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Adaptive stabilizing control for
a class of high-order nonlinear uncertain systems

SUN Zong-yao, LIU Yun-gang
(School of Control Science and Engineering, Shandong University, Jinan Shandong 250061, China)

Abstract: The adaptive stabilizing control design is investigated for a class of high-order nonlinear uncertain systems

with inherent nonlinearities and nonidentical unknown control coefficients with known signs. A new approach to design the

state-feedback stabilizing controller is developed for this class of nonlinear systems by employing adaptive technique with

suitable choice of the design parameters. The systematic design procedure for the stabilizing controller is also addressed

by utilizing the backstepping technique. The designed state-feedback controller guarantees that the states of the closed-

loop systems globally asymptotically converge to zero and all other closed-loop signals are uniformly bounded. Finally, a

simulation example is given to illustrate the effectiveness of the proposed control scheme.
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φn �≡ 0. [15]

. ,
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.

[5]

[9],

. ,

,

,

,

.

2 (System model and

control objective)
:{

ẋi = dix
p
i+1, i = 1, · · · , n − 1,

ẋn = dnup,
(1)

: x = [x1, · · · , xn]� ∈ R
n

, x(0) = x0; u ∈ R

; p ∈ N ; di ∈ R, i = 1, · · · , n

, ,

(1) .

:{
˙̂
θ = μ(x, θ̂),
u = η(x, θ̂),

(2)

(1) ,

. μ, η ∈ C
∞, θ̂

θ , .

3 (Adaptive stabilizing con-

trol)
,

.

Barbălat , ,

,

.

3.1 (Backstepping design)
:⎧⎨

⎩
z1 = x1,

z2 = x2 − α1(x1),
zi = xi − αi−1(x[i−1], Θ̂i−1), i=3, 4,· · · ,n,

(3)

Θ̂i = [θ̂21, θ̂22, θ̂31, θ̂32, · · · , θ̂i1, θ̂i2]� ∈ R
2i−2,

i = 2, 3, · · · , n

Θi = [θ21, θ22, θ31, θ32, · · · , θi1, θi2]� :=[|d1|, 1
|d2| , |d2|, 1

|d3| , · · · , |di−1|, 1
|di|

]� ∈ R
2i−2,

i = 2, 3, · · · , n

; αi, i = 1, · · · , n− 1 ,

.

, α0 = 0, zn+1 = 0 αn =
u(x, Θ̂n) . αi, i = 1, · · · , n

, : α1(0) = α2(0[2], 0[2]) = · · · =
αn(0[n], 0[2n−2]) = 0.

z = [z1, · · · , zn]� , (1) :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ż1 = d1(α
p
1 +

p∑
i=1

Ci
pz

i
2α

p−i
1 ),

ż2 = d2(α
p
2 +

p∑
i=1

Ci
pz

i
3α

p−i
2 ) − d1

∂α1

∂x1

xp
2,

żk =dk(α
p
k+

p∑
i=1

Ci
pz

i
k+1α

p−i
k )− ∂αk−1

∂Θ̂k−1

˙̂
Θk−1−

k−1∑
i=1

di

∂αk−1

∂xi

xp
i+1, k = 3, 4, · · · , n,

(4)

Ci
p =

p!
i!(p − i)!

, i = 0, 1, · · · , p, 0! = 1.

, (1)

, (4)

. ,

. n

(4)

u.

1
, ,

.

2 , ,

,

, “1”. ,

. , (A37)

:8>><
>>:

˙̂
θj1 = γj1σj1,n+1−j , j = 2, 3, · · · , n,
˙̂
θj2 = γj2σj22, j = 2, 3, · · · , n − 1,
˙̂
θn2 = γn2τn21(xn − αn−1)

p+1,

(5)

γj1 > 0, γj2 > 0, j = 2, 3, · · · , n

.

3.2 (Main results)
:

1 n (1),

.

,
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u(x, Θ̂n), (A36)

(A37). ,

,

.

u (A36),

.

x .

(A38) Vn ,

z Θ̃n

� ∞

0
‖z(t)‖p+1dt <

∞. Θ̂n = Θn − Θ̃n, Θ̂n ,

(3) αi , x .

