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Abstract: This paper is concerned with the non-fragile guaranteed cost control problem for a class of nonlinear time-

delay systems described by T-S fuzzy model. The objective is to design a more relaxed non-fragile guaranteed cost state

feedback controller via the parallel distributed compensation (PDC) approach such that the closed-loop system is asymptot-

ically stable and the closed-loop performance is no more than a certain upper bound in the presence of the additive controller

gain perturbations. A sufficient condition for the existence of such non-fragile guaranteed cost controllers is derived via

the linear matrix inequality (LMI) approach. The design problem of the non-fragile guaranteed cost fuzzy controller is

formulated as an LMI problem, which can be efficiently solved with the existing convex optimization techniques. Finally,

the simulation results demonstrate the effectiveness of the proposed method.
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2 (Problem statement)
T-S

[8]:

Model Rule i:

IF z1(t) is Mi1 and · · · and zp(t) is Mip THEN⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋ(t) = Aix(t) + Aidx(k − τ1) + Biu(t)+

Bidu(t − τ2), i = 1, 2, · · · , r,

x(t) = ψ(t), − τ1 � t � 0,

u(t) = 0, − τ2 � t � 0,

(1)

: Mij , x(t) ∈ R
n u(t) ∈ R

m

, 0 � τ1 < ∞, 0 �
τ2 < ∞ ,

ψ(t) , z1(t), · · · , zp(t)
, , ,

r , Ai Bi

. , :

ẋ(t) =

r∑
i=1

wi(z(t))Φ

r∑
i=1

wi(z(t))
=

r∑
i=1

hi(z(t))Φi. (2)

:

Φi =Aix(t)+Aidx(t−τ1)+Biu(t)+Bidu(t−τ2),

wi(z(t)) =
p∏

j=1

Mij(zj(t)),

z(t) = [z1(t), · · · , zp(t)]T,

hi(z(t)) = wi(z(t))/
r∑

i=1

wi(z(t)),

Mij(zj(t)) zj(t) Mij ,
r∑

i=1

hi(z(t)) = 1.

, PDC
[12], , Ωi

i :

Ωi IF z1(t) is Mi1 and · · · and zp(t) is Mip

THEN

u(t) = −(Fi + ΔFi)x(t), i = 1, · · · , r,

: Fi , ΔFi

, ΔFi = DcΔcEfi,

Dc, Efi , Δc(t) ∈
R

l×j ΔT
c (t)Δc(t) � I .

u(t) =

r∑
i=1

wi(z(t))(Fi + ΔFi)x(t)

r∑
i=1

wi(z(t))
=

r∑
i=1

hi(z(t))(Fi + ΔFi)x(t). (3)

ẋ(t) =
r∑

i=1

r∑
j=1

hi(z(t))hj(z(t)){[Ai −

Bi(Fj + ΔFj)]x(t) + Aidx(t − τ1) −
Bid(Fj + ΔFj)x(t − τ2)}. (4)

(1),

J =
� ∞

0
[xT(t)W1x(t) + uT(t)W2u(t)]dt. (5)

W1 W2 .

Fi,

, (4) ,

J � J∗. J∗ .

(1) (5)

.

3 (Main results)
1[12] x1, x2

Y , :

xT
1 Y x2 + xT

2 Y Tx1 � xT
1 Y R−1Y Tx1 + xT

2 Rx2,

R .

2[12] t ,

s, 1 � s � r,
r∑

i=1

h2
i (z(t)) − 1

s − 1

r∑
j=1

2hi(z(t))hj(z(t)) � 0.

