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Approximation property of T-S fuzzy singular systems
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(Institute of System Sciences, Northeastern University, Shenyang Liaoning 110004, China)

Abstract: This article focuses on the approximation problem of T-S fuzzy singular systems. An approximation theorem
of T-S fuzzy singular systems is proposed. It demonstrates that T-S fuzzy singular systems could approximate to a wide class
of nonlinear singular systems with arbitrarily high accuracy. The MISO (multi-input single-output) situation is extended to
MIMO (multi-input multi-output) situation. Based on this approximation theorem and using neural network method, the
model of T-S fuzzy singular systems can be constructed along with its learning algorithm. Two neural network training
strategies are also proposed and their advantages and disadvantages are analyzed respectively. Finally, a numerical example

is given to illustrate the validity of the algorithms.
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R; :if (1(t) is M;; and (o(t) is Mg - - -
M;p, then
Ex(t) = A;z(t) + Byu(t) + Baw(t),
y(t) = Ciz(t),i=1,2,--- ,N.

b My, R BOMIEE, N 2B, 2 () € RE
RELHE, u(t) € REZEBHIHA N R, w(t) € RV
TN &, y(t) € RMEZ 5 &, — 8ok
ULE 7T b, A € REXE | By, By, € REXL,
C; € RM*K_ ((t),G(t), -+, Cp(t) 2142 &,
() = [G(1), @), Cr(O]T, MIEFC(E) =
z(t), P = K, B EN S RAL Fu(t) LK, 7EX
P T R PAT A #M S (PDO) M2 TR 2
S 2% B G AR EE. T-SEOR) T RSN 4s )R
LTy

and (p(t) is

Ex = %Ai(C)[Aix + Bju + Byw,
. (1)
y= ;N(C)Cﬂ?,
Hor:
, P N
(€)= NHZ(C) ) ,uizljluip(gp)? ;MC):L
;M(O " -

R AT R — 2R AR ARG )T X
R4 IS T e AR L E T LR G
Ei(t) = f(x(t),u(t)) + Bw(t),
y(t) = g(z(t),u(t)),
Hr: RELE2(t) € R, AL Hu(t) € R™, i
HAERyY(t) € R, THAHEw({) € R™, rank £ =
o f(@(t),u(t)), g(z(t), w(t))H 22 fa(t), u(t) ) &

LER ML, B P, QTS IF, QEP = [{)8]

2

AR = PT, 5(1) = [ilg] WRZQ S
2
iﬁ%%ﬁ?@ﬁﬁ?ﬁﬁﬁﬁﬁﬁﬁ@%ﬁ:
#1(t) = fi(x1(t), z2(t), u(t)) + Brw(t),
0= fg(.ﬁlfl(t), l’g(t), u(t)) =+ BQ’LU(t), (3)
y(t) = g1 (1), z2(t), u(?)),

Hrz(t) € R, 23(t) € Ri,r + g = n 2 RER
5, fi(@y, 2o, u), foly, 2o, w) AT B, 20, wlhIIELE
PRI K.
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2.2 T-SERI)™ X &R 41 & i Y (Approximation
property of T-S fuzzy singular systems)
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Rl kg 6t F 0 X P i s, R S
I fi(Xo) = 0, LA S X, € Q.

X AT, QPR — R AHE T &

A B, W AR I S, T A2 R 4R,

i .

X,) = 0,



%5

RIS T-SEOW)) ™ LA SR 839
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N =1 (5)
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AR5
N
y(z(t) = ; Ai(2(t))yi(2(t)), (6)

Hory(2(t)) Fasy(z(t)) XM T 55045 B U] I 1 g
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FER™ g AN R £ 1] 1) FE
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=1 zeRn
HYy,, Yo, RoRYr, Yol BB iAN 70 2, 5 50 B UF 3X A
PR B SO AL AR Bk L RR PR A = AN AR AR,

(B, Doo ) AL il 5 57 ).

SIFE 200 S F RS e XAEREU C
R™ () S 2 o0 Hrg, LA RAE RS E e > 0, 17
Ef € Wy, ifddo(y(2) — g(2)) < e.

51 BE2%0, (P, doo)1E(C(U), do ) L%

TERGE)YT, T T A RZNER), AR
P, B Bw(t) = 0. FoR P ARBOTE RO, (2(t)) =

Folz(1)), WA S TR N
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Bl TAREA KO, = 0Bfefe, € X2 = {z :
Oy(z) = 0,z € U}, QRO (2)F M5 ], LB
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LEQ AR LRGP AR E — AL 42 R
%, Rp

0(2) €{Oa1,Oa2;" ** , Oua(r+1), Ob1,Ot2, - -+, Oug},

HhO,, i = 1,2, (r + )ERO MBI 735
Opj, j = 1,2, , GRIRO,IF j N IT .