( u)

. αi
˙̂

Θn żi

. Barbălat ,

lim
t→∞

z(t) = 0. z x1 = z1 x1

. [x1, · · · , xi−1]�

, i = 2, 3, · · · , n. αi−1

, Θ̂n , αi−1(0[i−1], Θ̂i−1) = 0
xi = zi + αi−1(x[i−1], Θ̂i−1) [x1, · · · , xi]�

. , , x = [x1, · · · , xn]�

.

.

3
, (1)

:8<
:ẋi = dix

p
i+1, i = 1, · · · , n − 1,

ẋn = dn
`
up + f(t, x)

´
,

f : [0,∞)×R
n → R , f(t, 0[n]) =

0, ∀ t ∈ [0, ∞). ,

.

4 (Simulation example)
:{

ẋ1 = d1x
3
2,

ẋ2 = d2u
3,

(6)

: x = [x1, x2]� ; d1 d2

, .

, d1 = 10, d2 = −5.

z1 = x1, z2 = x2 − α1(x1), α1

. 3 ,

α1 = −x1, θ̂21 θ̂22 :

˙̂
θ21 = γ21f2(x2 − α1)4,
˙̂
θ22 = γ22f2θ̂21(x2 − α1)4,

(x[2] = 0[2], θ̂21 = 0, θ̂22 = 0)

:

u(x, θ̂21, θ̂22) = z2(1 + f2

√
1 + θ̂2

21θ̂
2
22)

1
3 ,

f2 = 1 +
2∑

i=0

(i + 1)Ci
3

4ε
4

i+1
2

+
3∑

i=1

iCi
3

4ε
4
i

2

.

γ21 = 0.09, γ22 = 0.09

; ε2 =
1
2

.

1

(6) ,

. 1 x1(0) =
−1.5, x2(0) = 3, θ̂21(0) = 10, θ̂22(0) = 0.2

,

. 2 :

, , x1 [0, 10] −1.5
−0.05. ,

, , x1 [10, 50] −0.05
−0.02.

.

1 x1 x2

Fig. 1 The trajectories of the states x1 and x2

2 θ̂21 θ̂22

Fig. 2 The trajectories of the parameter estimates θ̂21 and θ̂22
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(Appendix):

.

.

1 V1(z1) =
1

2
z2
1 , (4)

V1 ,

V̇1 = d1z1
`
αp

1 +
pP

i=1
Ci

pzi
2αp−i

1

´
. (A1)

x1 = 0 :

α1(x1) = −z1 sgn d1 = − x1 sgn d1, (A2)

(A1),

V̇1 = −|d1|zp+1
1 + d1

pP
i=1

Ci
pzi

2(− sgn d1)
p−izp+1−i

1 . (A3)

A1 , x2 u, (1)

, z2 = 0, (A3) V1

, z1 . x2 u, (1)

, z2 �≡ 0, (A3)

“d1

pP
i=1

Ci
pzi

2(− sgn d)p−izp+1−i
1 ”,

z1 . ,

( 2 )

α2 .

2 θ̃21 = θ21 − θ̂21 θ̃22 = θ22 − θ̂22.

V2 = V1 +
1

2
z2
2 +

1

2
θ̃2
21 +

|d2|
2

θ̃2
22. (4)

V2 , (A3) , :

V̇2 = −|d1|zp+1
1 + d2z2αp

2 + d2

pP
i=1

Ci
pzi

3αp−i
2 z2 − θ̃21

˙̂
θ21 −

|d2|θ̃22
˙̂
θ22 − d1

∂α1

∂x1

pP
i=0

Ci
pzi+1

2 (− sgn d1)
p−izp−i

1 +

d1

pP
i=1

Ci
pzi

2(− sgn d1)
p−izp+1−i

1 . (A4)

, (A4)

. , Young’s ,

(A2) :
∂α1

∂x1
= − sgn d1, :

−d1
∂α1

∂x1

pP
i=0

Ci
pzi+1

2 (− sgn d1)
p−izp−i

1 �

|d1|(1 +
p−1P
i=0

(i + 1)Ci
p

(p + 1)ε
p+1
i+1
2

)zp+1
2 +

|d1|
p−1P
i=0

(p − i)ε
p+1
p−i

2 Ci
p

p + 1
zp+1
1 , (A5)

zi
2(− sgn d1)

p−izp+1−i
1 �

i

(p + 1)ε
p+1

i
2

zp+1
2 +

(p + 1 − i)ε
p+1

p+1−i

2

p + 1
zp+1
1 , (A6)

ε2 (
p + 1

4
pP

i=1
(p + 1 − i)Ci

p

)
1

p+1

(
p + 1

4
p−1P
i=0

(p − i)Ci
p

)
1

p+1 , ε2 < 1.

