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Robust Kalman filtering of discrete-time Markovian jump systems
based on state estimation performance
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Abstract: Robust Kalman filtering problems for a class of discrete-time Markovian jump systems with unknown

bounded noises are investigated in this paper. The upper bound of the disturbance of the noise covariance matrix is given

based on the estimation error performance, and an optimal state estimation is therefore adopted under the worst condition.

Not only can this method minimize the worst performance function of the uncertainty, but the error performance can also

be guaranteed to be within the given range of precision. A numerical example shows the validity of the method.
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2 (Problem description)
Mar-

kov :{
xk+1 = A(rk)xk + ω0

k,

yk = C(rk)xk + υ0
k.

(1)

: xk ∈ R
n , yk ∈ R

m
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; {rk} (Ω,F ,P)
Markov , S = {1, 2, · · · , N}
; P = [pij]N×N ,

pij k i, k+1 j

:

pij = Pr(rk+1 = j|rk = i).

,

pij � 0,
N∑

j=1

pij = 1,∀i, j ∈ S, (2)

A(rk) ∈ R
n×n, C(rk) ∈ R

m×n S

; ω0
k, υ

0
k n m ,

:

1 k, τ ,

1) E[ω0
k] = 0; E[υ0

k] = 0,

2) Cov[ω0
k, ω

0
τ ] = W 0δk,τ = (W + ΔW )δk,τ ,

W � 0, ΔW � 0,

3) Cov[υ0
k, υ

0
τ ] = V 0δk,τ = (V + ΔV )δk,τ ,

V > 0, ΔV � 0,

4) E[ω0
kυ

0T
k ] = 0.

1 W 0 ∈ R
n×n, V 0 ∈ R

m×m

, W,V

, ; ΔW, ΔV

, .

W > (�)0 W ( ) ,

δ(·, ·) Dirac .

, A(rk = i), C(rk = i) Ai, Ci.

1 (Magdi S. Mahmoud, 2004):

(1), ( ΔW =
0, ΔV = 0), Qi, i ∈
S :⎧⎪⎨

⎪⎩
AiQiA

T
i − (AiQiC

T
i )(CiQiC

T
i + V )−1·

(AiQiC
T
i )T − Qi + W = 0,

Qi � pi1Q1 + pi2Q2 + · · · + piNQN .

(3)

Kalman :

x̂k+1 = Aix̂k + Ki(yk − Cix̂k), (4)

Ki = AiQiC
T
i (CiQiC

T
i + V )−1, (5)

Qi =(Ai−KiCi)Qi(Ai−KiCi)T+W +KiV KT
i ,

(6)

x

lim
k→∞

E[‖xk − x̂k‖] = 0,

E{[xk − x̂k]T[xk − x̂k]} � max
j∈S

{tr(Qj)},

: ‖ · ‖ , tr(·) .

(1)

:

J(K1,K2, · · · ,KN ,W, V ) = max
j∈S

{tr(Qj)}, (7)

Kalman (4)∼(6)

, J(K1,K2, · · · ,

KN ,W, V ) .

ΔW �= 0, ΔV �= 0 ,

W 0, V 0,

Ki, (W 0, V 0)
Q0

i (i ∈ S), Riccati :⎧⎪⎪⎨
⎪⎪⎩

Q0
i =(Ai−KiCi)Q

0

i (Ai−KiCi)T+

W 0+KiV
0KT

i ,

Q
0

i � pi1Q
0
1 + pi2Q

0
2 + · · · + piNQ0

N .

(8)

J(K1,K2, · · · ,KN ,W 0, V 0) = max
j∈S

{tr(Q0
j)}, (9)

J(K1,K2, · · · ,KN ,W, V ) J(K,W, V ),

(ΔW, ΔV )
:

ΔJ(K, ΔW, ΔV ) �
J(K,W 0, V 0) − J(K,W, V ) =

max
j∈S

{tr(Q0
j)} − max

j∈S
{tr(Qj)} � r, (10)

r

.

ΔQi = Q0
i − Qi, (6)(8)⎧⎪⎨

⎪⎩
ΔQi = (Ai − KiCi)ΔQi(Ai − KiCi)T+

ΔW + KiΔV KT
i ,

ΔQi � pi1ΔQ1 + pi2ΔQ2 + · · · + piNΔQN .

(11)

, tr(ΔQi)
ΔW, ΔV .