EIE 1 T RdE X0(z), UL RS E
ffle > 0, f77E f € Vo, 11T

doo(0(2) = f(2)) <e.

UE A SIER AN, b E Q2 B ARU B
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HRER - BUNREEF YO NZLERES A A
), B A QLR B S 6 T w AR %
U FARLNET LARLES), AR AIAAAE,
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ATLLUE B, 0(2) 7R ik J 2L . X TR &
Mzo € 2, P GBI UE WL R, v AAE e v
WiE— DI 2.}, 2, — 2. HITO(2) 2R
LU LRNELL R AL, 2 C U, PlIO(2)1E mizo kb it i
B, X T QST 20 M KB 2, ), AT

lim 0(z,) = 0( lim z,) = 6(z),

BRI, 0(2) 758 F R SE ).
P g2, B &L £ (2)— & ]
LAAEW o FHR B — > R f (2), AL DR 4 € IR
Bie > 0iE1T0(z2), Wdo. (0(2) — f(2)) <e.  iEEE.
E 3 TSI LRGN R AT T LSS
— AR, B G U, QUL R0 (2) e 5T
I — 20 R0 () 1A BB ARG BN, 154 € X
TERARU BESE AL, m5IBR2n] 5, v LAFEwy R E—
MBI R f(2), 4%?%su8(|9(z) —f2)) <e W4, Kk
zE
$0(2) % FEARB LA, B0 (2) 462 FHUE, e BEAE
s, A RREAU L —ANELE, Bk
sup (|0(z) — f(2)]) < sup(|0(2) — f(2)]) <e,
z€N zeU

)
doo(0(2) — f(2)) = sup (16(2) — f(2)]) <&,

zeNR
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XU IEQ B AT & — AN50(2) 1 FF 11 3% 2L o8 20 ] LA
TEW B —AME R GG f (=) 50 AT AT 5 1R RS P & 3L,
WA UL (P, doo ) TE(C(£2), doo) FAEFRZE ).

%@{ﬁiﬁjj%%@bz(z) = O)Z = 1727 4, E%
RV RN f;(2) € WU EFE B0, 4 fif
£, = {2z : Ou(z) = 0,z € UtHd, = {2 :
fi(2) = 0,2 € UMEH2 22 R4 IS,

BRi& 1 X TVz €92, 6 >0, 7E48EKp(2, 20) <
SR RLRE W Rz 3 32 O (V)04 () < 0.

I3 Ve>03fi(2) €¥g,, Wird:

1) doo(fz(z)) <€

2) \4 zZ1 € @i, = 29 € 'Qi’ 'ﬁi’/f p(Zl,Zg)

3) V23 € 82,3 24 € Dy, Mt p(23,24) <

iE 1) 2RV e > 0,3 fV(2) € Wy, A
Ao (FV(2) — Oi(2)) = du (fV(2)) < &1

2) Ve, >0, WA(Z) = {2 : p(z,7') < ey,2" €
2.0, AW = U AZ), WWE—FE, e

2/ €82,

BEW =U - WE—ANHE 4d= 1£%|@bz-(z)|, R
#3132, 3 £ (2) € Wy, flido (£ (2) — Oi(2)) <
d. WTLLEWY 2 € &, 0, = {z: fP(2) =0,z €
U}, Wz € W, B0, 53 2 € By, iz € W, I
WH|Oyi(20)] = | £ (20) = Onilz0)| > d, FJ.

RILY 21 € @, T 25 € 24, fif3p(21, 22) < e

3) MABATIIAR K, V 2/ € 2, Ves > 0, 7E48
M) = {z:p(z,2') < ez}, n[#F2/D @)

T 2
Oy (Z/(l)) O (21(2)) < 0.

AN
Qb(/(1)>0861( )<0,
é\

d(2') = min(|0y; (V) 1,164 (') |),

W4 gl B2, 3 fi;(2) € Py, W 13deo(fij(z) —
Opi(z )) d(2), HeRHfi; ()W 2 fi; (') > 0,
fi5(2/®) < 0. KR A1 DX Sk 452 vk $ 1 P i, — e A7
1E2" € M(2'), Widp(7,2") < es, 1T fi;(2") =0,
Hittz" € €. Md = inf d(z), W3 f7(2) €
Wy, i deo (FP(2) — Oui(2)) < d'. BH LT 4,
V 23 € £2;,3 24 € By, 15 p (23, 24) < €3.