, f1 = 0, :8>>>>><
>>>>>:

f2 = n − 2 +
p−1P
i=0

(i+1)Ci
p

(p+1)ε
p+1
i+1
2

+
pP

i=1

iCi
p

(p+1)ε
p+1

i
2

,

c21 =
p−1P
i=0

(p−i)ε
p+1
p−i
2 Ci

p

p+1 +
pP

i=1

(p+1−i)ε
p+1

p+1−i
2 Ci

p

p+1 .

(A7)
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ε2 0 < c21 � 1
2 .

(A5)(A6) (A7) (A4),

“−(|d2| + (n − 2)(|d1| + 2))zp+1
2 ”,

V̇2�−|d1|
2

zp+1
1 −(|d2|+(n−2)(|d1|+2))zp+1

2 −θ̃21
˙̂
θ21 −

|d2|θ̃22
˙̂
θ22 + d2

pP
i=1

Ci
pzi

3αp−i
2 z2 + |d2|(αp

2 sgn d2 +

zp
2

`
1 + f2θ21θ22 + 2(n − 2)θ22

´
)z2. (A8)

|d2|θ22 = 1. θ21θ22 = θ̂21θ̂22 +

θ̃21

|d2| + θ̂21θ̃22, :

V̇2 � −|d1|
2

zp+1
1 − (|d2| + (n − 2)(|d1| + 2))zp+1

2 +

d2

pP
i=1

Ci
pzi

3αp−i
2 z2 + θ̃21(f2zp+1

2 − ˙̂
θ21) +

|d2|θ̃22(
`
f2θ̂21 + 2(n − 2)

´
zp+1
2 − ˙̂

θ22) +

|d2|(αp
2 sgn d2 + zp

2

`
1 + f2θ̂21θ̂22 +

2(n − 2)θ̂22
´
)z2. (A9)

α2(x[2], Θ̂2),

, .

α2 :

α2 = sgn d2(−(x2 − α1)(g
′
2(Θ̂2))

1
p ), (A10)

g′2 = 1 + f2θ̂21θ̂22 + 2(n − 2)θ̂22.

(A9) . , (g′2)
1
p , p > 1

, α2 ,

. ,

g′2 g2(Θ̂2):

g2 = 1 + f2

q
1 + θ̂2

21θ̂2
22 + 2(n − 2)

q
1 + θ̂2

22 ,

g1 = 1. , g
1
p

2 , p � 1 ,

zp+1
2 g2 � zp+1

2 g′2.

α2:

α2(x[2], Θ̂2) = sgn d2(−(x2 − α1)g
1
p

2 ), (A11)

(A9) 1

.

(A11) (A13) (A9), :

V̇2 � −|d1|
2

zp+1
1 −

“
|d2| + (n − 2)(|d1| + 2)

”
zp+1
2 +

θ̃21(σ211 − ˙̂
θ21) + |d2|θ̃22(σ221 − ˙̂

θ22) +

d2

pP
i=1

Ci
pzi

3g
p−i

p

2 (− sgn d2)
p−izp−i+1

2 , (A12)

σ211 σ221 , [5]

8<
:

σ211 = τ211(x2 − α1)
p+1, τ211 = f2,

σ221 =τ221(θ̂21)(x2−α1)
p+1, τ221 =f2θ̂21+2n−4.

(A13)

f2 (A7) τ211 , σ211, σ221 τ221

.

,

3 :

A2 , (A8)

−`|d2| + (n − 2)(|d1| + 2)
´
zp+1
2

. α2

. z2 “ ”

zp+1
2 .

, (|d1| + 2)zp+1
2 ,

n − 2 .

A3 x3 u, z3 = 0,

V̇2 (A12) θ̃21, θ̃22 ,
˙̂
θ21 = σ211,

˙̂
θ22 = σ221. (A12),

V2 . z1, z2

. x3 u, z3 �≡ 0. ,

θ̂21 θ̂22 , ( 3 )

θ̃21 θ̃22

. , σ211, σ221

, (A12) θ̃21 θ̃22

.

