = 0. (18)

α1 �= μm1, β1 �= m2 , N

|Δ(λ)| > 0, |�λ| � N.

|�λ| � N ,

Δ(λ) =−μm1m2λ
4 × [Δ1(λ)Δ2(λ)]

|�λ| � N, |λ| → ∞ , Δ(λ) .

Δ1(λ) = 0, Δ2(λ) = 0, .

λ̃1,n =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2m1�

ln
∣∣∣∣μm1−α1

μm1+α1

∣∣∣∣+ n

m1�
πi,

μm1−α1 >0,

1
2m1�

ln
∣∣∣∣μm1−α1

μm1+α1

∣∣∣∣+2n+1
2m1�

πi,

μm1−α1 <0.

(19)

λ̃2,n =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

− γ

2αm2
2

+
1

2m2�
ln

∣∣∣∣m2−β1

m2+β1

∣∣∣∣+ n

m2�
πi,

m2 − β1 > 0,

− γ

2αm2
2

+
1

2m2�
ln

∣∣∣∣m2−β1

m2+β1

∣∣∣∣+2n + 1
2m2�

πi,

m2 − β1 < 0.

(20)

A {λ̃1,n, λ̃2,n|n ∈ Z}.

Δ(λ) Rouché
.

4 A , α1 �= μm1, β1 �= m2.

A σ(A) ,

, ,

σ(A) = {λ1,n, λ2,n; n ∈ Z},
|λj,n| , λj,n λj,n = λ̃j,n +

O(λ̃−1
j,n), λ̃j,n (19) (20) .

, .

4 (Auxiliary operator

and its spectral properties)
(8)

A Riesz .

, A0( [13]),

A0Y = [v,
μ

ρ0

u′′, φ,
α

ρ0K
ϕ′′− γ

ρ0K
φ]τ , (21)

D(A0) =
{
[u, v, ϕ, φ]τ ∈ H2 × H1 × H2 × H1∣∣∣ μu′(0) = α1v(0) + α2u(0), ϕ′(0) = 0,

u′(�) = 0, ϕ′(�) = −β1φ(�),

}
. (22)

α1 �= μm1, β1 �= m2.

4.1 A0 (Properties of A0)
H , ∀Yi =

[ui, vi, ϕi, φi]τ ∈ H, i = 1, 2,

(Y1, Y2)2 =
� �

0
ρ0v1v̄2dx +

� �

0
ρ0Kφ1φ̄2dx +

μ
� �

0
u′

1ū
′
2dx + α

� �

0
ϕ′

1ϕ̄
′
2dx +

α2u1(0)ū2(0) + ϕ1(�)ϕ̄2(�),

.

5 A0 .

1 , .
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1 {en} H Riesz

, {an} an �= 0, |n| → ∞ , an →
a �= 0. {an en} H Riesz .

A0 , A0

. .

6 A0

σ(A0) = {ζ1,n, ζ2,n, ζ0 = 0,
∣∣ n ∈ Z},

ζ1,n = λ̃1,n, (19)

ζ2,n =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− γ

2αm2
2

+
1

2m2�
ln

∣∣∣∣m2 − β1

m2 + β1

∣∣∣∣ +

n

m2�
πi + O(

1
n

), m2 − β1 > 0,

− γ

2αm2
2

+
1

2m2�
ln

∣∣∣∣m2 − β1

m2 + β1

∣∣∣∣ +

2n + 1
2m2�

πi + O(
1
n

), m2 − β1 < 0,

(H, (·, ·)2) Riesz .

1 A0 , A0

C0 .

4.2 A A0 (Relation be-

tween A and A0)

a(x) = −βx sin
(xπ

2�

)
,

b(x) = −2�β

π
cos

( π

2�
(� − x)

)
,

H P : H −→ H,

P(u1, v, ϕ, φ) = (u, v, ϕ, φ),

μu(x) = μu1(x) + a(x)ϕ(�) + b(x)ϕ(0).
P D(A0) D(A) .

