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Optimal damping of sinusoidal disturbances in discrete-time systems
with time-delays
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Abstract: We consider the damping of sinusoidal disturbances in discrete-time systems with time-delays in states and
inputs. Through a variable substitution, the original system is transformed into a form without time-delay in inputs. Then,
by using the successive approximation approach, the optimal control problem is transformed into a sequence of linear two-
point-boundary-value problems. The optimal control law consists of the analytic state feedback, feedforward, control with
memory terms, and the limit of a sequence of vectors for time-delay compensation. By carrying out a finite-step iteration of
a compensation sequence, a suboptimal damping control law is also obtained. Simulations demonstrate the easy realization
of the algorithm, and the strong ability in sinusoidal disturbances rejection.
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2 [\ B3R (Problem formulation)
F gt R Lk BN RS
z(k+1) = Azx(k) + Ajx(k — 1)+
Bu(k — h) + Dv(k),
x(k) =¢(k), k=—-1,—7+1,---,0,
w(k) =0, k= —h,—h+1,---, 1.
(1)
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vy (k) sin(wik + ¢1)
o(k) = v2§k:) _ Sin(u)gl'f + ¢2)
vm.(k) sin(wm/% + dm)
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H (1) AT BA3 2]

z(k) = A*z(0) + kzl AFEH AT Bu(i) +

i=0

Ayx(i — 1) + Dv(i)) —

S AR A B (). 3)
i—h—h
z(k) = z(k) + kz_:l AR By (i), 4)
i=k—h
HthB = A~"B, MRS (DAL i FIER:

525 %
(k+1)=
Az(k) + Bu(k) + Ayx(k — 1) + Dv(k),
x(k) =¢(k), k=—-71,—T7+1,---,0,
uk)=0, k=—h,—h+1,---,—1, )
2(0) = x(0),
\ z(k) = z(k) — i_%: hA’“*iflA*hBu(i).
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3  Wi£ 5|3 (Preliminary lemmas)
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y(k+1) = G(k)y(k) + H(k)z(k — 1)+
f(u(k)), k=0,1,2,
x(k) = y(k) = ()k——7—7+1 0,
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2(k) = 32 Gilk)y(k =), k= 0,1,2,- .

)
Hr: 2,y e R, fHo— AR M ERE, v €
R™ 4 1 20Q2) e XA B 5% 80, (k) A ¥ Uh 4
T, G(k), Gi(k)FH (k) 2 48 500 — 80 At



Fal

JEEDRSE I S R G AE S B ) dee D) 629

AR,
5E SRR B A {y ) (k) P F
k

y O (k) =

k=—h,~h+1,--,0,

S sE 1T G — m) = I, Iy SoRrsipe.

m=1
518 2 daoE X s{yY) (k) 20k

T R L) IR

iE 4
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sup :
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m=1
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3.1 f BB B 8] & L ¥ #(Finite horizon optimal
control)
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2Dk +1) = Az9 (k) 4+ BuP (k)+
AyzY =D (k — 1) 4+ Do(k),
e (k) =ok), k=—7,—T+1,---,0,
u (k) =0, k=—h,~h+1,---,—1,
x(j)(k) :z(j)(k)— kzl A’f—i—lA—hBu(j)(i),

i=k—h
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Hr ( 2D (k+1) =
%ﬂk+é})_ T(k+1)[Az9 (k) + Ay 29~V (k—7)]
(k+/#) Lk + )BT (k + 1)+
Vo - _ _
: BL " (k +1)BSs(k + 1o, (k),
(k}—|—2 ) k=0,1,2,--- N —1,
L W, - Z(J‘)(;{;):so(k)7 k=—7,—7+1,---,0,
K13 Elv(k) Fl o, (k) W2 N R =012
1) =1 g
v(k +1) = 21v(k) + 2v.(k), 00
Uw(k + 1) = Ql’Uw(kJ) - \sz(k) U(J)(]C) _
e Uk 4+ 1)BT{P(k + 1)[A29) (k) +
{ 2, = diag{cosw,, coswy, - -+ ,COS W, }, Az (k= 7)) + gD (k + 1)+ 27
(2, = diag{sinwy, sinwy, - - - ,sinwy, }. Si(k + Do(k) + Sa(k + vy (k)
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P(N)=Qy, k=0,1,--- N —1. 0
(22) Si(k) = P(k)D + Py(k)2, — Py(k) {2, 29)
o Sy(k) = Pi(k) {2y + Pa(k) (21
T(k)=1-P(k)BL™'(k)B", A @S)A, 226) gD 2t L ff) i bR L