θ̃21 ( θ̃22) , θ̂21

( θ̂22) . , 3

, θ̃21 , θ̂21

, θ̃22 2

3 , 3 θ̂22 .

, , .

A4 (A12) ,

( 3 )

α3 .

k (k = 3, 4, · · ·, n − 1) : k− 1

, k − 1 Lyapunov Vk−1(z[k−1],

Θ̃k−1) :

V̇k−1 � −
k−1P
i=1

|di|
2k−1−i

zp+1
i − (n − k + 1)

k−2P
i=1

|di|zp+1
i+1 −

2(n − k + 1)zp+1
2 −

k−1P
i=3

(i + 1)(n − k + 1)zp+1
i +

k−1P
j=2

θ̃j1(σj1,k−j − ˙̂
θj1) + |dk−1|θ̃k−1,2 ×

(σk−1,21 − ˙̂
θk−1,2) +

k−1P
i=3

i−1P
j=2

zi
∂αi−1

∂θ̂j1

(σj1,k−j −

˙̂
θj1) + dk−1

pP
i=1

Ci
pg

p−i
p

k−1zi
k(− sgn dk−1)

p−izp−i+1
k−1 .

(A14)

Θ̃k−1 = [θ21 − θ̂21, θ22 − θ̂22, θ31 − θ̂31, θ32 − θ̂32, · · · ,

θk−1,1 − θ̂k−1,1, θk−1,2 − θ̂k−1,2]
� ∈ R

2k−4;

j = 2, 3, · · · , k−1, σj1,k−j σk−1,21 :



1 : 458<
:σj1,k−j = σj1,k−1−j + τj1,k−jz

p+1
k−1,

σk−1,21 = τk−1,21zp+1
k−1;

(A15)

˙̂
θj2 = σj22 =: τj21zp+1

j + τj22zp+1
j+1 ; (A16)

j = 3, 4, · · · , k − 1,

αj(x[j], Θ̂j) = sgn dj(−(xj − αj−1)g
1
p

j ), (A17)

(A14)∼(A17) gj , τj1,k−j , τj21, τj22, τk−1,21

.

θ̃k1 = θk1 − θ̂k1, θ̃k2 = θk2 − θ̂k2. Vk =

Vk−1 +
1

2
z2
k +

1

2
θ̃2
k1 +

|dk|
2

θ̃2
k2. (4)

Vk (A14) , :

V̇k � −
k−1P
i=1

|di|
2k−1−i

zp+1
i − (n − k + 1)

k−2P
i=1

|di|zp+1
i+1 −

2(n − k + 1)zp+1
2 −

k−1P
i=3

(i + 1)(n − k + 1)zp+1
i +

k−1P
j=2

θ̃j1(σj1,k−j − ˙̂
θj1) − θ̃k1

˙̂
θk1 − |dk|θ̃k2

˙̂
θk2 +

|dk−1|θ̃k−1,2(σk−1,21 − ˙̂
θk−1,2) + dkzkαp

k +

dk

pP
i=1

Ci
pzi

k+1αp−i
k zk − zk

k−1P
i=1

di
∂αk−1

∂xi
xp

i+1 +

k−1P
i=3

i−1P
j=2

zi
∂αi−1

∂θ̂j1

(σj1,k−j − ˙̂
θj1) −

zk

k−1P
j=2

(
∂αk−1

∂θ̂j1

˙̂
θj1 +

∂αk−1

∂θ̂j2

˙̂
θj2) +

dk−1

pP
i=1

Ci
pg

p−i
p

k−1zi
k(− sgn dk−1)

p−izp−i+1
k−1 . (A18)

, (A18) 1 :

g
p−i

p

k−1zi
k(− sgn dk−1)

p−izp−i+1
k−1 �

ig
p−i

p · p+1
i

k−1

(p + 1)ε
p+1

i

k

zp+1
k +

(p + 1 − i)ε
p+1

p+1−i

k

p + 1
zp+1
k−1, (A19)

εk > 0 , :

0 < εk � (
p + 1

4
pP

i=1
(p + 1 − i)Ci

p

)
1

p+1 . (A20)

(A18) 4 :

−zk

k−1P
i=1

di
∂αk−1

∂xi
xp

i+1 �

k−1P
i=1

|di||∂αk−1

∂xi
|(gi|zp

i zk| +

|zp
i+1zk| +

p−1P
j=1

Cj
pg

p−j
p

i |zp−j
i zj

i+1zk|) �

k−1P
i=1

|di|(ωki1|zp
i zk| + ωki2|zp

i+1zk|), (A21)

, i = 1, · · · , k − 1,

8>>>>>>>><
>>>>>>>>:

ωki1 := gi

r
1 + (

∂αk−1

∂xi
)2 +

p−1P
j=1

Cj
p

p−j
p ,

ωki2 :=

r
1 + (

∂αk−1

∂xi
)2 +

p−1P
j=1

jCj
p(gi)

p−j
j

p
×

(

r
1 + (

∂αk−1

∂xi
)2 )

p
j .

