
25 1

2008 2 Control Theory & Applications
Vol. 25 No. 1

Feb. 2008

, ,

( , 710071)

: , Backstepping ,

, - ,

, (ILC) , .

, , .

: ; Backstepping; ; ;

: TP273 : A

Hybrid adaptive iterative learning control of
non-uniform trajectory tracking
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Abstract: A novel adaptive iterative learning control approach is proposed for a class of hybrid parametric nonlinear

systems by means of Backstepping method. The approach consists of a differential-deference type updating law and a

learning control law for handling the non-uniform trajectory tracking problem. It avoids the restrictions on the tracking

trajectory in the traditional ILC. A sufficient condition for tracking error to converge to zero in the mean-square sense

on the finite interval is also given by constructing a novel composite energy function. A simulation example shows the

feasibility and effectiveness of the approach.
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, - ,

Backstepping [9],

, L2
T .

,

. ,

,

.

2 (Problem descriptions)

{
ẋ = Ax + b[θT

1 (t)ϕ(x) + u(t)] + [θT
2 F (x)]T,

y = x1,
(1)

: x = [x1, · · · , xn]T ∈ R
n , u ∈ R

, y , x(t0) = x0,

θ1(t) ∈ R
p , θ2 ∈ R

q

,

F (x) = [f1(x1), f2(x1, x2), · · · , fn(x)], ϕ(x) ∈ R
p,

f1(x1), f2(x1, x2), · · ·, fn(x1, x2,· · ·, xn) q

, ϕ(0) = 0, fi(0) = 0, i = 1, · · · ,

n, yr(t) ,

A =

⎡
⎢⎣

0
...

In−1

0 · · · 0

⎤
⎥⎦ , b = [0, 0, · · · , 1]T .

(1) :

A1 ϕ(x) x ,

∀x1, x2 ∈ R
n, ‖ϕ(x1) − ϕ(x2)‖ � l ‖x1 − x2‖,

l .

A2 j yr,j(t),

yr,j(t) n L2
T -

,
� T

0
(y(k)

r,j (τ))
2
dτ < ∞, k = 0, 1, · · · , n,

yr,j(0) = yj(0).

1 A1, A2 (1)
[12],

.

2 A1 θ1(t) ,

(1) , A2

L2
N×[0,T ]- .

L2
N×[0,T ]- ‖x‖L2

N×[0,T ]
= sup

k∈N

� T

0
‖xk(t)‖2 dt.

uj ,

[0, T ] , ej = yj −yr,j L2
T -

,

.

3 (Adaptive it-

erative learning control design)
,

x̄i,j = (x1,j, x2,j, · · · , xi,j)T,

ȳ
(i)
r,j = (yr,j, ẏr,j, · · · , y

(i)
r,j)

T,

fi,j = fi(x̄i,j), αi,j = αi,j(·), wi,j = wi,j(·),
τi,j = τi,j(·), θ̃k,j = θk − θ̂k,j(·), i = 1, 2, · · · , n,

θ̂k,j(t) θk(k=1, 2) j . Backstepp-

ing [9], j :

Step 1

z1,j = x1,j − yr,j,

z2,j = x2,j − α1,j(x1,j, θ̂2,j, yr,j) − y
(1)
r,j ,

ż1,j = z2,j + α1,j + θT
2 f1,j.

1

α1,j = −c1z1,j − wT
1,j θ̂2,j,

w1,j = f1,j ,

ż1,j = z2,j − c1z1,j + θ̃T
2 w1,j. (2)

Step 2

z3,j = x3,j − α2,j(x̄2,j, θ̂2,j, ȳ
(1)
r,j ) − y

(2)
r,j ,

(1)

ż2,j = z3,j + α2,j + θT
2 w2,j − ∂α1,j

∂x1,j

x2,j −
∂α1,j

∂yr,j

ẏr,j − ∂α1,j

∂θ̂2

˙̂
θ2,

w2,j = f2,j − ∂α1,j

∂x1,j

f1,j .