25 11),2),3), 3 € = min(ey, €9, €3), FIHLEIfi(2),
[F) BN A2 1,2,3. UEEE

FE 4 TSR AR T R, B
e, TT DL BIBO 3R G100, 5.0, R 4Tk 2 ¥ Ak

LML AR, B B3N, W AR BB R AL eI L
B DT 2 RS P T

E S I3 A T G S R I
L. A il ), E TR, My = O (2) 5y = 04HY)
I, A 4R B IR PR Ly = f2(2), £Oy; = OFIfFE 20 M1
AR BN L f2(21) = 0, fa(22) = Ofz1, 2008 1T 20; 1H 44K
FPEL R EUZ Yy = f1(2)I, 20 L TG f1(2) = OFF1 55,
FAEINT 2o, JLINAREULE AR AR IE T

1 ARDIIN ) R

Illustration of tangency case

Fig. 1

HI I 3 18 T MISOM) A O, AH 75 55 By 3
MIMO S 3% 3k, 1 HAF A R RE A S, R
TR RGBT A R 2 2 1, DR AT 0
LS. EBRLUEM] TMISOR G n] LLEw, 4k
BN LU6) AR 2R L BT AT =R I8 3. (5
JEIXFE R B FIMISORE R 22 4t 2 18] (19 A0 ) — e & A
A ), S a2 15 0] CASR I 23 SL R, A5 1511 3X 4 R0
MR, W BLEE ST N (4) IIMIMO T-SERI T LR 4
PR, AP FLIE T ) ARGt RS (3)WE, I THI 1) BERs
BLUE B 0] AR B — N RE .

EE 2 T EEAENGMIELE XA,
EATHIAREC T R R A A, AT DA B —
AN (5) I T-SER) ™ SRS, AFEATAH B .

E WRGEQ)EAMANHE, M =r+1+q.
A HOLu(2), i = 1,2,--- ,r + 1, HE
BIAIE, 7T LU By, (2) € Py, WV e > 0,
3o (Bai(2) — vi(2)) < /2.

FH AR 28 45 (1) R 38 01, gy 0 S UL ) 3 455 1R 4
RIS TV 2 € 2, — @ LKA (2, e) > 0, X Pr
AW Ep(z,2) < 6(2,e)M2, #HH|yi(2) — vi(2)] <
e/2, %A, ={6(z,e),V 2€ R}, m = zig(fZAi, >
WEMn, > 0. 2n = min{n,ne, - ,9pys, 6} K
TRNRETTFEO(2), i = r+ 14+ 1,r + 1+
2, M, %02 = {2 : Ou(z) =0,z € U}, H
g1 B3, X145 RS B, nT LA By (2) € Yy,
Ld; = {z:yi(z) =0,z € U}, ML RSP, . 2,4

M M

Higik. T2 = (O 2, %20 = [ &,

=T i=r4l4+1
W@, QBB WYy = [y yo- oyt Yo =
Y141 Yrgirz - ym]|t =0, W
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m _ m | 2O e s, Sy e 4
L Wisitn (=) = exp(- L)

S Arin (2)Ynrjn (2) 3.1 HRE ML BRI (Neural network model)

L=t - T-SEOMA ) SR G810 i 22 W) 2 50 18 SE U 2,

Yija K2piR. i =1,2,--- N, NEMNANE, j =

S Y2z 1,2, M, ME2BHERAM & =1,2,- K,
o, P i féémzéiﬁ)\aﬁgig?% Iﬁ

YMjn

N N ; @)
Z Z Higy = Mg

Jji=1 Jm=1

Horfe Niyio= 1,2, MARIR 55075 FE 00 4 2
() — A BL4n(5) IMIMO T-SEUR |~ S ZR Zi i 1.
X TAERR G T KR Bee > 0, AR L TR (¥ 4 7 ik
FEVALY 2 € 02,3 2 € &, 1if9p(2,2) <e, H

Doc(B(2) = Yi(2)) =

thax(do (0:(2) — 9:(2))) <

i (doc (0,(2) = :(2)) + doc (0:(2) — 3:(2)) <

£/2+¢/2 =g¢,
FIFEY 2z € @,3 2 € 2 flifHp(z,2) <e, H

Do (B.(2) —Yi(2)) < ¢,

ATELA A IS R G0 IR

I,
1R —FRFER TS B, Ny = Ny = --- = Ny =
Ny (2) = poj(z) = -+ = pai(2) = pi(2),J =