, ωki1 ωki2 .

(A21) (A18)

. , Young’s
, i = 1, · · · , k − 1,

ωki1|zp
i zk| �

ωp+1
ki1

(p + 1)εp+1
ki1

zp+1
k +

p ε
p+1

p

ki1

p + 1
zp+1
i , (A22)

i = 1, · · · , k − 2,

ωki2|zp
i+1zk| �

ωp+1
ki2

(p + 1)εp+1
ki2

zp+1
k +

p ε
p+1

p

ki2

p + 1
zp+1
i+1 , (A23)

εki1, i = 1, · · · , k − 1, εkj2 > 0, j = 1, · · · , k − 2

. :

8>>>>>>><
>>>>>>>:

0 < εki1 �
„

p + 1

2k−i p

« p
p+1

, i = 1, · · · , k − 2,

0 < εk,k−1,1 �
„

p + 1

4 p

« p
p+1

,

0 < εki2 �
„

p + 1

p

« p
p+1

, i = 1, · · · , k − 2.

(A24)

:

8>>>>>><
>>>>>>:

rki =
1

p + 1

 
ωp+1

ki1

εp+1
ki1

+
ωp+1

ki2

εp+1
ki2

!
, i = 1, · · · , k − 2,

rk,k−1 = ωk,k−1,2 +
ωp+1

k,k−1,1

(p + 1)εp+1
k,k−1,1

.

(A25)

(A22)∼(A25) (A21), :

−zk

k−1P
i=1

dk
∂αk−1

∂xi
xp

i+1 �

(
k−2P
i=1

|di|rki + |dk−1|rk,k−1)z
p+1
k +

k−1P
i=1

|di|
pε

p+1
p

ki1

p + 1
zp+1
i +

k−1P
i=2

|di−1|
pε

p+1
p

k,i−1,2

p + 1
zp+1
i �

|dk−1|(rk,k−1 +
k−1P
i=2

rki

q
1 + θ̂2

i1θ̂2
k−1,2)z

p+1
k +

k−1P
i=2

θ̃i1rkiz
p+1
k + |dk−1|θ̃k−1,2

k−1P
i=2

θ̂i1rkiz
p+1
k +

k−1P
i=1

|di|
pε

p+1
p

ki1

p + 1
zp+1
i +

k−1P
i=2

|di−1|
pε

p+1
p

k,i−1,2

p + 1
zp+1
i . (A26)



46 25

j = 2, 3, . . . , k − 1, :8>>>>>>><
>>>>>>>:

σj1,k+1−j = σj1,k−j + rkjz
p+1
k =:

σj1,k−j + τj1,k+1−jz
p+1
k ,

σk−1,22 = σk−1,21 +
k−2P
i=1

θ̂i1rkiz
p+1
k =:

τk−1,21zp+1
k−1 + τk−1,22zp+1

k .

(A27)

Young’s σj02 , :

−zk

k−1P
j=2

∂αk−1

∂θ̂j1

σj1,k+1−j �

f̃kzp+1
k +

p

p + 1

k−1P
j=2

k−jP
i=1

zp+1
i+j−1, (A28)

−zk

k−1P
j=2

∂αk−1

∂θ̂j2

σj22 �

¯̃
fkzp+1

k +
p

p + 1

k−2P
j=2

“
zp+1
j +zp+1

j+1

”
+

p

p+1
zp+1
k−1. (A29)

f̃k
¯̃
fk . :