2

α2,j =−z1,j − c2z2,j − wT
2,j θ̂2,j +

∂α1,j

∂x1,j

x2,j +

∂α1,j

∂yr,j

y
(1)
r,j +

∂α1,j

∂θ̂2,j

Γτ2,j,

τ2,j = w1,jz1,j + w2,jz2,j, Γ = ΓT > 0,

ż2,j =−z1,j + z3,j − c2z2,j + θ̃T
2 w2,j +

∂α1,j

∂θ̂2

(Γτ2,j − ˙̂
θ2). (3)

Step i

zi+1,j = xi+1,j − αi,j(x̄i,j, θ̂2,j, ȳ
(i−1)
r,j ) − y

(i)
r,j,

i = 3, · · · , n − 1,
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(1)

żi,j = zi+1,j + αi,j + θT
2 wi,j − y

(i)
r,j −

i−1∑
k=1

(
∂αi−1,j

∂xk,j

xk+1,j +
∂αi−1,j

∂y
(k−1)
r,j

y
(k)
r,j )− ∂αi−1,j

∂θ̂2

˙̂
θ2,

wi,j = fi,j −
i−1∑
k=1

∂αi−1,j

∂xk,j

fk,j . i

αi,j =−zi−1,j − cizi,j − wT
i,j θ̂2,j +

i−1∑
k=1

(
∂αi−1,j

∂xk,j

xk+1,j +
∂αi−1,j

∂y
(k−1)
r,j

y
(k)
r,j ) +

∂αi−1,j

∂θ̂2,j

Γτi,j +
i−1∑
k=2

∂αk−1,j

∂θ̂2,j

Γwi,jzk,j, (4)

τi,j = τi−1,j + wi,jzi,j ,

żi,j =−zi−1 + zi+1 − cizi,j + θ̃T
2,jwi,j −

i−1∑
k=2

∂αk−1,j

∂θ̂2,j

Γwi,jzk,j +
∂αi−1,j

∂θ̂2,j

(Γτi,j− ˙̂
θ2,j).

(5)

Step n (1) n

żn,j = uj + θT
1 (t)ϕ(xj) + θT

2 wn,j − ∂αn−1,j

∂θ̂2,j

˙̂
θ2,j −

n−1∑
k=1

(
∂αn−1,j

∂xk,j

xk+1,j − y
(n)
r,j +

∂αn−1,j

∂y
(k−1)
r,j

y
(k)
r,j ),

(6)

wn,j = fn,j −
n−1∑
k=1

∂αn−1,j

∂xk,j

fk,j .

j , :

uj =αn,j(xj, θ̂2,j, ȳ
(n−1)
r,j )+y

(n)
r,j −θ̂T

1,j(t)ϕj(x), (7)

:

αn,j = −zn−1,j − cnzn,j − wT
n,j θ̂2,j +

n−1∑
k=1

(
∂αn−1,j

∂xk,j

xk+1,j +
∂αn−1,j

∂y
(k−1)
r,j

y
(k)
r,j ) +

∂αn−1,j

∂θ̂2,j

Γτn,j +
n−1∑
k=1

∂αk−1,j

∂θ̂2,j

Γwn,jzk,j,

τn,j = τn−1,j + wn,jzn,j.

:⎧⎨
⎩

˙̂
θ2,j(t) = ΓWjzj = Γτn,j,

θ̂2,j(0) = θ̂2,j−1(T ), θ̂2,0(0) = 0,
(8)

:

Wj = [w1,j, · · · , wn,j] ,

zj = [z1,j, z2,j, · · · , zn,j]
T

.

(7)(8) (6)

żn,j =−zn−1 + zn+1 − cnzn,j + θ̃T
2,jwn,j −

n−1∑
k=2

∂αk−1,j

∂θ̂2,j

Γwn,jzk,j. (9)

(2)(3)(5) (9) , j

:

żj = Az,j(zj, θ̂2,j, t)zj + WT
j (zj, θ̂2,j, t)θ̃2,j +

bθ̃T
1,j(t)ϕj(x), (10)

:

Az,j =

⎡
⎢⎢⎢⎢⎢⎢⎣

−c1 1 0 · · · 0
−1 −c2 1+σ23,j · · · σ2n,j

0 −1−σ23,j −c3 · · · σ3n,j

...
...