Π = {(ΔW, ΔV ) : 0 � ΔW �
ΔW M , 0 � ΔV � ΔV M}. ΔJ(K, ΔW,

ΔV ), Π R
1 , :

1 (ΔWj, ΔVj) ∈ Π(j = 1, 2),

ΔW1 � ΔW2, ΔV1 � ΔV2,

ΔJ(K, ΔW1, ΔV1) � ΔJ(K, ΔW2, ΔV2).

2 (ΔWj, ΔVj) ∈ Π(j = 1, 2),

ΔW = αΔW1 + (1 − α)ΔW2, ΔV = αΔV1 +
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(1 − α)ΔV2,

ΔJ(K, ΔW, ΔV ) �
max{ΔJ(K, ΔW1, ΔV1), ΔJ(K, ΔW2, ΔV2)}.

3

r = max
(ΔW,ΔV )∈Π

ΔJ(K, ΔW, ΔV ),

r Π (ΔW M , ΔV M) .

Π∗, (ΔW, ΔV ) ∈ Π∗ ,

(10) ,

.

3 (Upper bound of

uncertain noise)
3.1 (Bound of nonstructural dis-

turbance)
S , (10) ∀i ∈ S

tr(Q0
i ) � r + max

j∈S
{tr(Qj)}, (12)

i,

:

ΔJi(Ki, ΔW, ΔV ) � tr(ΔQi) =

tr(Q0
i ) − tr(Qi) �

r + max
j∈S

{tr(Qj)} − tr(Qi). (13)

‖[·]‖2 = λ
1
2
max{[·][·]T}, ‖ΔW‖2 � a, ‖ΔV ‖2 �

b, 0 � ΔW � aIn, 0 � ΔV � bIm.

ΔJ(K, ΔW, ΔV ) 1 3,

, .

ΔW M = aIn, ΔV M = bIm.

(11) , i,

(ΔW M , ΔV M) ,

ΔQM
i :

ΔQM
i = aDi + bGi,

Di > 0, Gi > 0,

Di = (Ai − KiCi)Di(Ai − KiCi)T + In,

Gi = (Ai − KiCi)Gi(Ai − KiCi)T + KiK
T
i ,

Di = pi1D1 + Pi2D2 + · · · + piNDN ,

Gi = pi1G1 + Pi2G2 + · · · + piNGN ,

tr(ΔQM
i ) = atr(Di) + btr(Gi),

(‖ΔW‖2, ‖ΔV ‖2)
,

:

min − a · b,
s.t. a · tr(Di) + b · tr(Gi) �

r + max
j∈S

{tr(Qj)} − tr(Qi),

a � 0, b � 0; i = 1, 2, · · · , N. (14)

, a, b

a∗, b∗. MATLAB fmincon

a∗, b∗ .

3.2 (Bound of structural distur-

bance)
ω0

k υ0
k ,

W 0 =W +ΔW =

⎡
⎢⎢⎢⎣

σ2
1 0 · · · 0
0 σ2

2 · · · 0
...

...
...

0 0 · · · σ2
n

⎤
⎥⎥⎥⎦+

⎡
⎢⎢⎢⎣

ε0
1 0 · · · 0
0 ε0

2 · · · 0
...

...
...

0 0 · · · ε0
n

⎤
⎥⎥⎥⎦ ,

V 0 =V +ΔV =

⎡
⎢⎢⎢⎣

δ2
1 0 · · · 0
0 δ2

2 · · · 0
...

...
...

0 0 · · · δ2
m

⎤
⎥⎥⎥⎦+

⎡
⎢⎢⎢⎣

e0
1 0 · · · 0
0 e0

2 · · · 0
...

...
...

0 0 · · · e0
m

⎤
⎥⎥⎥⎦ ,

: σs(s = 1, 2, · · · , n) δt(t = 1, 2, · · · ,m)
(ΔW = 0, ΔV = 0)

; ε0
s, e

0
t . Ws(Vt) s

( t ) 1, n (m )

,

ΔW =
n∑

s=1

ε0
sWs,

ΔV =
m∑

t=1

e0
tWt.

ΔW M =
n∑

s=1

εsWs, ε
0
s � εs,

ΔV M =
m∑

t=1

etVt, e
0
t � et.