−
k−1P
i=3

i−1P
j=2

∂αi−1

∂θ̂j1

τj1,k+1−jziz
p+1
k �

zp+1
k

k−1P
i=3

s
1 + z2

i (
i−1P
j=2

∂αi−1

∂θ̂j1
τj1,k+1−j)2. (A30)

fk, f̄k cki, c̄ki:8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

fk = n − k + rk,k−1 +
pP

i=1
Ci

p

ig
p−i

p · p+1
i

k−1

(p + 1)ε
p+1

i

k

+

k−1P
i=2

rki

q
1 + θ̂2

i1θ̂2
k−1,2 ,

f̄k =
k−1P
i=3

s
1 + z2

i (
i−1P
j=2

∂αi−1

∂θ̂j1

τj1,k+1−j)2+

f̃k +
¯̃
fk,

cki =
p ε

p+1
p

ki1

p + 1
, i = 1, · · · , k − 2,

ck,k−1 =
p

p + 1
ε

p+1
p

k,k−1,1 +
pP

i=1
Ci

p
(p + 1 − i)ε

p+1
p+1−i

k

p + 1
,

c̄ki =
p

p + 1
ε

p+1
p

k,i−1,2, i = 2, 3, · · · , k − 1.

(A31)

, fk, f̄k > 0 , cki > 0, i = 1, · · · , k − 2, c̄ki >

0, i = 2, 3, · · · , k − 1 ck,k−1 > 0

εki1 , εk,i−1,2 εk, εk,k−1,1. εk, εki1 εki2

(A20) (A24), : cki � 1

2k−i
, i =

1, · · · , k − 1, c̄ki � 1, i = 2, 3, · · · , k − 1.

, θk−1,2 θ̂k−1,2

, :

˙̂
θk−1,2 = σk−1,22 =: τk−1,21zp+1

k−1 + τk−1,22zp+1
k . (A32)

(A19) (A26)∼ (A32) (A18),

“−`|dk|+ (n− k)|dk−1|+ (k + 1)(n− k)
´
zp+1
k ” ,

:

V̇k � −
kP

i=1

|di|
2k−i

zp+1
i − (n − k)

k−1P
i=1

|di|zp+1
i+1 −

2(n − k)zp+1
2 −

kP
i=3

(i + 1)(n − k)zp+1
i +

k−1P
j=2

θ̃j1(σj1,k+1−j − ˙̂
θj1) + |dk|θ̃k2(σk21 − ˙̂

θk2) +

kP
i=3

i−1P
j=2

zi
∂αi−1

∂θ̂j1

(σj1,k+1−j − ˙̂
θj1) +

dk

pP
i=1

Ci
pzi

k+1αp−i
k zk + θ̃k1(σk11 − ˙̂

θk1) +

|dk|zk(αp
k sgn dk + (1 + fk θ̂k1θ̂k2 +`

f̄k + (k + 1)(n − k)
´
θ̂k2)z

p
k), (A33)

σk11 σk21 :8<
:σk11 = fkzp+1

k =: τk11zp+1
k ,

σk21 =
`
fk θ̂k1 + (k + 1)(n − k) + f̄k

´
zp+1
k =: τk01zp+1

k .

αk(x[k], Θ̂k)

(A33) . αk :

αk = sgn dk(−(xk − αk−1)(gk(z[k], Θ̂k))
1
p ), (A34)

gk =1+fk

q
1+θ̂2

k1θ̂2
k2+(f̄k+(k+1)(n−k))

q
1+θ̂2

k2.

gk > 0 , αk .

(A34) (A33), :

V̇k � −
kP

i=1

|di|
2k−i

zp+1
i − (n − k)

k−1P
i=1

|di|zp+1
i+1 −

2(n − k)zp+1
2 −

kP
i=3

(i + 1)(n − k)zp+1
i +

kP
j=2

θ̃j1(σj1,k+1−j − ˙̂
θj1) + |dk|θ̃k2(σk21 − ˙̂

θk2) +

kP
i=3

i−1P
j=2

zi
∂αi−1

∂θ̂j1

(σj1,k+1−j − ˙̂
θj1) +

dk

pP
i=1

Ci
pzi

k+1g
p−i

p

k (− sgn dk)p−izp−i+1
k . (A35)

, k .

n k k = n .

k , Vn(z, Θ̃n), gn(x, Θ̂n),

Θ̃n =[Θ̃�
n−1, θ̃n1, θ̃n2]

�, εn εni1, εnj2,

i = 1, · · · , n − 1, j = 1, · · · , n − 2,

, :

u = αn = sgn dn(−(xn − αn−1)g
1
p
n ), (A36)
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