...
...

...

0 −σ2n,j −1 − σn−1,n,j · · · −cn

⎤
⎥⎥⎥⎥⎥⎥⎦

,

σik,j = −∂αi−1,j

∂θ̂2,j

Γwk,j.

:{
θ̂1,j(t)= θ̂1,j−1(t)+q1ϕj(x)zn,j(t), t∈ [0, T ],

θ̂1,−1(t) = 0, t ∈ [0, T ]
(11)

q1 >0 .

A3 j z ,

zj(0) = 0.

4 (Convergence analysis)
1 (1)

(7) (8) (11)

:

1) [0, T ]
, ej(t) L2

T - ,

lim
j→∞

� T

0
e2

j(τ)dτ = 0.

2) L2
N×[0,T ]-

.

1)

Ej(t) =
1
2
zT

j (t)zj(t) +
1

2q1

� t

0
θ̃T
1,j(τ)θ̃1,j(τ)dτ +

1
2
θ̃T
2,j(t)Γ

−1θ̃2,j(t), (12)

ΔEj(t) = Ej(t) − Ej−1(t) =
1
2
zT

j (t)zj(t) − 1
2
zT

j−1(t)zj−1(t) +

1
2
[θ̃T

2,j(t)Γ
−1θ̃2,j(t)−θ̃T

2,j−1(t)Γ
−1θ̃2,j−1(t)]+

1
2q1

� t

o
(θ̃T

1,j(τ)θ̃1,j(τ)−θ̃T
1,j−1(τ)θ̃1,j−1(τ))dτ . (13)
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(8)(10)(11) A3, [6] ,

ΔEj(t) =

−1
2
zT

j−1(t)zj−1(t) −� t

0
(

n∑
i=1

ciz
2
i,j +

1
2
q1ϕ

T
j (x)ϕj(x)z2

n,j(τ))dτ +

1
2
θ̃T
2,j(0)Γ−1θ̃2,j(0)− 1

2
θ̃T
2,j−1(t)Γ

−1θ̃2,j−1(t), (14)

t = T , (14)

ΔEj(T ) =

−1
2
zT

j−1(T )zj−1(T ) −
� T

0

n∑
i=1

ciz
2
i,jdτ −

1
2

� T

0
q1 ‖ϕj(x(τ))‖2

z2
n,j(τ)dτ �

−
� T

0

n∑
i=1

ciz
2
i,jdτ � −

� T

0
c1z

2
1,jdτ . (15)

(13)

Ej(T ) = E0(T ) +
j∑

l=1

ΔEl(T ). (16)

(15) , E0(T ) ,

Ej(T ) . E0(t) . j = 0
, (12)

Ė0(t) =

−
n∑

i=1

ciz
2
i,0 −

q1

2
ϕ2

0(x)z2
n,0(t) +

1
2q1

θT
1 (t)θ1(t) �

1
2q1

θT
1 (t)θ1(t). (17)

θ1(t) [0, T ] , θ1(t) [0, T ]
, (17) ,

M = max
t∈[0,T ]

(
1

2q1

θT
1 (t)θ1(t)) < ∞,

Ė0(t) � M .

(12)(17)

E0(t) � |E0(0)| +
∣∣∣∣� t

0
Ė0(τ)dτ

∣∣∣∣ �

1
2
θ̃T
2 (0)Γ−1θ̃2(0) + MT < ∞, (18)

E0(t),∀t ∈ [0, T ] , E0(T ) ,

(16) lim
j→+∞

Ej(T ) ,

Ej(T ) � E0(T ) −
j∑

l=1

� T

0
c1z

2
1,ldτ . (19)

(19) lim
j→∞

j∑
l=1

� T

0
c1z

2
1,ldτ .

lim
j→∞

� T

0
z2
1,jdτ = 0,

z1,j(t) L2
T - .