L(k) = R+ B"P(k)B,
P(k)M Hi FFRiccatiZe 43 J7 F2 ) ME — ¥ 1E & fi#;
Py (k) FHPy (k)73 590 A RELRE 22 53 T3
Pi(k) = A"T(k+1)S,(k + 1),
Pi(N)=0, k=0,1,

-, N—1
(23)
Fal
Py(k) = AT (k +1)Sy(k + 1), o
Py(N)=0,k=0,1,--- ,N—1
(I — it Pl ) g9 (k) ok 2543 7
g (k) = A"T(k 4+ 1)[gV (k + 1)+
P(k—f—l)Ala:(jfl)(k:—T)],
g (N) =0, (25)
k=0,1,--- ,N—1,
j=0,1,2,-

R PE— i, AR, ijﬁﬁﬁuiﬁﬁlﬁﬁ PITRETT A
BIP(k), Pi(k)MPy(k). 320, Ui, w
RUAAE TR EAT)AI8), 19 AT AR A i 17 51 5
PRI 3

e N ECHLE VS
u(k) = =L ' (k +1)BY{P(k + 1)[Az(k)+
Avz(k — 7))+ gk + 1)+
Si(k+ 1)v(k) + Sa(k + 1)v,(k)},
k=0,1,---,N — 1.
(30)
Horbg (k)2 E:
g(k) =A"T(k+1)[g(k + 1)+
P(k+1)Ax(k — 7)), 31
g(N)=0,k=0,1,--- ,N — 1.
W R GE(5) I AR 2R GE N
2(k+1) =
T(k+1)[Az(k) + Ajz(k — 7)]—
Yk +1)BTg(k+ 1)+
[D— BL'(k+1)B"S,(k + 1)]v(k)—
BL™(k +1)B"Sy(k + 1)v,(k),
k=0,1,2,--- ,N —1,
z(k) =¢(k), k=—-7,—T+1,---,0.
(32)
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WA 512, REQHTMF I — BT RS
GO PrLk, s de21Q7)— Bl sl T2
HIHE30), B b 30y 2 R R G (G5) R T
PEREFRAR(O) IR AL . 28 EPTid, v LLESE Rk
€ PR

EIE 1 ARG PERE TR FR6) T - 15t
SRR
u (k) =
— LYk +1)(A"B)Y{P(k + 1)[Az(k)+

kz_:l AR By (4) + Ay (k — 7))+

i=k—h
g (k) + Sy (k + Do(k) + So(k + Do, ()},
k=0,1,---,N —1.

(33)

Hop P(k), Py(k)R1P, (k) A B 2 4 5 F2 41(22)

@I)MQHH E, v, S, (k), So(k)7r 7t XA9)M

(29)5E X, g\ (k) &A1 Bl 77 R (25) 7 51 A A% PR

3.2 G BB i 18] 5% A #2 il (Infinite horizon optimal
control)

ER 2 8l )R 1M RO R
GOk T IR B 28 VR RE 4R bR (7)) 5 A 458 1) ) L
W(A, B)AT %, (A, Q) Rl WL, W) Hi 15— 5 1ot fe L 45
A ME— A7 1, B

u*(k) =
— LY AT"B)Y{P[Az(k) +

kz:l AR By () + Ay (k — 1)) +
i=k—h

g (k) + Sv(k) + Savu(k)}- (34)

)
K

Sl :PD‘f-Plﬁl—PQQQ,
Sy = P1{2y + Py,
PJy N A B HRiccatif B 7 FE [ ME— 1 2 fif:
P—-Q—-A"TPA=0. (35)
X
L=R+(A™""B)"P(A™"B),
T=I1-PA"B) LY (A™"B)T,
Py, Pyj& T BRERE J7 F2 (R M — i
A'T[P, P)H—[P, P,))=[-A"TPD 0]. (36)

e

T2
H = [_92 91] . 37

9 (k) = lim g (k), BARIFS{gD) (k) Fi i
g9 (k) = ATT[g" (k + 1)+
PA 29 (k — 7)),
9 (k) =0, g¥(o0) =0,
k:071727'” ; j:071727'” .
UE RALTE B HE R, T LUAS B R L
RiccatifUA5 & (35)
ATT.Plgl - P1 — ATT(PQQQ - .l:)_D)7
ATTPQQl - P2 == —ATTpl.QQ.