A0 + B = P−1AP, (23)

B : H → H, ∀Y = [u1, v, ϕ, φ]τ ∈ H,

BY =

⎛⎜⎜⎜⎜⎜⎜⎝
−a(x)ϕ(�) − b(x)ϕ(0)

β

ρ0

ϕ′ +
μ

ρ0

[a′′(x)ϕ(�) + b′′(x)ϕ(0)]

0

− β

ρ0K
[u′

1+a′(x)ϕ(�)+b′(x)ϕ(0)]−ξϕ+γφ

ρ0K

⎞⎟⎟⎟⎟⎟⎟⎠.

(24)

B , A0 .

4 , A0 A . (23)

A = PA0P−1 + PBP−1,

, A PA0P−1 .

5 A Riesz
(Riesz basis property of A and exponential

stability of the system)
A

Riesz .

.

7 α1 �= μm1, β1 �= m2 , A
C0 , A H

, .

A0 H C0 ,

A = PA0P−1 +PBP−1, B .

, A H C0 .

A ,

Phragmén-Lindelöf
.

A
Riesz , ( [13]).

8 X Hilbert ,

A C0 T (t) , A :

1) A σ(A) = σ1(A) ∪
σ2(A), σ2(A) = {λk}∞k=1

;

2) A ,

sup ma(λk) < ∞, k � 1,

ma(λk) = dimE(λk,A)X λk

;

3) �λ = α A
,

sup{�λ|λ ∈ σ1(A)} � α � inf{�λ|λ ∈ σ2(A)},
σ2(A) , inf |λn−λm| > 0, (n �=

m).

:

i) T (t)- X1 X2

: σ(A|X1) = σ1(A), σ(A|X2) = σ2(A),
X2 , {E(λk,A)X2}∞k=1 X2

Riesz , X = X1 ⊕ X2;

ii) ,

sup ‖ E(λk,A) ‖< ∞, (k � 1),
D(A) ⊂ X1 ⊕ X2 ⊂ X;

iii) X X = X1 ⊕ X2

,

sup ‖
n∑

k=1

E(λk,A)‖ < ∞, n � 1.

8

, .

9 A , α1 �= μm1, β1 �=
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m2 A ,

H Riesz . .

1 ,

, β1 = 0, σ(A)

�λ =
1

2m1�
ln

˛
˛
˛
˛

μm1 − α1

μm1 + α1

˛
˛
˛
˛
,�λ = − γ

2αm2
2

,

.
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[7] LYUBICH Y I, PHÓNG V Q. Asymptotic stability of linear differ-

ential equations in banach spaces[J]. Studia Math, 1988, 88: 34 –

37.

[8] VU Q P, WANG J M, XU G Q, et al. Spectral analysis and system of

fundamental solutions for timoshenko beams[J]. Applied Mathemat-
ics Letter, 2005, 18(2): 127 – 134.

[9] XU G Q, FENG D X. Riesz basis property of a Timoshenko beam

with boundary feedback and application[J]. IMA J of Applied Mathe-
matics, 2002, 67(4): 357 – 370.

[10] XU G Q, YUNG S P. Stabilization of Timoshenko beam by means of

pointwise controls[J]. ESAIM Control Optim Calc Var, 2003, 9: 579

– 600.

[11] XU G Q, FENG D X, YUNG S P. Riesz basis property of the gener-

alized eigenvector system of a Timoshenko beam[J]. IMA J of Math-
ematical Control and Information, 2004, 21(1): 65 – 83.

[12] SHUBOV M A. Asymptotic and spectral analysis of the spatially

nonhomogeneous Timoshenko beam model[J]. Math Nachr, 2002,

241(1): 125 – 162.

[13] XU G Q, YUNG S P. The expansion of a semigroup and a Riesz basis

criterion[J]. J of Differentail Equations, 2005, 210(1): 1 – 24.
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