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Robust fault-tolerant H-infinity control based on
LMI approach and application in satellite attitude control system
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Abstract: The robust fault-tolerant H-infinity control problem of uncertain linear system is studied in this paper. The

solution of this problem is obtained for a H-infinity output feedack controller by a linear matrix inequality (LMI) approach.

The simulation of a satellite attitude control system with actuator and sensor faults validates that this solution is effective

and more suitable in on-board real-time computation.
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2 (Problem formulation)
,

(FDD) , FDD

,⎧⎪⎨
⎪⎩

xk+1 = Axk + Bξξk + BuΣa(I + ΓaΔa)uk,

zk = Czxk + Dzξξk + DzuΣa(I + ΓaΔa)uk,

yk =Σs(I+ΓsΔs)Cyxk+Σs(I+ΓsΔs)Dyξξk.

(1)

: I , x ∈ R
n

, u ∈ R
m , y ∈ R

p

, z ∈ R
n
z , ξ ∈ R

ξ
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. Σa, Σs FDD

, Δa, Δs

, ‖Δ‖∞, Γa , Γs Δa, Δs .

(A,Bu)Σa(I +ΓaΔa) , (Σs(I +ΓsΔs, A) .

(1) ,

⎧⎪⎨
⎪⎩

xk+1 = Axk + B1wk + B2uk,

Zk = C1xk + D11wk + D12uk,

yk = C2xk + D21wk,

(2)

:

B1 =
[
BuΣaΓa 0 Bξ

]
, B2 = BuΣa,

C1 =

⎡
⎢⎣ 0

ΣsΓsCy

Cz

⎤
⎥⎦ , D11=

⎡
⎢⎣ 0 0 0

0 0 ΣsΓsDyξ

DzuΣaΓa 0 Dzξ

⎤
⎥⎦ ,

C2 = ΣsCy, D21 =
[
0 I ΣsDyξ

]
,

D12 =

⎡
⎢⎣ I

0
DzuΣa

⎤
⎥⎦ , Zk=

⎡
⎢⎣ uk

ΣsΓs(Cyxk+Dyξξk)
zk

⎤
⎥⎦ ,

wk =

⎡
⎢⎣ Δauk

ΔsΣsΓs(Cyxk + Dyξξk)
ξk

⎤
⎥⎦ .

H∞{
˙̂x = Acx̂ + Bcy,

u = Ccx̂ + Dcy.
(3)

: x̂∈R
n∧ , Ac, Bc, Cc, Dc

. ,

(3) (2)

{
ς̇ = Aclς + Bclw,

Z = Cclς + Dclw.
(4)

:

ς =
[
x

x̂

]
, Acl =

[
A + B2DcC2 B2Cc

BcC2 Ac

]
,

Bcl =
[
B1 + B2DcD21

BcD21

]
,

Ccl =
[
C1 + D12DcC2 D12Cc

]
,

Dcl = D11 + D12DcD21.

, ,

H∞
:

(2) H∞ γ,

(3), (4)

, w Z H∞ γ.

3 (Main results)
1[5] γ > 0, (3),

(4) w Z H∞ γ,

Acl X = XT,

⎡
⎢⎢⎢⎣
X XAcl XBcl 0
∗ X 0 CT

cl

∗ ∗ − γI DT
cl

∗ ∗ ∗ − γI

⎤
⎥⎥⎥⎦ < 0. (5)

1 (2), H∞
, X = XT ∈ R

n×n, Y = YT ∈
R

n×n, L ∈ R
n×p , M ∈ R

m×n, N ∈ R
m×p, K ∈

R
n×n,⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

Y I AY + B2M A + B2NC2 B1 + B2ND12 0
∗ X K XA + LC2 XB1 + LD21 0
∗ ∗ Y I 0 (C1Y + D12M)T

∗ ∗ ∗ X 0 (C1 + D12NC2)T

∗ ∗ ∗ ∗ − γI (D11 + D12ND21)T

∗ ∗ ∗ ∗ ∗ − γI

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0 (6)

, UV T = I − XY, ,

[
Ac Bc

Cc Dc

]
=

[
U XB2

0 I

]−1 [
K−XAY L

M N

][
V T 0
C2Y I

]−1

, (7)

(3), (4) ,

w Z H∞ γ.

1 , X
, X = XT, Y = YT

X=

[
X U

UT P

]
,X−1 =

[
Y V

V T Q

]
,Y =

[
Y I

V T 0

]
.

