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Abstract: The flow-coupled system with secondary regulation was a nonlinear system. Its generalized frequency re-

sponse function (GFRF) was obtained through the iterative method of SISO system using Volterra series. On the basis

of GFRF, the stabilized controller and the nonlinear H-infinity controller were designed by nonlinear control theory in

frequency domain. The simulation results show that the system becomes stable after a linear controller was added. The

nonlinear H-infinity controllers eliminate the system steady error and overshoot. They are working better in rejecting white

noise disturbances than the linear H-infinity controller.
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2 (Mathemat-

ical model of flow-coupled system with sec-

ondary regulation )
(

/ ) ,

, 1

.

1— ; 2— ; 3— ; 4— ;

5— ; 6— ; 7—

1

Fig. 1 Flow-coupled system with secondary regulation

: 1) ; 2)

. :

:

qv = Cdwxv

√
1
ρ
(ps − pL). (1)

:

qv = A1

dy

dt
. (2)

:

A1pL = m
d2y

dt2
+ Bc

dy

dt
+ Kyy. (3)

:

V =
Vmax
ymax

y. (4)

:

npV = A2v. (5)

:

qv— , (m3/s);

Cd— ;

y— , (m);

w— , (m);

xv— , (m);

ρ— , (kg/m3);

ps— , (Pa);

pL— , (Pa);

A1— , (m2);

m— , (kg);

Bc— , (N/(m·s));

Ky— , (N/m);

V — , (m3/rad);

Vmax— , (m3/rad);

ymax— , (m);

np— , (rad/s);

A2— , (m2);

v— , (m/s).

3 GFRF (Non-

linear control theory in frequency domain

based on GFRF )
3.1 Volterra GFRF (Volterra series

and GFRF)
:

y(t) = F [u(t′); t′ � t ], (6)

y(t) =
∞∑

n=1

yn(t) =

∞∑
n=1

� ∞

−∞
· · ·

� ∞

−∞
hn(τ1, τ2 · · · τn) ×

n∏
i=1

u(t − τi)dτi. (7)

Volterra , Frecht Weiestrass

[4,5]. hn(τ1, τ2 · · · τn)
n Volterra , n ,

yn(t) n ,

ŷn(ω) = F (yn)(ω) =

(2π)−(n−1)
� ∞

−∞
· · ·

� ∞

−∞
ĥn(ω−ω2− · · ·−

ωn, ω2, · · · , ωn)û(ω − ω2 − · · · − ωn) ×
û(ω2) · · · û(ωn)dω2 · · ·dωn n ∈ N. (8)

ŷ, ŷn, û y, yn, u , ĥn(ω1,

· · · , ωn) hn(τ1, · · · , τn) ,

ĥn(ω1, · · · , ωn) =
� ∞

−∞
· · ·

� ∞

−∞
hn(τ1, · · · , τn) ×

e−j(ω1τ1+···+ωnτn)dτ1 · · ·dτn. (9)

ĥn(ω1, · · · , ωn) n (GFRF),

,
[6].
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3.2 SISO GFRF
(GFRF of SISO nonlinear system using iter-

ative method)
SISO [5]

N∑
n=1

M∑
p1=0

· · ·
M∑

pn=0

[
an,p1,··· ,pn

n∏
i=1

Dpiy(t) +

cn,p1,··· ,pn

n∏
i=1

Dpiu(t) +
∑

1�m�n−1

bn,m,p1,··· ,pn
×

m∏
i=1

n∏
k=m+1

Dpiy(t)Dpku(t)
]
. (10)

D , M

, N , a, b, c ,

u(t) y(t) .

An(jω1, · · · , jωn) =
M∑

p1=0

· · ·
M∑

pn=0

an,p1,··· ,pn

n∏
i=1

(jωi)pi , (11)

Bn(jω1, · · · , jωn) =
M∑

p1=0

· · ·
M∑

pn=0

∑
1�m�n−1

bn,m,p1,··· ,pn
×

m∏
i=1

(jωi)pi

n∏
k=m+1

(jωk)pk , (12)

Bn,m(jω1, · · · , jωn) =
M∑

p1=0

· · ·
M∑

pn=0

bn,m,p1,··· ,pn
×

m∏
i=1

(jωi)pi

n∏
k=m+1

(jωk)pk ,

(13)

Cn(jω1, · · · , jωn) =
M∑

p1=0

· · ·
M∑

pn=0

cn,p1,··· ,pn

n∏
i=1

(jωi)pi , (14)

GFRF

ĥ1(ω1) = −A−1
1 (jω1)C1(jω1), (15)

ĥ2(ω1, ω2) = −A−1
1 (j(ω1 + ω2)) ×

[C2(jω1, jω2) + A2(jω1, jω2) ×
ĥ1(ω1)ĥ1(ω2) + B2(jω1, jω2)ĥ1(ω1)], (16)

...