H1(A, B)AT . (A, Q)W WL I 4N Riccatif 4 77 F(35)
AME—IEEARP. T I 7 UE B B F2(36) A ME—
filt Py Py, By s394 5 S K (36). EEEIH N
TE R B, B0 H () 45 5 E AN (D) 396 2 M (H) | =
1. H(A, B)I R 0 (A, Q) ml WLl 2% 2k 5
BRI B 40| A (ATT)| < 1. TTi 7

N (H)N(ATT) #1,

1=1,2,---,2m; j=1,2,--- ,n.

tH 2 2% SCHR[19], 7T %0 A B 7 F2(36) A7 ME — fi
[P, P). iEEE
4 ROCEE IR B S (Design of the sub-

optimal control law)

1, B IOV R B AL HI A (33) M (34
(K19 (k), bR N R] g (k) ( M =52 ¥
AR BOWAR. AT 23 501l 45 2107 B I T7) 81 BRI 1)
DAz il e ) MR A Ay
un (k) =
— LY E+1D)(A"BYYP(k + 1)[Az(k)+

(38)

(39)

(40)

ki:l AR By () + Ay (k — 1))+

i=k—nh
g (k) + Si(k + 1)v(k) + Sa(k + 1), ()},
(k=0,1,--- ,N—1

41)
F
uy (k) = —L7H(A™"B){ P[Az(k)+
kil AR By () + Ay (k—1) )+
il
g(M)(k) + Siv(k) + Sav,(k)},
k=01,--- N—1.
(42)

E 1 RO @) (3 S AT i
P AMEIN. & IAE H 2 #MEAN A IE LB X R G PERE
AT

E2 @D 5@ (k) il (k — )& &
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GORA ORI, FU S 99D (k) 2 48 M UGE I 45
B0 (). TR VR Bt g (k) LSS M ORISR
BI04 Fa ) (k) BB TR il (k).

878 BNV e IS i A SRt

D 4l B K(22)(23) & (24)k i P(k), P (k) Al
Py(k). &M =0,j =0, &i&e > 0;

2) AM = j, X251 519V (k), RAK @D+
Kthua (k)

3) BN Ty

Ju = %ZT(N)QNZ(N) + % ]I\:Z__:: [2T(k)Qz(k) +

wy (k) Rupy ()]; 43)

4 (I — Ju—1)/Tu| < e Finthua (k), 858
w0, thxRQe I H 2D (k), 44 = j + 1, #%2).

SR F5 i AR (A2) 1) v S5 R B SR A 4 T
AHAD IV S R A AL, R R SR AR R B 2 4 O
FE(22)(23) 1 (24) BUA sRARFE AR KT FE(35) I (36).
5 5 #I45 E(An illustrative example)

7 18 B (DRI Q)F I RI280 B HUN Wi R ZE A
BRI [) — R Bk R R A (6), Horh:

A |l 01 0
0.15 0.9 0.1
—-0.1 0 —0.15 0.1
Al = ) = )
—-0.15 0.15 0 -04

z(k)=[0 0", k=—-h,~h+1,---,0,

%) sin( )]

LT
v(k) = [Sln(%k + 5 50

01

QN: [1 0]7Q:QN7R:3
(44)

TGN T IEARE M AR I 1 PE REFR AR AE T o
B4 T T = 15, h = 15, IEAR R )
R ORI IS i it— S At A 42 Tl A (28 o B w FIIR S AR
ol E AR

Le =01 RN, HT|(Jz— L)/ S <e N
WM (k) W] AR S BT i5-J 15t B8 A0 28 1 At (B). AN
Bl1~3rh n] BLE B, i 4= it 0 43 i o) oh 5t 0E
FZIN G L, HIEARREZ, TS iRk
2 N e DIt 8 e Py i vy

&1 7=15h= 150 RF &KL
R AR AR PLAR

Table 1 Performance indices when 7 = 15, h = 15

M 0 1 2 3

Jy 25082 2145.1 20622 1952

) 1 1 Ty T T .

0 200 400 600 800 1000
k

K1 7=15h=15KREZF 2 1 ihZk

Fig. 1 Simulation curves of the system when 7 = 15, h = 15
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Fig. 2 Simulation curves of the system when 7 = 15, h = 15
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R A B
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Fig. 3 Simulation curves of the system when 7 = 15, h = 15

6 458 (Conclusion)

ASCHEH T — P AR AR TV, KRR 4
B R B T A I A ) RS I
R FH 32 YR T 8 o T R A R 4 S S I 1
BHUR GEAE 1E 5L 030 (1) B U0 ok Hhe 11 3 AL 428 i) 5
L. T A 7 B R I, %7V S SR, HL
BV R FR 48 0T 1T 52 P80 A B ey 4 o i
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