XX−1 = I ,

XY + UV T = I,YU + V PT = 0, (8)
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,

YTX=

[
Y X+V UT Y U+V PT

X U

]
=

[
I 0
X U

]
,

YTXY =

[
Y I

XY + UV T X

]
=

[
Y I

I X

]
.

(9)

X , Y U , (5) Y,

(5) YT ,⎡
⎢⎢⎢⎣
YTXY YTXAclY YTXBcl 0

∗ YTXY 0 YTCT
cl

∗ ∗ −γI DT
cl

∗ ∗ ∗ −γI

⎤
⎥⎥⎥⎦. (10)

, (9)

, ,[
YTXAclY YTXBcl

YTCT
cl DT

cl

]
=

⎡
⎢⎣ AY A B1

0 XA XBu

C1Y C D11

⎤
⎥⎦+

⎡
⎢⎣0 B2

I 0
0 D12

⎤
⎥⎦
[
K L

M N

][
I 0 0
0 C2 D12

]
.

(11)

[
K L

M N

]
=

[
U XB2

0 I

][
Ac Bc

Cc Dc

][
V T 0
C2Y I

]
+

[
XAY 0

0 0

]
. (12)

(12) (11) , (9), (11) (10),

(6). (12) (7).

, 1, ,

(6) (3) (7)

(4) . .

4 (Application in

satellite attitude control)
3 , 3

,

. [6]⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

I1φ̈−ω0(I1−I2+I3)ψ̇+4ω2
0(I2−I3)φ=

u1 + Td1,

I2θ̈ + 3ω2
0(I1 − I3)θ = u2 + Td2,

I3ψ̈+ω0(I1−I2I3)φ̇+ω2
0(I2−I1)ψ=

u3 + Td3.

(13)

: Ii(i = 1, 2, 3) 3 ,

φ, θ, ψ , Tdi ui

3 ω0 .

ω .

q = [φ θ ψ]T.

(13)

A2q̈ + A1q̇ + A0q = Gdd + Guu. (14)

:

A0 = ω2
0

⎡
⎢⎣4(I2 − I3)

3(I1 − I3)
I2 − I1

⎤
⎥⎦ ,

A1 = ω0(I1 − I2 + I3)

⎡
⎢⎣ 0 0−1

0 0 0
1 0 0

⎤
⎥⎦ ,

A2 =

⎡
⎢⎣I1

I2

I3

⎤
⎥⎦ , Gd = Gu = I.

(2) ,

x =
[
qT q̇T

]T
, z =

[
q̈T q̇T qT

]T
.

y

,

A=

[
0 I

−A−1
2 A0 − A−1

2 A1

]
, Bξ =

[
0

−A−1
2 Gd

]
,

Bu =

[
0

−A−1
2 Gu

]
, Cz =

⎡
⎢⎣−A−1

2 A0 − A−1
2 A1

0 I

I 0

⎤
⎥⎦ ,

Dzξ =

⎡
⎢⎣A−1

2 Gd

0
0

⎤
⎥⎦ , Dzu =

⎡
⎢⎣A−1

2 Gu

0
0

⎤
⎥⎦ ,

Cy = Dyξ = I.

, ,

[7]

. FDD

Σa,Σs , Γa = I3×3, Γs = I6×6,

tf = 80 s,

tf = 150 s. 1 × 10−5 rad/s,

0.03 deg. 3

I1 = 12.49 kg· m2, I2 = 13.85 kg·m2,

I3 = 15.75 kg·m2.

0.2 N·ms, 6.80×10−4 kg· m2,
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0.01 N·m.

,

Td1 = A0(3 cos(ω0t) + 1),

Td2 = A0(1.5 sin(ω0t) + 3 cos(ω0t)),

Td3 = A0(3 sin(ω0t) + 1).

A0 , A0 = 1.5 × 10−5 N· m.

[7] ,

: k = 0.015, g = 0.0015, ε = 0.01.

1 .

2 ,

3 .

(a)

(b)

1

Fig. 1 Simulation results of sliding mode control

system with actuator and sensor faults

(a)

(b)

2

Fig. 2 Simulation results of robust fault-tolerant

control system without faults

(a)

(b)

3

Fig. 3 Simulation results of robust fault-tolerant control

system with actuator and sensor faults

,

,

1∼2 ,

.

5 (Conclusion)

, LMI ,

,

H∞ .
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