ĥn(ω1, · · · , ωn) = −A−1(j(ω1 + · · · + ωn)) ×
(Cn(jω1, · · · , jωn) +

α1∑
s=2

∑
k1+k2+···+ks=n

[As(j(ω1 +

· · ·+ωk1), j(ωk1+1+· · ·+ωk1+k2), · · · , j(ωn−ks+1+

· · ·+ωn)ĥk1(ω1,· · ·, ωk1)ĥk2(ωk1+1,· · · ,ωk1+k2)×
· · · ĥks

(ωn−ks+1, · · · , ωn)]+
α2∑

s=1

∑
k′
1+k′

2+···+k′
s=n−2s

×

[B2s(j(ω1+· · ·+ωk′
1
), j(ωk′

1+1+· · ·+ωk′
1+k′

2
),· · ·,

j(ωn−2s−k′
s+1+· · ·+ωn−2s), jωn−2s+1,· · ·, jωn)×

ĥk′
1
(ω1, · · · , ωk′

1
)ĥk′

2
(ωk′

1+1, · · · , ωk′
1′+k′

2
) · · · ×

ĥk′
s
(ωn−2s−k′

s+1, · · · , ωn−2s)]) ki, ki′ ∈ N. (17)

4 H∞ (Design of nonlin-

ear H-infinity controller)
4.1 H∞ (Design idea of H-

infinity controller)
2 ,

C, FDBIBO ,

,

H∞ ,

y , ‖y‖∞ . 2

(I+P◦C)−1◦W ,

‖(I+P ◦C)−1◦W‖
.

P — ; W — ; C—H∞ ;

u— ; y— ; d—

2

Fig. 2 Configuration of nonlinear closed-loop system

4.2 H∞ (Design of H-infinity con-

troller)
1 P FDBIBO

, , ,

P FDBIBO .

H Q.

G1, K = P ◦ Q = G1 + ΔK.

,

, ps = 2×106 Pa,

A1 = 1.85×10−3 m2, m = 10 kg, Ky = 2×104 N/m,

Vmax = 6.37 × 10−6 m3/rad, ymax = 0.014 m,

np = 25 rad/s, A2 = 2.82 × 10−3 m2,

v̈ + v̇ − 620xv + 6.2v̈xv + 6.7 × 103v̇xv = 0.

s = jω, (15) (16) GFRF

p̂1(s) =
620

s2 + s
,

p̂2(s1, s2) =

310 ×
1.24×10−2s1s2+6.7×103(s1+s2)+1.34×104

[(s1+s2)2+(s1+s2)](s1+1)(s2+1)
.

[7] FDBIBO

,
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FDBIBO . p̂1(s)
2, C0,

FDBIBO ,

ĥ1(s) . ĥ1(s)
−1,−1, −10,−10,

ĉ0(s) =
0.0019s + 0.0016

0.01s2 + 0.21s + 1.2
.

H FDBIBO , GFRF

ĥ1(s) =
1.2s + 1

(s + 1)2(0.1s + 1)2
,

ĥ2(s1, s2) =
ĉ0(s1)ĉ0(s2)p̂2(s1, s2)

1 + ĉ0(s1 + s2)p̂1(s1 + s2)
×

(1 − ĥ1(s1)ĥ1(s2)).

ĥ1(s) 3 ,

ĝ1(s) = 1/(s + 1)3. ΔK = 0,

K = G1 , Q � Q1 + Q2 , Q

q̂1(s) =
(0.1s + 1)2

(s + 1)(1.2s + 1)
,

q̂2(s1, s2) =
−ĥ2(s1, s2)q̂1(s1)q̂1(s2)

ĥ1(s1 + s2)
.

2 H∞ H∞
q̃0 ∈ Ω,

‖W − G1 ◦ q̃0 ◦ W‖∞ =

inf{‖W − G1 ◦ q̃0 ◦ W‖∞, ∀q̃ ∈ Ω1}.
Ω1 = ( ),

ŵ(s) = (s + 1)/(30s + 1) , γ = 0.05,

‖W − G1 ◦ q̃0 ◦ W‖∞ � 0.05,

q̃0(s) =
(s + 1)2

(0.1s + 1)2
.

3 q̂0 = Q◦q̃0, C = q̂0◦(I−P◦q̂0)−1

H∞ .

5 (Simulation)
, . 3

H∞ H∞
, 4

,

H∞ .

: 1)

FDBIBO ,

FDBIBO ; 2) H∞
H∞ ;

H∞ ; 3) H∞
,

H∞ ; 4)

H∞ , ,

.

3

Fig. 3 Step response of cylinder velocity

4

Fig. 4 Step response of cylinder velocity on

condition of white noise

6 (Conclusion)

,

,

. , Volterra

, Volterra

,

,

, , GFRF

H∞ ,

,

. , ,

.

( 99 )
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