2) ,

Ej(T ) , Ej(t) (12) Ej(T )
, [6], , Ej(t) (∀j ∈ Z+) ,

L2
N×[0,T ]-

.

5 (Numerical simulation)

ẋ1 = x2 + θ2x
2
1, ẋ2 = u + θ1(t)ex1 ,

: θ2 , θ1(t) ,

, yr,j = kj sin(2t), T = 6 s,

θ1(t) = |2 sin(
4
3
πt)|, θ2 = 1, c1 = 5, c2 = 1,

q1 = 0.1, q2 = 0.2, θ̂2(0) .

– ,

, kj [−0.5, 0.5] ,

1 , 1(a) ,

1(b) 1(c)

, 1(d) L2
T -

. 1

.
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1

Fig. 1 System curves of non-uniform trajectories tracking

6 (Conclusions)
,

Backstepping , -

, ,

L2
T - .

,

.

(References):

[1] ARIMOTO S, KAWAMURA S, MIYAZAKI F. Bettering operation

of robots by learning[J]. J Robot System, 1984, 1(2): 123 – 140.

[2] MOORE K L. Iterative Learning Control For Deterministic Sys-
tem[M]. London: Springer Verlag, 1993.

[3] OWENS D H, AMANN N, ROGERS E. Iterative learning control-

an overview of recent algorithms[J]. Applied Mathematics Computer
Science, 1995, 5: 425 – 438.

[4] FANG Y, CHOW T W S. Iterative learning control of linear discrete-

time multivariable systems[J]. Automatica, 1998, 34(11): 1458 –

1462.

[5] SAMER W G V, SAAB S, MICKLE M H. Learning control algo-

rithms for tracking slowly varying trajectories[J]. IEEE Trans on Sys-
tem, Man, and Cybernetics-Cybern B, 1997, 27(5): 657 – 670.

[6] XU J X, XU J. On iterative learning from different tracking tasks in

the presence of time-varying uncertainties[J]. IEEE Trans on System,
Man, and Cybernetics-Cybern B, 2004, 34(1): 589 – 597.

[7] FRENCH M, ROGER E. Non-linear iterative learning by an adaptive

Lyapunov technique[J]. Int J Control, 2000, 73(10): 840 – 850.

[8] , . [J].

, 2002, 16(3): 360 – 363.

(YANG Xiaojun, LI Junmin. Intelligent learning control of a class of

unknown nonlinear systems[J]. Control and Decision, 2002, 16(3):

360 – 363)

[9] KRSTIC M, KANELLAKOPOULOS I, KOKOTOVIC P V. Nonlin-
ear and Adaptive Control Design[M]. New York: Wiley, 1995.

[10] NARENDRA K S, ANNASWAMY A M. Stable Adaptive Systems,
Englewood Cliffs[M]. NJ: Prentice-Hall, 1989.

[11] VINCENT D B, ALEXANDREM (Eds). Unsolved Problems in
Mathematical Systems and Control Theory[M]. Princeton: Princeton

University Press, 2004.

[12] SUN M X, GE S S, MAREELS I M Y. Adaptive repetitive learn-

ing control of robotic manipulators without the requirement for initial

repositioning[J]. IEEE Trans on Robotics, 2006, 22(3): 1684 – 1688.

[13] , , .

[J]. , 2006, 23(5): 795 – 799.

(ZHANG Dongmei, SUN Mingxuan, YU Li. Observer-based itera-

tive learning control for non-identical trajectory tracking[J]. Control
Theory & Applications, 2006, 23(5): 795 – 799.

:

(1965—), , , ,

, 100 , 50 , E-mail: jmli@mail.

xidian.edu.cn;

(1966—), , ,

, E-mail: sunypxd@163.com;

(1982—), , ,

, E-mail: grliuyun@126.com.