1,2, -, NI, BRS04 A0 [A) e B0 0 i, Bk
gE (Tl UL T R e

N

;uj(z) [y v ymsl”

Yy
Y,

i i (2)

TR 22 48 1) S B BT 24 oy, 6 TMIMOTE B AR /2
XFEAR ST R GE ), & BE245 I 458 R IX AN T-
SEORN ) ARG RIATFAENE, 75N H] i 2 S B 0] 4
AT EH AR AH IR 8 2 ) ST AR 2R ¢
3 FIAME M@ IT-SER) X RS
#(Constructing T-S fuzzy singular system
model using neural network )
FE 288 53 1, UE W] T T-SEOMI T R 6 1 3k
PE, BR EAORUE 73X Ah R G0 ) DL DU 25 1R RS B2 i 3

B2 RO e R 2%

Fig. 2 Structure of fuzzy neural network
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—— =
apfj
Pfj(t) —a(y; — ij)Mi(Z)Zm

OF
Cik(t + 1) = Cik(t) — ,Back =

Ai(2)(zx — cin)

M
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j=1 Oik
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M Ai — ci)?
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B BT 2% 11 55 7.
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LS b 52 21 (1 bt JEAE LAk, # oeAE 20 11 B
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a5 1 BUS 21 1) M 4 347 28— 2B AL, mTEL
192 5 Jo I T-SHER T SCRGE AR,

F1r B

SBUP B RI EREEAE REOAR F e X
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2R3 5 AR g 2 K 552, 38 AR
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4  BE BT (Numerical example)

K e N AR X RS

i = ] + sin(z,/2),

0=e"" 4 a9,

ASCEAGI m R RB —ANT-SER ) LR GeBER, Af
Hogar b gs ARG B A R XA T, R
Wy € [—1,1], 2y € [—m, 7], 7EIXAN X 35k Py W 5208
T[RRI 68 B TR THIR) TR, 3 L B AR B 1) 58 X
WUFR M E X[ —1,1] x [—m, «], e RS
KGRI QR 2

Q:{[xl} :0:ex1+x2,x1€[—1,1],:626[—7r,7r]}.

T2
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I IR R 2R 2% R 7 T R BIT-SEDR T X
ARG MBI, B 5 R H AU I 25 56 . 7549 K
02 b7 A 10040 H 40 6F 9 2 34T I 25, B s &
$a = 0.1,8 = 0.01,y = 0.01. F]HIMATLAB%
BIRBRET, N E e = 4, 193158 mE0n
U FITE B2 I I S8 WG S 5. G S PG I 2 2 )
F R, R Q0B IERA BN S5 &
388G IR, 347 Mt 25 ] LAk £1)0.010, X AN K B
T 5 OB SR ORI PR T i — P . Rl

Pi Ph
ci=(ci, Ciz), 0= (041,042),pi = []932 p?j .
I 8- 2% L) ) 55 R 32 e B0 0 Ay
¢1=1(0.3484, —1.4250), co = (—0.2186, —0.4684),
c3=(—0.7418,—-0.4772), ¢, = (0.8158, —2.2591).
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o1 = (0.5274,2.0084), o, = (0.4998,0.2102),
oy = (0.3287, 1.5805), 04 = (0.6167, 2.7288);

B3 E AL
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Pr=l 00107 —0.0344| P27 |0.1581 —0.1137| ’
P3= [

1.0274 0. 1379} [0.4510 0.0790]
yPa=
1K H e Mo, 7]

0.02350.0010 0.44860.1731|
CIRVECEF e P RIEE *%ﬁﬂ Q%MMT

B2 06 3 8 1 6 B () = ep((2 )
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By By IXFERT LIS RN = A5 BOHHL):
R; :if 1 is M;; and x4 is M5, then

Iy = phay + P s,

0= p%QCL’l —I—péxz?i =1,2,3,4.
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Fig. 3 Approximation results using direct training method
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Fig. 4 Approximation results after the first stage training
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= (—0.4548, —1.3049), ¢, = (—0.5214, —1.8288),
= (0.3494, 1.8446), ¢ = (0.5007, —0.4049),
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(0.5975,0.8709), o = (0.6913,1.3171),
(0.7399,1.0021), o4 = (1.0416,0.8227),
)
)

01
03
o5 = (0.7918,0.9974), 06 = (0.9694, 0.4686),
o7 = (0.8071,0.7141);
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Fig. 5 Approximation results after the second stage training

5 #5i8(Conclusion)
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