(11) (13), ,

r + max
j∈S

{tr(Qj)} − tr(Qi) �
n∑

s=1

εstr(Dsi) +
m∑

t=1

ettr(Gti), i ∈ S, (15)

Dsi > 0, Gti > 0,∀i ∈ S :

Dsi = (Ai − KiCi)Dsi(Ai − KiCi)T + Ws,

Gti = (Ai − KiCi)Gti(Ai − KiCi)T + KiVtK
T
i ,

Dsi = pi1Ds1 + pi2Ds2 · · · + piNDsN ,

Gti = pi1Gt1 + pi2Gt2 · · · + piNGtN .
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, Ki .

∀t0, 1 � t0 � m, Ki t0
, KiVt0K

T
i = 0, Gt0i = 0, et0

ΔJ , et0 .

Ki et0 .

3.1 , (15) ,

(ΔW, ΔV )
,

:

min − ε1ε2 · · · εne1e2 · · · em,

s.t.
n∑

s=1

εstr(Dsi) +
m∑

t=1

ettr(Gti) �

r + max
j∈S

{tr(Qj)} − tr(Qi),

i ∈ S; ε1 � 0, ε2 � 0, · · · , εn � 0;

e1 � 0, e2 � 0, · · · , em � 0. (16)

, . MAT-

LAB fmincon ε∗1, ε
∗
2, · · · ,

ε∗n, e∗1, e
∗
2, · · · , e∗m .

(ΔW, ΔV ) ,

(W +ΔW, V +ΔV ),

Ki, i ∈ S (W + ΔW, V +

ΔV ) ;

0 � ΔW � ΔW ∗ = a∗In(
nP

s=1
ε∗sWs),

0 � ΔV � ΔV ∗ = b∗Im(
mP

t=1
e∗t Vt),

Ki, i ∈ S ,

r .

4 (Mini-max robust esti-

mation)
K

∗
(W +ΔW ∗, V +

ΔV ∗) , Kalman ,

ΔJ(K
∗
, ΔW ∗, ΔV ∗) � ΔJ(K, ΔW ∗, ΔV ∗),

ΔW � ΔW ∗, ΔV � ΔV ∗, 1 :

ΔJ(K
∗
, ΔW, ΔV ) � ΔJ(K

∗
, ΔW ∗, ΔV ∗).

, :

2 (1)

,

ΔJ(K
∗
, ΔW, ΔV ) � ΔJ(K

∗
, ΔW ∗, ΔV ∗) �

ΔJ(K, ΔW ∗, ΔV ∗).

,

:

min
K

max
(ΔW,ΔV )∈Ω∗

ΔJ(K, ΔW, ΔV ) =

max
(ΔW,ΔV )∈Ω∗

min
K

ΔJ(K, ΔW, ΔV ).

5 (Example)
Markov S = {1, 2}

, ⎧⎪⎨
⎪⎩

xk+1 =

[
0.4 0

0 0.2

]
xk + w0

k,

yk =
[
1.5 0

]
xk + v0

k,

r(k) = 1,

⎧⎪⎨
⎪⎩

xk+1 =

[
0.9 0

0 1

]
xk + w0

k,

yk =
[
1 0

]
xk + v0

k,

r(k) = 2.

Markov r(k)

P =
[
1/2 1/2
1/3 2/3

]
,

W =

[
0.2 0

0 0.15

]
, V = 0.14.

1

Q1 =

[
0.3121 0.1032

0.1032 0.5577

]
,

Q2 =

[
0.6540 0.2654

0.2654 0.8367

]
,

K1 =

[
0.3159

0.2564

]
,K2 =

[
0.2478

0.3911

]
.

r = 0.3, :

a∗ = 0.0102, b∗ = 0.0092,

Q∗
1 =

[
0.4155 0.1121

0.1121 0.6032

]
,

Q∗
2 =

[
0.7202 0.3014

0.3014 0.9308

]
,

K∗
1 =

[
0.3159

0.2553

]
,K∗

2 =

[
0.2478

0.3908

]
,

ΔJ(K∗
1 ,K∗

2 , ΔW ∗, ΔV ∗) = 0.2953 < 0.3.

:

ε∗1 = 0.0086, ε∗2 = 0.0068, e∗1 = 0.0082,

Q∗
1 =

[
0.3617 0.1101

0.1101 0.6582

]
,
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Q∗
2 =

[
0.7265 0.2878

0.2878 0.9059

]
,

K∗
1 =

[
0.3159

0.2533

]
,K∗

2 =

[
0.2478

0.3901

]
,

ΔJ(K∗
1 ,K∗

2 , ΔW ∗, ΔV ∗) = 0.2672 < 0.3.

6 (Conclusion)
Markov

,

,

.

,

.
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