(4) (5), 2

[12] 59

, :

1 (4) ,

P, R1, R2 Q0 ,

,

PGii + GT
iiP + PAidR

−1
1 AT

idP + R1 + PR2P +

PBid(Fi + ΔFi)P−1R−1
2 P−1 ×

(Fi + ΔFi)TBT
idP + W1 + (Fi + ΔFi)T ×

W2(Fi + ΔFi) + (s − 1)Q0 < 0, (6)

P [(Gij + Gji)/2] + [(Gij + Gji)/2]TP +

P (AidR
−1
1 AT

id + AjdR
−1
1 AT

jd)P/2 + R1 + PR2P+
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P [Bid(Fj + ΔFj)P−1R−1
2 P−1 ×

(Fj + ΔFj)TBT
id + Bjd(Fi + ΔFi)P−1 ×

R−1
2 P−1(Fi + ΔFi)TBT

jd]P/2 + W1 − Q0 +

(Fi + ΔFi)TW2(Fi + ΔFi)/2 +

(Fj + ΔFj)TW2(Fj + ΔFj)/2 � 0. (7)

r � s � 1, Gij = Ai − Bi(Fj + ΔFj),

(3) (1) ,

J < xT(0)Px(0) +
� 0

−τ1

xT(t)R1x(t)dt +� 0

−τ2

xT(t)PR2Px(t)dt. (8)

Lyapunov

V (x) = xT(t)Px(t) +
� t

t−τ1

xT(t)R1x(t)dt +� t

t−τ2

xT(t)PR2Px(t)dt,

(4), V (x)
1 2

V̇ (x) <

−
r∑

i=1

h2
i (z(t))xT(t)[W1 + (Fi + ΔFi)T

W2(Fi + ΔFi) + (s − 1)Q0]x(t) −
2

r∑
i=1

∑
i<j

hi(z(t))hj(z(t))xT(t)[W1 +

(Fi + ΔFi)TW2(Fi + ΔFi)/2 +

(Fj + ΔFj)TW2(Fj + ΔFj)/2 − Q0]x(t) �
−xT(t)W1x(t) − uT(t)W2u(t) < 0, (9)

(4) .

(9)

−
� T

0
[xT(t)W1x(t) + uT(t)W2u(t)]dt >

xT(T )Px(T ) − xT(0)Px(0) +� T

T−τ1

xT(t)R1x(t)dt −
� 0

−τ1

xT(t)R1x(t)dt +
� T

T−τ2

xT(t)PR2Px(t)dt−
� 0

−τ2

xT(t)PR2Px(t)dt.

,

lim
t→∞

xT(t)Px(t) = 0,

lim
T→∞

� T

T−τ1

xT(t)R1x(t)dt = 0,

lim
T→∞

� T

T−τ2

xT(t)PR2Px(t)dt = 0,

J =
� ∞

0
[xT(t)W1x(t) + uT(t)W2u(t)]dt <

xT(0)Px(0) +
� 0

−τ1

xT(t)R1x(t)dt +� 0

−τ2

xT(t)PR2Px(t)dt.

.

,

1 .

2 (1), X > 0, R̄1 >

0, R2 > 0,Mi Y0 � 0, ε̄ii1 > 0, ε̄ii2 >

0ε̄ij1 > 0, ε̄ij2 > 0, ε̄ij3 > 0, ε̄ij4 > 0(i < j),

Uii + (s − 1)Y9 < 0, (10)

Vij − 2Y15 < 0, i < j s.t. hi

⋂
hj �= φ. (11)

: r � s > 1, i, j = 1, 2, · · · , r,

Uii =

[
U1 U2

∗ U3

]
, (12)

U1 =

⎡
⎢⎢⎢⎢⎢⎣

S X BidMi X −MT
i

∗ −R̄1 0 0 0
∗ ∗ −R2 0 0
∗ ∗ ∗ −W̄1 0
∗ ∗ ∗ ∗ −W̄2

⎤
⎥⎥⎥⎥⎥⎦ ,

U2 =

⎡
⎢⎢⎢⎢⎢⎣

XET
fi ε̄ii1BiDc 0 ε̄ii2BidDc

0 0 0 0
0 0 XET

fi 0
0 0 0 0
0 −ε̄ii1Dc 0 0

⎤
⎥⎥⎥⎥⎥⎦ ,

U3 = diag{−ε̄ii1I,−ε̄ii1I,−ε̄ii2I,−ε̄ii2I},
S = XAT

i + AiX − BiMi − MT
i BT

i +

AidR̄1A
T
id + R2,

Y9 = diag{Y0, 0, 0, 0, 0, 0, 0, 0, 0},
Y15 =diag{Y0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

Vij =

⎡
⎢⎣V1 V2 V3

∗ V4 0
∗ ∗ V5

⎤
⎥⎦ ,

V1 =

⎡
⎢⎢⎢⎢⎢⎣

Z X BidMj BjdMi X

∗ −R̄1/2 0 0 0
∗ ∗ −R2 0 0
∗ ∗ ∗ −R2 0
∗ ∗ ∗ ∗ −W̄1/2

⎤
⎥⎥⎥⎥⎥⎦ ,

V2 =

⎡
⎢⎢⎢⎢⎢⎣

−MT
i −MT

j ε̄ij1BiDc ε̄ij2BjDc XET
fi

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦ ,
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V3 =

⎡
⎢⎢⎢⎢⎢⎣

XET
fj 0 0 ε̄ij3BidDc ε̄ij4BjdDc

0 0 0 0 0
0 XET

fj 0 0 0
0 0 XET

fi 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦ ,

V4 =

⎡
⎢⎢⎢⎢⎢⎣

−W̄2 0 ε̄ij1Dc 0 0
∗ −W̄2 0 ε̄ij2Dc 0
∗ ∗ −ε̄ij1I 0 0
∗ ∗ ∗ −ε̄ij2I 0
∗ ∗ ∗ ∗ −ε̄ij1I

⎤
⎥⎥⎥⎥⎥⎦ ,

V5 =diag{−ε̄ii2I,−ε̄ii3I,−ε̄ii4I,−ε̄ii3I,−ε̄ii4I},
(13)

Z =XAT
i + AiX − BiMj − MT

j BT
i + XAT

j +

AjX − BjMi − MT
i BT

j + AidR̄1A
T
id +

AjdR̄1A
T
jd + 2R2,

(1) (3),

Fi = MiX
−1,

J < xT(0)Px(0) +
� 0

−τ1

xT(t)R̄−1
1 x(t)dt +� 0

−τ2

xT(t)PR2Px(t)dt. (14)

(6)

Ūii + (s − 1)Q5 +

⎡
⎢⎢⎢⎢⎢⎣

−ET
fi

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎦ ΔT

c

⎡
⎢⎢⎢⎢⎢⎣

PBiDc

0
0
0

Dc

⎤
⎥⎥⎥⎥⎥⎦

T

+

⎡
⎢⎢⎢⎢⎢⎣

PBiDc

0
0
0

Dc

⎤
⎥⎥⎥⎥⎥⎦ Δc

⎡
⎢⎢⎢⎢⎢⎣

−ET
fi

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎦

T

+

⎡
⎢⎢⎢⎢⎢⎣

0
0

(EfiX)T

0
0

⎤
⎥⎥⎥⎥⎥⎦ ΔT

c ·

⎡
⎢⎢⎢⎢⎢⎣

PBidDc

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎦

T

+

⎡
⎢⎢⎢⎢⎢⎣

PBidDc

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎦ Δc

⎡
⎢⎢⎢⎢⎢⎣

0
0

(EfiX)T

0
0

⎤
⎥⎥⎥⎥⎥⎦

T

<0.

(15)

:

Ūii =

⎡
⎢⎢⎢⎢⎢⎣

S̄ I PBidMi I −FT
i

∗ −R−1
1 0 0 0

∗ ∗ −R2 0 0
∗ ∗ ∗ −W−1

1 0
∗ ∗ ∗ ∗ −W−1

2

⎤
⎥⎥⎥⎥⎥⎦ ,

S̄ = (Ai − BiFi)TP + P (Ai − BiFi) +

PAidR
−1
1 AT

idP + PR2P,

Q5 = diag{Q0, 0, 0, 0, 0}.
[13] 5.4.1, Schur

, (15) ,

εii1 > 0, εii2 > 0, :

Û + (s − 1)Q9 < 0. (16)

:

Û = [Û1 Û2],

Q9 = diag{Q0, 0, 0, 0, 0, 0, 0, 0, 0},

Û1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

S I PBidMi I −FT
i

∗ −R−1
1 0 0 0

∗ ∗ −R2 0 0
∗ ∗ ∗ −W−1

1 0
∗ ∗ ∗ ∗ −W−1

2

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Û2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ET
fi ε−1

ii1PBiDc 0 ε−1
ii2PBidDc

0 0 0 0
0 0 XET

fi 0
0 0 0 0
0 ε−1

ii1Dc 0 0
−ε−1

ii1I 0 0 0
0 −ε−1

ii1I 0 0
0 0 −ε−1

ii2I 0
0 0 0 −ε−1

ii2I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Q5 = diag{P−1, I, I, I, I},

X = P−1, Y0 = XQ0X, Mi = FiX,

R̄1 = R−1
1 , W̄1 = W−1

1 , W̄2 = W−1
2 ,

ε̄ii1 = ε−1
ii1 , ε̄ii2 = ε−1

ii2 , ε̄ij1 = ε−1
ij1,

ε̄ij2 = ε−1
ij2, ε̄ij3 = ε−1

ij3, ε̄ij4 = ε−1
ij4(i < j),

(10), (11)(7) , 2 .

2

, LMI

feasp .

4 (Example)
[14] ,
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:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋ1 =−0.1x3
1(t) − 0.0125x1(t − 4)−

0.02x2(t)−0.67x3
2(t)−0.1x3

2(t − 4)−
0.005x2(t − 4) + u(t),

ẋ2(t) = x1.

(17)

:

−1.5 � x1(t) � 1.5,

−1.5 � x2(t) � 1.5,

M11(x2(t)) = 1 − x2
2(t)

2.25
,

M12(x2(t)) =
x2

2(t)
2.25

.

T-S :

Model Rule 1:

IF x2(t) is M11, THEN

ẋ(t)=A1x(t)+A1dx(t−4)+B1u(t)+B1du(t−4),

Model Rule 2:

IF x2(t) is M12, THEN

ẋ(t)=A2x(t)+A2dx(t−4)+B2u(t)+B2du(t−4).

:

A1 =

[
−0.1125 − 0.02

1 0

]
,

A1d =

[
−0.0125 − 0.005

0 0

]
,

A2 =

[
−0.1125 − 1.527

1 0

]
,

A2d =

[
−0.0125 − 0.23

0 0

]
,

B1 = B2 = [1 0]T, Bd1 = Bd2 = [0 0]T,

Dc = [1 1], Ef1 = Ef2 =

[
2 2
1 1

]
.

W1 =

[
0.1 0
0 0.1

]
,W2 = 0.01

, [14]

.

ψ(0) = [−2 0]T , ,

, MATLAB LMI 2

(10)(11), :

P =

[
9.3220 − 4.5729

−4.5729 3.2968

]
,

R1 =

[
0.0011 0.0001
0.0001 0.0010

]
,

R2 =

[
42.0889 − 0.0371
−0.0371 2.7211

]
,

:

F1 = [33.1414 45.9969],

F2 = [33.0585 45.8460].

[14] , :

F1 = [2.9091 2.9898],

F2 = [3.0144 1.0927].

1 2 . 1 2

x1(t) x2(t) . (a)

, (b)

[14]

. ,

,

Dc = [1 1], Ef1 = Ef2 =

[
2 2
1 1

]
,Δc = −I.

1(a) x1(t)

Fig. 1(a) Response of x1(t) with the non-fragile controller

1(b) x1(t)

Fig. 1(b) Response of x1(t) with the fragile controller
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2(a) x2(t)

Fig. 2(a) Response of x2(t) with the non-fragile controller

2(b) x2(t)

Fig. 2(b) Response of x2(t) with the fragile controller

,

Δc = I . ,

,

, ,

, ,

, . ,

.

5 (Conclusion)
,

.

, ,

, ,

.

T-S ,

,

,

.
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